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PEEFACE. 

My object in the publication of a treatise on Modern 
Geometry is to present to the more advanced students 
in public schools and to candidates for mathematical 
honours in the Universities a concise statement of 
those propositions which I consider to be of funda- 
mental importance, and to supply numerous examples 
illustrative of them. 

Results immediately suggested by the propositions, 
whether as particular cases or generalized statements, 
are appended to them as Corollaries. 

The Examples are printed in smaller type, and are 
classified under the Articles containing the principal 
theorem!^ required in their solution. 

The more difficult ones are fully worked out, and 
in most cases hints are given to the others. 

The reader who is familiar with the first six books 
of Euclid with easy deductions and the elementary 
formul89 in Plane Trigonometry will thus experience 
little difficulty in mastering the following pages. 

I have dwelt at length in Chap. II. on the Theory 
of Maximum and Minimum. 

Chap. III. is devoted to the more recent develop- 
ments of the geometry of the triangle, initiated in 
1873 by Lemoine's paper entitled " Sur quelques pro- 
pri^t^ d'un point remarquable du tnaAX!^<^r 



vi PREFACE. 

The study of the Brocardian Geometry is appro- 
priate at this stage, as I have shown that the 
deductions of M. Brocard and of other geometers, 
both in England and on the Continent, are simple 
and direct inferences of the well-known property of 
Art. 19, which has been called the Point Theorem. 

Chap. IX. gives an account of the researches of 
Neuberg and Tarry on Three Similar Figures. 

A feature of the volume is the application of 
Reciprocation to many of the best known theorems 
by which the corresponding properties of the Conic 
are ascertained. This method and that of Inversion 
are pursued as far as is admissible within the scope 
and limits of an elementary treatise on Geometry. 

In the preparation of the book, I consulted chiefly 
the writings of Mulcahy, Cremona, Catalan, Salmon, 
and Townsend, and hereby acknowledge my indebted- 
ness for the valuable stores of information thus placed 
at my disposal. 

Many of the Examples are from the Dublin Univer- 
sity Examination Papers, and more especially from 
those set by Mr. M*Cay. 

I have as far as possible indicated my additional 
sources of information, and given the reader references 
to the original memoirs from which extracts have been 

WILLIAM J. M'CLELLAND. 

Santry School, 
\8t November, 1891. 
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5. Envelopes, — Let a varisble line (urn around a fixed 
point and meet any fixed line. 

According as its angle of inclination to the perpen- 
dicular on increases, the segments OA, OB, OG continue 
to increase and the angles A, B, C to dimioisb. In the 




limit it reaches a position at right angles to OM. Here 
the angle between it and the fixed line vanishes, and 
their point of section is at infinity. In this case the lines 
are parallel (Eua I. 28) ; hence 

Parallel Unea may be regarded as having angles of 
vndiinaiion = d" or Ivnes intersecting ai infinity. Thua 
a system of parallels is a pencil of rays whose vertex is 
at infinity. 

6. Let A and X be any two points on a curve of which 
A is fixed and X variable, and TA and TX tangents. It 
appears as before that as X approaches A the chord AX 
and the base angles A and X of the triangle TAX grada- 
ally diminish and ultimately vanish. 

Bat as the base angles diminish the vertex T approaches 
the base and a fortiori the ehvient of curve AX. Hence 
in the limiting position, i.e., when the tangents are con- 
secutive, their point of intersection is on the curve. 

A curve touched by a variable line is* called the 
Envelope of the line. Tkvs Hie emielope of a tmx. -uiW^ 
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VO.TU& according to any law is the locus of tite intereeo- 
tion of its conseciUive positions. 

EXAHPLBB. 

1. The envelope of equal chords in a circle is a concentric circle 
(Euc III. 14> 

8. BobiUier's Theorem. — If two sides of a given (triangle touch 
fined circles the third side also touches, or envelopes, a circle. 

[Let ABC be the giveu triangle. Through 0, and Of, the centres 
of the given circles, draw parallels to the sides nieetiiig the base in 
A' and ff and each other in C. I>eEk^ribe a circle OjO^C, and draw 
CO, paraUelto.<ia 

Since OfCOg is a given angle {=A), Oj is a fixed point. But 
A'BC is given in all respects save position ; hence the distance p 
of Oj from A!E is a known quantity. The envelope of the base AB 
IB therefore a circle whose centre is 0, and radios = ;:.] 

3. To find the radius (p) of a circle which touches the sides AC 
and BC of a triangle and the circum-circle ABC. 




[Let /denote the in- and the circum-centre of the triangle ; M 
the centre of the circle whose radius is required is on the line CI. 
Then OM=R-p, 07'=ff'-2flr, 7C=r/8inJC, MC=p!im\C, and 
J//=(p-r)/siniC. 

Also, since C, I, M are three points in a line and anj fourth 
point, hj Ewltt'i Tkeorent we obtain on reducii^ 

l-pCM'JC. <1) 
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Again, if the circle M, p haa external contact with the circum-circle, 
it can be similarlj proved that 

r,=/>coe*iC (2) 

Note. — The relation (1) ia otherwise expressed : — 
Since r/p-coB-JC, Cp-r)/p=Bin'ia 

Bat [p-t)jp=MIIMC&tA p'jMC''=fAu'iC, 

hence ■Ml.MO=(? (3) 

or the chord of contact PQ of the circle M, p with the tide* of the 
triangle panet throagh tha centre of the inscribed circle.'] 

4. Uannlieliii'B Theorem. —Hnving given the vertical angle and 
radius of the in- or corresponding ex-circle, the envelope of the 
circum-circle is a circle. 

[By Ex. 3.] 

7. We shall conclude the present chapter with the 
following useful property, of the common tangipits to four 
circles which touch a fifth, due to the late Dr.'XhHey. 




Denote the circle whoae centre is and radius r hy 
0, r ; and let the four circles O^r-^^, O^r^, O^r^, O^r^, touch 
a fifth 0, R at the points A, B, 0, D. Let the distance 
Ofi^ be S^ and the direct common tangent to the oor- 
reBponding circles be 23. 

Then 27.^=s^^^{T^_r^y. 
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In the triangle 00 fi^ we have 

Ofi^ = 00^ + 00^ -200^. 00^ cos BOG 

^{OU^-OO^y+WO^. OO^Bin^BOC; 

or V-(^2-^8)^=4002 . OO3 sin^JfiOC; 

or 232 =4002.003 sin2pOO= 00^ . 00^ . BC^/RK 

Similarly 

T4?^00^.00^.ADyR^; 

hence by multiplication and reduction 

23 . Ii= (00^ . OO2 . 00^ . O0^)iBC . AD /IP, 

and by Ptolemy's Theorem 

23. 14 + 3i. 24 + 12. 34 = (1). 

The contacts in the figure are similar, or all of the same 

kind, but it will be observed that if the fifth circle 

touches any two with contacts of opposite species, their 

transverse common tangents must be substituted in (1). 

We let 12' denote the transverse tangent to 0^, r^ and 

Og, rg ; then 

12'2=V-(n+r,)2 

For example, if the circle 0^, r^ is external and the 
remaining circles internal to 0, M^ the relation is written 

23 r? + 3r 24 + 12' 34 = 0, 
with analogous expressions for all other cases. 

Note. — The student must carefully observe that of the 
three terms of the equation two are positive and one 
negative ; the latter correspondmg to the pairs of circles 
whose contacts are alternate. Thus in the figure, 0^, r^ 
and O3, Tj have alternate contacts with the given circle, 
therefore the term 31 . 24 is negative, and taking the 
absolute values only the equation is 

23.14+12.34 = 31.24; 
This is of great importance, and should be borne in mind 
in the following Examples. 



INTRODUCTION. 13 

Examples. 

1. What does the general property reduce to when the circles 
become points ? Ptolemy's Theorem. 

2. Express a condition that the circum-circle of a given triangle 
may touch another circle. 

[If a, 5, be the sides and t^ t^ t^ the tangents from the vertices 
to the other circle we have ati+ht2+ct^=0,'\ 

3. Fenerbach's Theorem. — The nine points circle of a triangle 
touches the in- and ex-circles. 

[The middle points of the sides and the iu-circle are four circles 
satisfying the equation of Ex. 2. For 23=ia and 14=^5 - c) ; 
therefore 223 . 14 = J2a(5 - c) = 0* ] 

4. If a, 5, be the sides of a triangle inscribed in a circle, and 
X, AS y the distances of its vertices from any tangent, show that the 
equation in Ex. 2 reduces to 

6. More generally if X, /a, y denote the distances from any line, 
give the geometrical interpretation of the equation 

and hence find a relation connecting the sides of a triangle with 
the distances of its vertices from a given line. 

[The roots of the quadratic in x are the distances from the line of 
the tangents to the circle parallel to it, etc.] 

6. Hart's Extension of Fenerbach's Theorem.— If the sides of 
a triangle be replaced by three circles, and four circles correspond- 
ing to the in- and ex-circles of the triangle described to touch them ; 
the group of four is touched by a circle. 

[Let the triangle formed by the circles be ABC^ and let a<h<c. 
Then <-*a><-5>«-c. If the in- and ex-circles are numbered 

* This proof is an application of the converse of Dr. Casey's relation. 

t This result may be otherwise shown as follows : — Let P be the point 
of contact of the tangent. Then BC.AP+CA . BP+AB . CP=0. 
But AP^=2r\, BP*=2rfA, and CP^sz2ry, substituting these values; 
therefore, etc. 
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1, 2, 3, 4 respectively, the side a is touched by the four circles and 
the transverse tangents are drawn to 2 ; also the order of the con- 
tacts is 3, 1, 2, 4 ; hence the equation is 

-23'. 14+31. 24'+12^. 34=0 (1) 

For the side h the transverse tangents are drawn to 3, and the 
order of the contacts is 2, 1, 3, 4 ; hence 

-23'. 14+31'. 24 + 12. 34'=0 (2) 

For the side c the transverse tangents are drawn to 4, and the order 
of the contacts is 3, 4, 1, 2 ; hence 

23.i4'-3r.24'+T2.34'=0 (3) 

Adding (1) and (3) and subtracting (2) we get 

23. 17-3?. 2T+ 12'. 34=0, 

showing that 2, 3, 4 have similar and 1 opposite contacts with a 
circle which touches all four.] 



CHAPTER II. 

MAXIMUM AND MINIMUM— INTRODUCTION. 

8. When the base and vertical angle of a triangle are 
given the locus of the vertex is a segment of a circle 
described on the base, containing an angle equal to the 
vertical angle. (Euc. III. 21.) Let a number of tri- 
angles be constructed satisfying the given conditions, 
and it will be. observed that as the vertex recedes from 
either extremity of the base the altitude and area both 
increase up'toj a certain point, after which they begin 
to diminish. 

This point Is obviously the middle point of the seg- 
ment — the vertex of the isosceles triangle with the given 
pai-ts^-or the point at which the tangent to the arc is 
parallel to the base. 

Here the aiiea and altitude are said to have attained 
their mcuci/mum valuea 

Again since the rectangle under the sides AC and BC 
is equal to the rectangle under the diameter of the 
circum-circle and altitude {ah = dp) ; ab and p . are 
maxima simultaneously. 

Also since a^ + 6^ = 2(|c)2 + 2^, 

where /8 is the median to the side c ; when /8 is a maxi- 
mum or minimum, a^ + b^ is maximum or miiiva\\x\S!L. 

15 
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And if iV* be the middle point of the arc of the drcle 
below the base, then, since AN—BN {~x say) by 
Ptolemy's Theorem, we have 

ax + bx~o. ON, 
or a^a + lti^cCN, 

from which it appears that a-^b and CN are maxima 
together ; that is when tiie vertex G is at the middle 
point M of the arc AB. 

On the other hand it is manifest that the difference 
of base angles {A — S) and difference of sides (a— 6) both 
diminish as the vertex G approaches M and vanish at 
that point ; and after C passes through this point each 
difference begins to increase. At G they are said to have 
their Timiimv/m, values, though this need not necessarily 
be notiiing. 




Thus generally : — a variable quantity which, under 
certain conditions, increases up to a definite limit and 
then begins to diminish, is said to have attained its 
maximum value at the limit ; and if, after diminishing, 
it again begins to increase, it attains a minimum value 
at the stage where it has ceased to diminish^ 
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The foregoing remarks may be thus summed up : — Of 
all triangles having a given base and vertical angle the 
isosceles has the following maxima — area, altitude, rect- 
angle under sides, sum of sides, bisector of base, and sum 
of squares of sides.* 

EZAKPLES. 

1. The triangle of greateat area and perimeter inscribed in a circle 

is equilateral 

[For each vertex muat lie mid-way between the otber two, or the 
area and perimeter would hoth be increased by removing any 
vertex to the middle point.] 

2. A regular polygon of m sides inscribed in a circle has a greater 
area and perimeter tbau any other inscribed polygon of the same 
Older. [By Ex. I,] 

9. Theorem.— 7/ two sides A G and AB of a triangle 
are given in length the area of the triangle ABC is a 
Tnoicmium when they contain a right angle. 




Let ABC denote the right-angled triangle, and ABC 
any other triangle formed with the given sides. Draw 
CX perpendicular to AC. 

Since AC = AC' and AC'>AX; therefore AOAX. 
hence (Euc I. 41) the triangle ABO ABC, and similarly 
for any other position ; therefora, etc. 

^ The vertical angle is supposed to be acute. 
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EXAUPLEa. 

I. If the ends of a. Btriug of given length are joined, the area of 
tlie figure enclosed is a majtimum when it takes the form of a semi- 
cii«le. 




[Take any point A oil the string ^BC and join AB and AC. 
Conaider the segments into which the string is divided at J to be 
rigidly attached to the lines AB and A C. If the angle at J is not 
right, by rot&ting ^P around A until it ia perpendicular to AB, the 
area of the triangle ABC, and therefore also of the whole figure, is 
increased. 

Similarly for any other point A' ; hence the area enclosed is a 
maximum when the joining line BC subtends a right angle at every 
point on the string.] 

2. A closed curve of given perimeter is of greatest area when its 
form is a circle. 




[Let A be any point on the cnrve, and take B such that AMB 
and ANB are equal in length. Then the areas AMB and ANB are 
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each a maximum when il £ is the diameter of Bemicirclee on opposite 
sides ; therefore, etc.] 
3. Having given the four sides a,b,c,dQia. quadrilateral, its 

u when it is cyclic. 




[Let ABCD be the cyclic quadrilateral with the given sides, and 
consider the segments on the aides to be rigidly attached to them.* 
If then the Ggure be distorted in any way into a new position 




T)n.wGBmtidDgiDCE=i.BAC. Smcebj^ac.m.,W,i.CDE=LABO, 
the triangles ABO and CD£1 are Bimiiar ; therefore DE ■.c = b:a 
<Enc. vi. 4] ; hence DE is known and .£ is a Hxed point. 

Again, AC ■.CE=a:c; therefore in the triangle ACE we have the 
base AE and ratio of sides ; the locus of C is therefore a circle (Enc 
vi. 3) ; this locns intersects the circle described with D as centre and 
e a« radins at the point G ; therefore, etc. 
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A'ECn, the area of the circle ABCD > A'BCD (Ex. 2), but the 
segments AB—A'B^ BC=BCy etc.: take away these equal parts 
and there remains the quadrilateral ABCD greater than A'ECiy^* 

4. If three sides a, &, c, of a quadrilateral are given in magnitude, 
the area is a maximum when the fourth side d is the diameter of 
the circle through the vertices ; and generally, 

When all the sides but one of a polygon of any order are given 
in magnitude, the area is a maximum when the circle on the 
closing side as diameter passes through the remaining vertice8.t 

[ft:oof as above.] 

5. Having given of a quadrilateral the diagonals 8 and 8' and a 
pair of opposite sides BC and AD^ its area is a maximum when BC 
is parallel to AD, 

[Take any position of the quadrilateral and through C draw 
CE parallel and equal to S. Join BE and AE, 

The triangles BDE and BCD are equal (Euc. I. 37) ; to each add 
ABD, therefore ABCD=ABED, 

* The student should learn the proof of the Trigonometrical expression 
for the area of any quadrilateral in terms of the four sides and the sum 
of either pair of opposite angles. 

(Area)2 = (s - a)(« - h){8 - c)(« - d) - ahcd co&^\{A + C). 

(Casey's Plane Trig,, art, 162, cors. 3, 4.) 

t To construct the quadrilateral. Let be the angle between a and 
b,&ndAC=x, 

Then (P=c^+ix^ = a^ + b^+c^ -20^0060 ; (1) 

but cos 0= -cjd; 

substituting in (1) and simplifying we have the following expression 

ford:— ci8-ci(a2+62+c2)-2a6c = 0, 

an equation which has only one positive root. (Bumside and Panton's 
TJieory of Equations, Art. 13.) 
In the particular case when a = h = c, the equation for d reduces to 

(d-2a)(d+o)a = 0; 

hence d = 2a, 

thus showing that the quadrilateral is half the regular inscribed hexagon. 



CONTENTS. 



CHAPTEK I. 
INTRODUCTION. 

ARTICLE 

1. Symmetry, Convention of Positive and Negative, 

3. Anharmonic Ratios, 

Examples, 
Euler's Theorem, 

4. Limiting Cases, and oo, 

Examples, 

5. 6. Envelopes, . 

Examples. Bobillier*s and Mannheim's Theorems, 

7. Casey's Theorem 23 . 14 + sT. 24 + 12 . 34=0, . 

Examples, Feuerbach's Theorem, Hart's Extension, 



PAOI 
1 

3 

4 
5 
6 
7 
9 
10 

11 
13 



CHAPTER II. 
MAXIMUM AND MINIMUM. 

Section I. 

INTRODUCTION. 

8. Explanation of Terms, .15 

Examples^ 17 

9. Theorem, 17 

Examples, 18 

10. Theorem, 21 

Examples^ 22 

11. Problem, ^ 23 

12. Theorem. Corollaries, 23 

Examples, 26 

13. Problem, 26 

Examples, ^ 

• • 

VII 



viii CONTENTS. 

▲RTIOLK PAOB 

14. Theorem. Examples, 27 

15. Theorem, 30 

16. Problem, 30 

IixampleSy 31 

Section II. 

METHOD OF INFINITESIMALS. 

17. 18. Explanatory, 32 

Examples, .... ^ * .... 35 

Section III. 

19. The Point O Theorem, 40 

20. Similar Loci, . 42 

Examples, 43 

21-23. Additiona] Theorems, 44 

Examples, 45 

Extension of Ptolemy's Theorem, 48 

24. Theorem, 49 

Examples, 50 

25. Theorem. Centre of Similitude, 51 

Examples, 53 

Section IV. 

26. MISCELIiANEOnS FBOPOSITIONS. 59 



CHAPTEK III. 
RECENT GEOMETRY. 

Section I. 

THE BBOCARD FOINTS AND CIKCLE OF A TRIANGLE. 

27. Brocard Points (0 and Q'), 60 

28. Brocard Angle ((u), 61 

Cotw = Cot^+Cot5+Cot C, 61 

Examples, 62 

Brocard Circle and Brdcard's First Triangle, .63 
Polar Equation of a Circle, 65 



CONTENTS. ix 
Section II. 

THB STHMEDIANS OF A TRIANGLE. 

ABTICLS PAOB 

29. Fundamental Property of Symmedians, 66 

30. Expression for Length of Symmedian. Examples^ ... 67 

31. Antiparallels, 68 

32. The Pedal Triangles of the Brocard Points, .... 69 

33. Theorems, 70 

Section in. 

34. tucker's circles. 71 

35. Constraction for Tucker's Circles, 72 

36-38. Theorems, 73 

Section IV. 
tucker's circles, particular cases. 

39. Cosine Circle, 74 

40. Hain*s Property of the Symmedian Point, .... 75 

42. TripUcate Ratio ("T.R.") Circle, 76 

45. Taylor's Circle, 76 

48. Common Orthogonal Circle of the three ex-Circles of a Triangle, 78 

Examples, 79 



CHAPTER IV. 

GENERAL THEORY OF THE MEAN CENTRE OF 
A SYSTEM OF POINTS. 

50. Theorem, 84 

61. Theorem, 85 

Examples, 86 

52. Theorem. Examples, 87 

Isogonal and Isotomic Conjugates, 88 

53. Method of finding the Mean Centre, 90 

Corollaries, 91 

Examples, 92 

Weill's Theorem, 96 

54. 55. Properties of Mean Centre. Corollaries, .... 98 

Examples, • 'VS*^ 



X CONTENTS. 

ARTICLE PAGE 

56. Theorem. Corollaries, 103 

Examples, 104 

BECIPBOCAL THEOBEMS. 

57. Central Axis, 106 

58. Method of finding Central Axis, 107 

60. Diameter of a Polygon, . 108 

61. 2a . ^P2 a Minimum, 108 

Examples, 109 



CHAPTEK V. 
COLLINEAR POINTS AND CONCURRENT LINES. 

62. Theorem ^.j:j.g=l, 112 

63. Theorem^. ^. 11= -1 113 

64. Equivalent Relations. Particular Cases, . . 1 14 

Examples, 117 

Centre of Perspective, 120 

65. Criterion of Perspective of Two Triangles, .... 120 

66. Axis of Perspective. Homology, 121 

Examples, 121 

Stoll*s Theorem, .123 

«7 Bx.BX' o r. or az.a z' ^^ ,„„ 

^^' CXTCX^' AY.Ar' BZ. BZ''' ^^^ 

Corollaries. Pascars Theorem, 124 

„ Brianchon*s Theorem, 125 

„ Complete Cyclic Quadrilateral, 127 

Examples, 128 

Tarry*s Point, 131 

68. Harmonic Properties of the Quadrilateral: Its Diagonal 

Triangle, 132 

Problem, 133 

Examples. Maximum Polygon of any Order escribed to 

a Circle, 134 

Note on Pascal and Brianchon Hexagons, . . . 136 



CONTENTS, xi 



CHAPTER VL 
INVERSE POINTS WITH EBSPECT TO A CIRCLE. 

ARTICLB PAGB 

69. Particular Cases 139 

70, 71. Theorems, 139 

ExampUs, 140 

72. Theorem. Corollaries, 140 

Examples, Radical Centre and Product, Conjugate Lines 

of a Quadrilateral, Circle of Apollonius, .... 143 



CHAPTER VII. 
POLES AND POLARS WITH RESPECT TO A CIRCLE. 

Section I. 

CONJUGATE POINTS. FOLAB CIRCLE. 

73. Definitions. Elementary Properties of Conjugate Points, . 149 

74. Theorem 149 

Examples, 150 

75. 76. Theorems. Reciprocal Polar Triangles, . .151 

77. Self -Conjugate Triangles. Polar Circle, . .151 

78. Eicpressions for the Radius of Polar Circle. Orthocentric 

System of Points, 152 

Examples. Polar Centre, 153 

Section II. 

79. salmon's theobem. 155 

Corollaries, 156 

Examples, 157 

Tangential Equations of In- and Circum-Circles, . 159 

Section III. 

BECIPROCATION. 

80. Reciprocal Polar Cui*ves. Their Elementary Properties, . 162 

81. Reciprocation of a Circle from any Origin 164 

Examples, 'VSl 



xii CONTENTS. 

CHAPTER VIII. 
OOAXAL OIROLES. 

Section I. 

COAXAL CIBCLES. 

ABTIGLE PAGE 

82. Definitions, Radical Axis, 173 

83. Conjugate Coaxal Systems, 173 

Circular Points at Infinity, 174 

84. Modulus of a Coaxal System, 174 

85. To construct a Circle of given radius of a Coaxal System, 175 

86. Theorem, 175 

87. Limiting Points. Extreme Cases, 175 

88. Theorems. Corollaries, 176 

Examples, 178 

M*Cay*s proof of Feuerbach's Theorem, .... 183 

89. Theorem, Corollaries, Centres and Circle of Similitude, 184 

Examples, 186 

Poncelet's Theorem, 187 

91. Theorems. Diagonal Line of a Quadrilateral, . 189 

Examples, 190 

Section II. 

ADDITIONAL CRITERIA OF COAXAL CIRCLES. 

92. First Criterion. Corollaries, 191 

Examples, 192 

93. Second Criterion. Corollaries, . . . 194 

Examples, 195 

Section ni. 

CIRCLE OF SIMILTTUDE. 

94. 95. Fundamental Properties, 197 

Examples, 198 

Orthocentroidal Circle, 200 

Miscellaneous Examples, 200 

Extension of Weill's Theorem, 201 



CONTENTS. xiii 

CHAPTEK IX. 
THEORY OF SIMILAR FIGURES. 

Section I. 

TWO SIMILAR FIGURES. 

ARTICLE PAOB 

96. Homothetic Figures, 204 

97. Fundamental Properties. Homothetic Centre, Centre of 

Similitude, 205 

98. Double Points of Similar Polygons, 205 

99. Further Properties, Instantaneous Centre, .... 206 

Seotion II. 

THREE SIMILAR FIOdRES. 

100. Triangle of Similitude 207 

Circle of Similitude, Invariable Points. Invariable Triangle, 208 

101, 102. Theorems, . 209 

103. Adjoint Points, Director Point, 209 

104. Theorems by Neuberg, . . 210 

105. Particular Cases, 210 

106. M*Cay'8 Circles. 211 

107. To find Centres and Radii of M*Cay's Circles, . .213 

Examples^ 216 

Feuerbach's Theorem, 217 

CHAPTEK X. 
CIRCLES OF SIMILITUDE AND OF ANTISIMILITUDE. 

Section I. 

109. centres of similitude. 219 

110. Properties of Homologous and Antihomologous Points. . 220 

111. Theorem. Homologous Chords are Parallel, . . 221 

112. Theorem. Antihomologous Chords meet on their Radical 

Axis 221 

113. Products of Antisimilitude. Their Values. Note, . 222 

Examples, 223 

Feuerbach's Theorem, 'JSKi 



28 MAXmOM AND UISlllTJM. 

The oonatruction of the maximutn rectangle is as foUowa :— Let 
BL be drawn perpendicular to OL, the diameter of the circle 
parallel ia AB. Join OX and let it meet BL in P. Since the 
triangles OCX and BPX are equal in eveiy respect (Euc. I. 26) 




PX^OX=f. Also OXBL ia a cjclic quadrilatemi, therefore 
Euc (III. 36X 

PB,PL=PO.PX='i^, 
bat P£ - PB is given ; hence the segment PB is known, and since it 
is equal to 00, C is determined. 

In the general case the line AB does not meet the circle, the seg- 
ment ia therefore imaginary, and the proposition may be thus 
stated : — given a line AB and a circle; construct the maximum 
rectangle, having two of its vertices X and T on the circle and the 
remainiug two on the line.] 

3. Draw a chord XFat a circle in a given direction such that the 
area of the quadrilateral ABXY, where AB is a given diameter, ia a 



[Draw a diameter TX', and ATBX' ia a rectangle, hence AX' is 
equal and parallel to BY. Join .SJf and ^JT', and draw £C parallel 
to XX'. 
Then aince 

triangle AXX +triangle .SZF^triangle ABX', 
reject the common part AMX' and let BMX be added to each, 
BXX'u.ABXT. 
The quadrilateral ia a maximum therefore when BXX' m a 
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mazimum. It ia eaaj to see that the Utter is half the rectangle 
inscribed in a given segment BC. 

For since BC ia parallel to XX', AC\a perpendicular to XX' and 
therefore parallel to PX, hence BAC=a. 




The problem is thus reducible to Ex. 2.] 

4 If a given finite line be divided into any number of parts 
a,b, e ...; to find when a'Wcf ... is a maximum, where a, fi, y 
are given quantities. 

[This expression is a maximum when 

©■(|)\f-— — <■> 

bat a/a is one of the a equal parts into which the segment a may 
be divided ; hence (a/ay is the product of the equal subdivisioiia. 
Similarly (b/^'f is the product of the equal subdivieions of 6, and 
so on. Therefore (1) attiuns its greatest value when the subdi- 
visioDB of a,b,o ... are all equal ; i.e., when 



6. Find a point with respect to a triangle such that the product 
of the areas {BOCyiCOAXAOE) is a maximum. 

[Since BOC+COA +AOBia constant, when BOC= CO A =AOB,\iy 
Ez. 4, or when is the centroid of the triangle.] 

6. Thi maximum triangle of given perimeter is equilateral 

[From the formula A'=i[«~aX(-(X'-c'); since the sum of the 
foctors on the right hand side is constant, A ia a nmximnm when 
t— o—#— 6=*— c; therefore, et«.] 
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7. The maximum parallelogram of given perimeter and angles 
is equilateral. 

8. If ;?!, jt?2> Pz denote the perpendiculars from any point on the 
sides of a triangle, the maximum value of PiP^p^ is 8A^/27 ahc, and 
is then the centroid of the triangle. (By Ex. 5.) 

[Otherwise thus : — Since Aabpip^={ap^ + hp^ - {ap^ - hp^^ for any 
point on the base c, p^p^ is maximum when api — hp^ vanishes, 
since ap^+hp^ equals 2A. Then is the middle point of the base. 
Now if p^ be supposed constant, is on the median through C, 
Similarly by regarding p^ as constant, would be found on the 
median through A ; and so on. Therefore if the three perpendi- 
culars vary, their product is a maximum for the point of intersection 
of the medians.] 

15. Theorem.; — If a right line he divided into any two 
parts a and h the sum of their squares is a minimurri 
when the line is bisected. 

For (Euc. II. 9, 10) 

Hence a^+h^ is minimum when a— 6 is minimum^ because 
a+6 is constant ; that is when a = b. 

Cob. The sum of the squares of the segments of a line is 
a minimum when the segments are equal. 

16. Problem. — If a right lin£ be divided into any 

number of parts a,b, c ...^ to find when 

a^ 62 ^2 . . . V 
—4- -^4-—+... %s rmmmum 
a p y 

where o, /8, y are known quantities. 

Let the segment a be divided into a equal parts ; each 
part is therefore a/a and the sum of squares of the parts 

Similarly if the segment b be divided into j8 equal parts 
the sum of squares of the subdivisions = b^j^ ; and so on. 
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Hence the above expression denotes the sum of the 
squares of the subdivisions of the parts a, 6, c ..., and is 
therefore a minimum when these are equal ; i,e,, when 

d _h c _ 

a~'$~y 

Examples. 

1. Divide a line into two parts a and b such that 

3a* +46^ is a minimum. 

[When ^+ ~ is minimum, t.e., when - = -, hence 3a =46.1 
■■4 3 4 3 ^ 

2. To find a point P such that the sum of the squares of its 
distances, a:, y, z, from the sides of a triangle is a minimum. 

[Let Ai, A2, A3 denote twice the areas of the triangles subtended 
by the sides of the given one at the point. Now since Ai=aar, 
A2=%, and A^=czy 

and is consequently a minimum when 

a^ ¥ c'^ ^ ' 

since Ai + Ag + A3 = const. 

From (2) it is obvious that £=^=:.? (3) 

a c 

This result may also be seen from the identity 

(a2+62+c2)(a72+y+«2)-(a:^+6y+c«)2 

= {bz - cyY + {ex - azY + {ay - hxf^ 

with which the student should be familiar.] 

Note. — This point is termed the Symmedian Point of the triangle, 
as it is obvious from (3) that the lines joining it to the vertices of 
the given triangle make the same angles with the sides as the 
corresponding medians ; also since 

x__y_z_ ax + by-\-cz _ 2A 
a b c a^+ft^ + c^-a^+fc^+cs* 

^_ 2aA ^,^ 26 A 2cA 
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3. Find a point P such that the som of Bqnarea of its diatutces 
from the vertices of a triangle ma; be a mmimum. 

[If CP be supposed constant while AP and BP Tuy, the point 
P deacribea a circle around C as centre, and if Jf be the middle 
pointofthebase^i«+jS/«=2Jjr»+2J«". Hence Jf+a/"+C/^ 
is minimum wheu 2PJn+(7P* is miuimum, since AM is conataot. 
Therefore i* is a point on the median CM such that CP/PM- S, i*, 
the centroid. 




Similarly bj supposing AP or BP to remain constant we find 
ttie same point. Hence the centroid is the required point when 
AP, BP and CP aU vary.] 



Section II. 

Method of Infinitesiujlls. 

17. It has probably been observed in the preceding 
section tbat the positions of maximum and minimum of 
a quantity, varying according to a given law, are sym- 
metrical with respect to the fixed parte of the figure. 
Thus when the baae and vei-tical angle of a triangle are 
given, the altitude, rectangle under sides, area, etc., etc., 
are maxima when the triangle is iaoacdes. 
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In Art. 9 the triangle of maximum area is found by 
placing the two given sides at right angles: 

Again, a figure of given perimeter and of maximum 
area is circular. As the variable line AB in Art. 11 
rotates in a positive direction around P, according as PB 
recedes from the perpendicular from P on BG, the 
segments AP and BP approach an equality, and the 
triangle ABG is a minimum when AP=BP, 

18. The several parts, of a geometrical figure which 
varies according to a definite law, can always be expressed 
in terms of the fixed parts of the figure and those 
quantities which are sufficient to define its position. 

Take for example the figure of Art 8. In any posi- 
tion of the vertex C, by assuming the triangle to be of 
given altitude; the variable parts, a, b, area» and other 
functions of the sides or angles can be found in terms of 
the base c, vertical angle (7, and altitude. 

Thus the variables may be res^arded as functions of the 
given parts and the co-oi^vnat^ of their position. 

It follows, then, that if the latter vary continuously 
those functions must do likewise.* Hence a very small 
change in position will cause a very slight change or 
iricrement in the magnitude of the function. Suppose in 
Art. 8 the circle to be divided into an indefinitely great 
number of equal parts, and let the vertex G occupy each 
point of section from A towards B, As the altitude 
thus receives indefinitely small increments so does the 
area. 

Let AB be the base of a triangle and any curve GG^G^ 
the locus of its vertex. 

* See Bumside and Panton*s Theory ofEqtuUions, Art« 7. 

c 
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In the figure as the vertex approaches C od the curve 
from left to right the intercept AX made by the per- 
pendicular may be taken as the co-ordinate of its 
position, since if AX is known the position of C is 
also known. 




Thus while AX continues to receive positive incre- 
ments, the area, altitude, and other functions of it are 
sometimes decreasing, as from G ia C^ and sometimes 
increasing, as from C^ to G^. 

At the points C, G^, 0^ the increments in the altitude 
alter in sign and therefore consecutive vcdues are equal. 
Here also the tangents to the curve are parallel to the 
base AB, and at any other point G„ the increment of 
the variable divided by the corresponding increment in 
the function = cot a, where a is the angle made by the 
tangent at (?„ with AB. We have seen that if AX 
denote the value of a variable in any position, and GX 
any function of AX, when the function passes through 
a maximum or minimum its two consecutive values are 
in each case equal to one another. 

Suppose, for example, that a variable chord XF of a 
circle moves parallel to a certain direction ; it gradually 
increases in length as it approaches the centre and if XF 
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be a diameter and X'Y' a. coDBecutive chord ; since XX' 
and YY' ore tangents to the circle, and therefore parallel, 
XYX'Y' is a parallelogram and XY=X'Y' (Euc I. 84). 
Hence the diameter is the maximum chord in a circle 
(cf. Euc. ni. 15). 

EXAUPLBS. 

1. Hftving given the base and locua of vertex of a triangle ; find 
when the area is a masimum or minimum. 

[L«t the locus be a curve of any order and it is readily seen 
(Euc. L 39) that the tangents at the required points are parallel to 
the base.] 

2. In Ex. 1 when ia the sum of the aidea a i 




[Let C sad C be two points indefinitely near to each other on the 
locus MN. Draw CX and C'Y perpendiculars to J C" and BG 
respectively. 

Then since in the triangle ACX, X is a .right angle and A inde- 
finitely small, ACX ia approximately a. right angle and AC '^ 
nearly equal to JX Hence in the limit 

CX=AC'-'AX'-AC'-AC. 
Similarly CT ia the increment (negative) of BC. 

Therefore C'X=CT and the right-angled triangles CCX and 
CCY are equal in every respect, and lAC'C^lBGC. But 
AC'C'^ACM when A ia indefinitely small; hence the required 
points C on the locus are such that AO and BC are equally incliiied 
to the curve, i.e., to the tangent at their point of intiBiaw^oa. 
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It Bimil&rly follows that if A and B were upon opposite sides of 
the curve this relatiaa holds when AC-BC is maximum or 
minimum.*] 

3. Given the vertex J of a triangle fixed, the angle A in magni- 
tude and the base angles moving on fixed lines intersecting in ; 
to construct the triangle ABC of minimum area. 

[By taking two consecutive positions as in figure, we have 
AB . AC=Aff . AC and LBAB'=i.CAC'. 
Hence AB:AB'=AC':AG, 

and the triangles BAB' and GA C are similar (Euc. TI, 6> 1 




Therefore lABO='LAC'0=ACO in the limit 

In the required posifcion the sides A B and AC are eqwAly inclined 
to the given lines. Here again we have an illustia^tion of the 
symmetry of the figure when the triangle is minimum. If the 
angle A is 180° the property (Art. 13) follows at once.] 

4. Given two aides of a triangle fixed in position and a point P 
on the base ; when is AB a minimum \ 

[Taking two consecutive positions oi AB and drawing perpen- 
diculars AX and BT; as before A'£ is the increment of AP and 
^T of BP ; hence A'X=Br. 

Again A'X= AX r:otA' =AP sinP . coiA'. 

Simihirly BY-BY cotS-^BP ainP cotB. 

Therefore in the limit 

APcotA=BPcotB. 

* It follows if the curve is of such a nature that AC + BC is constant 
then for ever; point oa'AAC and BC are equally iocUned. 
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But if $ denote the foot of the perpendicular on the base we have 




B^ cot A=AQ lot B, 
hence AP=BQ, 

or the minimum chord is such that tht given point P and th^ foot of 
the perpendicular are eqv,idi»tant from the extremities of the bate. 
This ia knowii as Fhilo'a line. 

6. Through a giveu point in the diameter produced of a aemi- 
' circle to draw a secant OBC such that the quadrilateral ABCU maj 
be a maximum. 




[Take two consecutive positions of the secant OBC^ and 0S'(7'mich 
that ABCD^ASC'D, and join AB, Aff, DC, DC, and BC. 

Now since ABCD=AB'C-D it follows that 
BBCC'=ABB\DCC' 
Ot BSG+ CBC'^BBA+CCD. 
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Transposing we have 

BBC- BBA = CC-h - esc; 
or since twice the area of a triangle ia the product of two sides y 
the aine of the inclnded angle ; in the limit this relation becomes 
BBiBe'-Aff^ _ CC\CIfi-BC*) . 
diameter diameter ' 

but from similar triangles BBjCC-'OBIOC. Hence if AB—a, 
BCi=b, CD=e, AB^dfAXid the angles subtended at the centre of the 
circle b; the sides a, b, c be denoted hy 2a, 2j8, 2y, this relation xaerf 

tawrittm TT^-m 

'which is easily reducible tu 

coa2a-|-coB2y = l, 
or t\\.e projection XT of ^e intercept it eqval to theradiiuofihednie. 
The construction of the chord B<7will be afterwards given.] 

6. Having given two opposite sides A B and CD of a quadrilatei«l 
and the diagonals CA and BB, to construct it so that the area may 




[Let AB hB fixed and draw C and jy consecutive positions of 
C and B. Let be the intersection of AC and BB. Then since 
CC ia small compared with OC and OCC a right angle ; OCC may 
be considered an isosceles triangle, and OC=OC'. Similarly 
OD=Oiy ; and since CD=C'0 the triangles COD and COff are 
equal in every respect. From the equal areas ABCD and ABC'Bf 
take the equals COD and C'Oiy and the common part AOB, and 
there remains BOC-\-AOD=BOC'+AOiy, 
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■or BOC-BOC=AOD-AOL>, 

hence BO.CO=AO.DO, 

from which it is manifest that CD and A£ are parallel Cf. Art. 9, 
Ex.6. 

A Bimilar proof may be applied to show that when the four sides 
of a quadrilateral are given the area is a maximum when 

CO.AO=SO.DO, 
it., when the figure ia cyclic See Hihie'a Companion to the Wietlif 
Ptoblem PaperM, 1888, p. 27.] 

7. To draw a parallel to a given line meeting a Bemicircle in Cand 
D auch that ABCD is a quadrilateral of maximmn area. 

[Aa before, wheu ABCD is a maximum it is equal to the 
consecutive area ABC'L/. 

Hence CC'Diy=A CC + BDD, 

therefore CC'D - CCA = DBB - DiyC, 

which in the limit reduces to 

6>-a"=i!»-6' or 26»=<i' + c' (1) 

Again if X and Y are the projections of C and D on the diameter 
i^of J£ wehave 

AX=a*ld, Br~t?ld and XF=b ooa o. 




Making these substitutions in (1) we have on reducing 

26» + rfcosa.6-dS = (2) 

NoTK.— If a>:0 the quadrilateral is found to be one half of the 
inscribed hexagon. 

If a —90 the mmjm um quadrilateral is the inscribed, w^^nx^. 
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SBcnoN in. 
The Point O Theoeem. 

19. Theorem. — IfpointB P, Q, and S be taken on the 
sides of a triangle the cirdea AQR, BRP, and CPQ pass 
through a com/mon point 0. 

For let the circles AQR and BRP meet in 0. Then 
Bince (Euc. III. 22) QOR=tr-A and ROP = Tr-B, we 
have QOP=2Tr-(x-.d)-f5r-S) = ^+B=T-(?; there- 
fore the quadiilateral POQO is cyclic 




The angles BOG, GOA, AOB, subtended by the sides of 
the given triangle at 0, are respectively A+P, B+Q, ■ 
C+R, when is vdtkin the triangle ABG. 

For, applying Euc I. 32 to the triangles BOGajkd GOA, 
it follows that LAOB=G+GAO+CBO. 
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But GAO = QRO since A QRO is cyclic, 

also CBO = PRO since BPRO is cyclic ; 

therefore AOB=C+R (a) 

where R denotes an angle of the triangle PQR. Similarly 
for the angles BOC and CO A. 

K falls outside the triangle ABC these angular rela- 
tions become somewhat modified. Take for example 
within the angle C 

Then from the cyclic quadrilaterals QRAO and RPBO 
we have (Euc. III. 20) 

Z0i2P=05P and LOBQ=OAQ; 
adding these equations 

R==OAQ+OBP=C+AOB, 
or AOB=R-C 

Again, since Euc. I. 32, 

A+ACO = BOC+ABO, 
by transposing 

A-BOC=ABO-ACO (1) 

But ABO = RPO since PRBO is cyclic, 

and ACO = QPO since PQCO is cyclic. 

Substituting these values in (1) we have 

A-'BOG=RPO-QPO = P; 
therefore BOG= A -P. 
Similarly COA = B-^Q ; (^) 

It may be shown in the same manner that if the points 
P, Q, jB are such that two of the angles P, Q of the 
triangle formed by them are greater than A and B 
respectively BOC=P—A, 

COA = Q-B, (y) 

and AOB=C-R. 

Hence if a triangle PQR of given species be inscribed 
in a given one ABC, the circles AQR, BRP^ vxA CP^ 
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pass through either of two fixed points, one of which 
subtends at the sides oi ABGy angles -4.+P, jB+Q, C+Ry 
and the other ^-P, B-Q, R^C, or P-A, Q-B, C-R, 
according as two of the angles of the given triangle are 
greater or less than the corresponding angles of the 
inscribed triangle. 

20. Let PQR be a triangle of given species inscribed in 
ABC. We have seen that the point is fixed, and 
therefore the lines AO, BO divide the angles of ABG into 
known segments. But the segments of A are equal to 
the base angles of the triangle QOR ; similarly of B to 
the base angles of ROP, and of (7 to the base angles of 
POQ, 

Hence each of the triangles POQ, QOR, ROP are given 
in species. Therefore as the inscribed triangle PQR varies 
in position OQR, ORP, OPQ remain constant in species, 
and OP : OQ : OR are constant ratios. 

Again, since the triangle OPQ is fixed in species and 
one vertex a fixed point ; if P describes a line BG it 
follows that the locus of Q is also a line (CM). And 
generally, when one vertex of a figure of given species is 
fixed and any other vertex P or point invariably con- 
nected with it describe a locus, the remaining points Q ... 
describe loci, which may be derived from P by revolving 
it through a known angle POQ and increa^ng or 
diminishing OP in the ratio of OQ : OP, 

The loci thus described are similar, the ratio OP : OQ is 
termed their Ratio of Similitude and the point the 
Gentre of Similitude, 

Thus since is a point invariably connected with a 
variable inscribed triangle PQR of given species, the 
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ortho-centre, circum-centre, ex-centres, median pcdnt, etc., 
and all other points invariably connected with the 
ti'iangle, describe right lines which can at once be con- 
structed by the above method. 

Moreover, we know that if ia fixed and P describes a 
circle, and the variable line or Radi'iis Vector OP be 
divided in Q, in a given ratio, the locus of Q is a circle. 
Now if Q be turned around through any given angle 
tiie locus iB the same circle displaced through the same 
angle. Therefore if (me vertex of a tria/ngle of given 
apeeies ia fixed, and another vertex describe a circle, the 
remaining vertex and all other points invariably con- 
nected toitk it likewise describe circles. 

EXAHFLES. 

I, Having given the diagonals and angles of a quadrilateral 
ABCD, construct it 




[On one diagonal A C describe segments of circles coutainiug angles 
respectively equal to B snd D. Let ABCD be the required quadri- 
lateral Produce CD to 7 and EC to X. Join BYtiaAAY. 

Then since the chord fi Fof a given circle subtends a given angle C 
it is of known length. The triangle ADY\b also given in species ; 
hence the following coustmction t— On BY describe a segment of a 
circle containing an angle C. The triangle ADY, of given e^ecJa^ 
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bas one vertex Y fixed, another A describing the circle AYCy 
therefore the remaining vertex D describes a circle. Take B as centre 
and BD as radius, and cut this locus in the point D ; therefore, etc.**^] 

2. Bequired to place a parallelogram of given sides with its 
vertices on four concurrent lines (M*Vicker). 

[Let ABCD be the parallelogram situated on the pencil . ABGD. 
Through C and D draw parallels CP and DP to BO and AO respec- 
tively. Join OP, By Ex. 1 the diagonals and angles of the 
quadrilateral CDPO are given ; therefore, etc.] 

21. When the triangle PQR is given in every respect, 
the triangles OPQ, OQR, ORP are completely determined ; 
for in addition to their species we are given the sides PQ, 
QjB, and RP^ hence the sides OP^ OQ, OR are easily 
determined. We have therefore four solutions, real or 
imaginary, to the problem : — 

Havvng given two triangles ABC and PQR to place 
either with its vertices on the corresponding sides of the 
other ; for having determined the point 0, the position of 
which depends altogether on the species of the triangles, 
we get the position of the vertex P by taking as centre 
and OP as radius and describing a circle cutting BG, 

22. When the line OP is perpendicular to 50, OQ and 
OR are therefore perpendiculars to CA and AB respec- 
tively, and the circle with as centre and OP as radius 
touches BG, In this case the two solutions coincide, and 
PQR is the minvmwm triangle of given species that can 
be inscribed in ABG, 

23. It is manifest that a given triangle ABG may be 
escribed to another PQR. For having determined the 
point 0, the triangles BOG, GO A, and AOB are given in 
species, and are therefore completely determined, since 

* For other solutions see ** Mathematics from the Educational Times" 
Vol. XLIV., p. 29, by D. Biddle and Rev. T. C. Simmons. 
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BG, CA, and AB are given linea. Hence any vertex (C) 
18 funnd by describing a segment of a circle upon PQ 
containing an angle equal to 0, and with as centre and 
OC as radius describing circle. Where these circles meet 
is the required position of C. 

Again in the triangle BOG when SO is a maximum 
00 ia a maximum, and is therefore a diameter of the 
circle OPQO. Then OPC is a right angle. Hence the 
maximv/m tria/ngle of given secies esaribed to a given 
one is Hud whose sides are perpendicular to OP, OQ, OP, 

Cor. If the sides of the given escribed triangle be 
\, fi, and V, and a, fi, y the distances of from P, Q, R, 

\a+/i^+vy = & minimum. 
Hence required to find a poini, given inulti^)les of whose 
distances from three fixed points is a m.invnvu/m when any 
two of the multiples are together greater than the third. 

EXAUFLES. 

I. It d denote the distance of the point from the circumceutre 
B of the triangle A EC ; prove that twice the area of the mininmin 
triangle PQR is (fl"~d') sin A sin B ein C. 




[Fcv join AO and produceit to meet the cimuD-cirde again in C ; 
join BC. 
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NowBiticfliJZ-.JOS-(7=ilOS-(7'"OB(7'{Euc. I.32X 

we have 2PQR=RP.RQ sin R^llP.RQBm OBC (1) 

but &P=OB ain B and RQ=OA sin A. 

Substituting these values in (1) and putting 
03 ain 03C'=0C' em C, 
%PQR = AO.BOa\nA sin B sin OBC 
=A0.0C'9inA ain fi sin C 
= (fl" -<P)aaiA!xaB ain C] 
Nora. — If the point is on the circum-circle R = d and the area 
of tbe triangle vanishes, hence if /ram any point on the circum-circle 
of a triangle perpendiculari be let fall upon the lidet their feet lie tn a 
line. Thia is termed a Simeon, Line of the triangle, and the col- 
linearity of the points admits of an ess; direct proof. 

2. If the pedal triangle PQS of a point is constant in area the 
locus of the point is a circle. 

[Concentric with the circiim -circle hj the equation of Ex. 1.] 
2a. The theorem holds generally for a polygon. 

3. Having given of a triangle the base c, and ab sin ((7— a) where 
a ia a given angle, find the locus of the vertex. 

[In Ex. 1 we have 

2PQR=A0 . BO sin A sin B ain {AOB- C) 

aAO.BOma{AOB-d), 

and the locus of ia in that case a circle. Hence in the triangle 

- AOB we have the data in queation ; therefore the locus of the 

vertex is a circle concentric with //.] 

4. To inacribe a quadrilateral of given species PQRS in a given 
quadrilateral A BCD. 




Find the point 0, of the triangle PQR of given species inscribed in 
a given one, viz., that formed by three of the sides, AB, BC, CD of 
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the qoadrilatend. Similarly find 0^ of the triangle PQS inscribed 
in a given one. Now by Art. 19, since the species of each of the 
triai^les O^PQ and O,/"© is giTen, we have ^0,P0t=0iPQ ~ O^PQ— 
a known quantity ; therefore the point P is determined. 

S. To escribe a qnadrilateral ABCD of given species to a given 
one Peas. 

[Take any quadrilateral cdicd of the same species as ABCD. 
Inscribe in it by Ex. 4 a quadrilateral pqn of the species PQRS. It 
ie obvious that lSPA =tpa, since the figures are similar, hence the 
problem reduces to drawing lines in known directiona through 
P, ft if, S. 

Otherwise thus : — 

Upon a pair of opposite sides PQ and RS describe segments of 
circles containing angles equal to B and D respectively. Find a. point 
M such that the arcs PiV and QJ/' subtend angles equal to J 5i> and 
CBD respectively. Similarly find N such that CDy and A Dlf may 
be equal to the known segments of the angle C. Join MN ; where it 
meets the circles in B and D are two of the required vertices of the 
quadrilatenl ABCD.} 




6. To escribe a square ABCD to a quadrilateral PQRS. 

[By Ex. 5 or simply thus : — Join PJl and let fall a perpendicular 
from Q upon it. Make $5' = PP. SS" is a side of the required square. 
This construction depends upon the property that any tieo rectangu- 
lar Unet termiTtated by the oppotite tide* of a iquare are eqwU to one 
another (Matheeis). 



48 MAXIMUM AND MINIMUM. 

7. From any point P on the base of a triangle perpendicnlars 
PX and PT are drawn to the aides, find the locus of the middle 
pomt JVof Zr. 

[Bisect Ci'inJ/'Joinjrj.JfFandJfJV. Itiaeaay toseethat J/XF 
is an iaoscelea triangle of given species, each of its base angles being 
the complement of C ; and since its vertices X, M, Y move on fixed 
lines, any point ^iovarisbly connected with it describes a line. By 
taking P to coincide alternately with A and B the locus is seen to be 
the line joining the middle points of the perpendiculars from the 
eztremitiea of the base of the triangle ABC."] 




S. The sides of the pedal triangle PQR are in the ratios 

a.AO-.b.BO -.c.CO. 

[For QR=AO ainAoia.AO, etc] 

9. Bxtenslon i)f Ptolemy's Theorem.— If the three pairs of 

opposite connectors of four points be denoted by a, a; h,di S, S^ 

to prove the relation 

S»8'»=a'c'+ 6iW' - iabcd cos (0+ $•), 
where 6+ff is the sum of a pair of opposite anglea of the 
quadrilateral. 

[Let A,B, C, be the four points. From any one of them 
let fall perpendiculars OP, OQ, OR on the sides of the triangle 
ABC formed by the remaining three ; then since 

p§s= §fla + Rpi - 2§fl .RPcoaR, 
substituting for PQ, QR, RP the values in Ex. 6, and reducing, the 
above equation follows at once (MKilay}.] 

9a. What does this theorem reduce to for the quadrilateral ABCP 
in the figure of £x. T 1 Deduce the relation of Art. 3, Ex. 5, as a 
further particular case. 
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10. A variable circle passes through the vertex of an angle and a 
second fixed point ; find the locus of the intersection of tangents at 
the extremities of its chord of intersection. 

11. If a, j3, y denote the distances of any point from the sides 

of a triangle ; to prove that 

r, 8S' 

where S and 8' are the rectangles under the segments of a variable 
chord through 0* of the circum-circles of ABC and of the pedal 
triangle of the point (M*Vicker). 

[In Ex. 1 let K be the point where RO meets the circum-circle of 
PQR ; then y=S'IOK=S' sinP/j8 sinO^^. 

BvLtBmOQK=am{A+F)=sinBOC; ,\ l3y=S'amPlBmB0C. Also 
a=OB.OCamBOCIa, therefore apy^S' . OB, OCainP/a, 
Again OB^RPjamB^ etc. ... therefore by substitution 

r> __ S' . RP. PQBJnPS' . P QRSS' •. 
"^^^ aBinBainC " A/ 2/2 "" 2/2*-' 

12. In the particular cases when coincides with the in- or ex- 
centres of the triangle ABC, the formula in Ex. 11 reduces to 

82=iB2-2/?r or 3i^=R'+2Rry etc. 

24. Theorem. — When three points P, Q, R are taken 
collinearly on the sides of a triangle, the circles cvrcum- 
scribing (he four triangles QRA, RPB, PQC, ABC meet 
in a point 

This theorem may be easily proved directly, but it is 
obviously a particular case of Art. 19, for the circles 
QRA, RPB, PQC meet in a point (Art. 19) such that 
CO A = Q—B, which in this case is ISO — B; therefore, etc. 
Euc. III. 22. 

The transversal PQR to the sides of J.5(7is the limiting 
case of a triangle inscribed in ABC, the angles at P and 

* The constant rectangle under the segments of a variable chord of a 
circle passing through a fixed point has been termed by Steiner the 
Power of the Point with respect to the circle. 

D 
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R being eaoh 0° and Q-180°. The Bpeciea of the 
limiting triangle is determined by the ratios QR : RP ; 
PQ. or their equivalents a.AO:h.BO:c.GO. (Art. 23, 
Ex.8.) 

Hence if a transversal is drawn to a triangle such that 
the ratios of its segments made by the sides is constant ; 
the ratios AO : BO : CO are known and with them the 
point 0. A^ in the general case, the triangles QOR, BOP, 
POQ are constant in species. 




It follows then that if P, Q, .B be the feet of the perpen- 
diculars from on the sides of ABC, and the lines OP, 
OQ, OR rotated through any angle in the aame direction, 
P, Q, B will always remain coHi/near and the ratios 
PQ : QB : BP are constant* 

Cor. Ptolemy's Theorem,— SinceQie:iiP:PQ = a. JO: 
b.BO:c.CO,&ndPQ+QR = PM; 

therefore a. AO + c.CO = b . BO. 

Examples. 

1. Place a given line PQ divided in Any point if such that the 

points P, Q, B may lie in an aBeigned order on the aides of a given 

triangle. 

"ChMles* Qtoin4trie supdrienie, p. 261- 
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2. Draw a line across a. quadrilatenl, meeting the sides in P^RS 
Bnch that the mtioB PQ-.QR: RS may be given. 

3. The line joiiiing to the orthocentre of ABC is bisected hy 
the Simeon line PQS, and intersects it ou the nine points circle. 

4. The angle subtended bj any two points Oi and Oj on the circle 
ifl eqnal to the angle between their Simson linea. 

5. The Simson lines of two points diametrically opposite 
intenect at right angles on the nine points circle. (By £s. 4.) 

25. Theorem. — For three podtions. PQR. PiQiR^ 
PiQtBti of the tnangle of given apeeiea iiiscribed in a 
given one ABC; to prove that 

PP, : PP,=QQi : QQ^ = IiRi : RB^ 




Since the triangles OPQ, OP^Q^, OP^Q^ are similar, we 
have OP : OPi= OQ : OQi. also lPOP^ = QOQ^ since 
LJ'OQ=PfiQ^\ therefore the triangles POP, and QOQ-, 
are similar. Hence 



QQ^ = OP 
RR^ = OQ 
RR^ = OP 
RR^=OP 



Similarly QQ^ 

therefore PP^ : QQi 
Similarly PP^ : QQ^ 
therefore, etc. 

Now if PiQiit, and P^QgR^ denote two fixed positions 
of the variable inscribed triangle PQR of constant apecie&. 



OQ. 
OR; 
OQ-.OR 
OQ-.OR; 
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and PQR any arbitrary position, it follows that a variable 
line PQ, dividing evmiiarly two linear segments PiQi 
and PiQsf evhtends a constant angle POQ at a fixed 
"point 0. 

The point is determined by the intersection of the 
loci of the vertices of the triangles P^QjO and PtQ^O, 
whose bases PjQ, and P^Qz M:e given and ratio of sides 
(=P^P^ : QQi), or the interaection of the circles OP^Q^ 
and GP^Qr 

Since P^P^ and Q^Q^ form similar triangles with 0, this 
point is termed the Centre of Similitude of the segments. 
Thus the centre of similitude of two segments AB and 
CD is the intersection of the circles passing through the 
two pairs of non-corresponding extremities and the inter- 
section of the given lines. Or it may be regarded as 
the common vertex of two similar triangles described on 
the 8 




If the points B and D coincide, coincides with them, 
and the circle ADO meeting CD in coincident points D 
and therefore touches CD. In the same case the circle 
BCO touches AB, 

Cob. The centres of similitude of the sides of a triangle 
taken in pairs are therefore found by describing circles 
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on BG and A G touching the aides A G and BG respectively. 
Tbe second point of inteisection of these circles is a 
ceatre of similitude of AG and BG; similarly for each of 
the remaining pairs of sides. 

ESAHPLBS. 

1. Draw a line L dividing three linear segments JiJj, B^^ and 
C,C, in the same ratio. {Ihihlin Univ. Exam. Papers.) 

[Let the required line intersect the segments in P, Q and R 
respectively, 0, and 0^ the centres of similitude of the pairs of lines 
J,J„ B,Bjand B^B^, 0^0^ Then in the triangle O^QO^ we know the 
base OiO^and vertical angle, since it is equal lo iSO -O^^P-O^QR; 
therefore, etc] 

2. The centres of similitude of the sides of a triangle takeu in 
pairs are the middle points of the symmediau chords of the circum- 

[Let X, T, Z denote tlie middle points of the aides of the triangle 
ABO ; CD and CE the median and aymmedian chords of the circle 
respectively ; if the middle point of CE. Join ZE, AM and BM. 




Then since i.ACD = BCE and lCAZ=CEB, the triangles ACZ 
and ECB are similar, and Y and M being the middle points of a 
pair of corresponding sides, CYZ and CMB are therefore similar. 
^eDatLCBM=CZY=BCZ=ACM. SimiIarlyi.(7JJf»SCi/i there- 
fore the triangles BCM and CAM are similar.] 
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3. Prove the following reanlts from Ex. 2<— 

r. (7£Z=difference of baae angles (S-.d). 

2°. The triangles ADZaaA BEZaqyaX in ever^ respect 

3°. CZ. CE=ab. 

4°. CM~ahl-Ja^+&+icA cos C. 
6*. BMC=CMA=it~C. 

6°. The circum-circle of ABM pssaea through the ceutre of 
the circle A BC. 

4. Having given the base (c) bisector of base {CZ) and difference 
of base angles {B—A) ; conetnict the triangle. 

[The triangle CEZ ia readily constructed ; therefore, et«.] 
0. Having given the bisector of bnse (CZ) rectangle under aides 
(a&) and difference of baae angles (B-A) ; construct the triangle. 
[As in Ex. 4.] 

5. Having given the base, median, and symmedian of a triangle ; 
construct it. 



Section IV. 
Miscellaneous Phopositions. 
. Prop. L — Through a point P to draw a line acroaa 




an angle such that the intercepted segment MN may 
Bvhtend at a fixed point Q a triangle of maxiinvm, a/recL 
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The transversal PMN such that the paralleU OM and 
ON to the sides of the angle intersect on PQ is the 
required line. 

For dia,w any other line PM'Jf'. Join M'N'. Then the 
triangles MON and M'ON are equal (Eue. 1. 37), hut 
M'ON >M'ON'; therefore MON > WON'. 

MON' M^N' MQN 

tudes = PO/PQ. Similarly ^M] = P0/PQ; therefore 

MQN > if' giv. 

To fi/nd the point 0. Evidently by similar triangles 
PA/PO = PM/PN = PO/PB ; 
therefore PA.PB-PO*. 

Prop. n. — On the aides BC and CA of a triangle, to 
find points M and N such that if the lines AM and BN 
meet in Ute triangle MON may be a maximum. 




Regarding J. as a point on the base produced of BCN 
and AOM a transversal to the sides, MON is maximum 
when ON' and MN' parallels to these sides respectively 
meet on AC. Similarly since B is on the base produced 
of AGM and BON a. transversal to the sides, DM' and 
NM' parallels to the sides meet on the base. 
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Then we have ANM'O and GN'OM' equal parallelo- 
grams (Euc I. 36), therefore AN^CN', also BM-GM'. 
But by Prop. I. AN . AG= AN'^, therefore AN . AG= CN^; 
similarly BM . BG= GM\ or Ike aides of the triangle ABC 
are dvoided in extreme and mean raXio, the greoit&r 
aegrnenta being measured from the vertex. 

Prop, in, Through one ecctremity A of the diameter 
APB of a semicircle draw a chord AMN to meet a 
perpendicular through P to the diameter AB in M and 
the circle in N, suck that the tricuagle MBN may he a 




Suppose a tangent is drawu at the required point N. 
Let it meet PM in 8. Join AS. From the centre C let 
fall GX perpendicular on AS. Join CN. 

By Prop. I. the parallels MQ to the tangent and NQ to 
PS meet on AB, for then with respect to the angle PSN 
the triangle MBN ia maximum ; therefore a fortiori it is 
the maximum triangle whose vertex N lies on the circle 
ANB. 



MAXIMUM AND MINIMUM. 57 

lANS = ABN=ANQ. Hence since MN, the diagonal 
of a parallelogram M8NQ. bisects the angle N, the figure 
is a rhombus, and NQ = NS. Then the triangles ANS and 
ANQ are equal in every respect (Euc I. 4), therefore ASN 
is a right angle ; hence CNSX is a rectangle, aod 8X is 
eqaal to the radius of the circle. 

Also CPSX is a cyclic quadrilateral, therefore 
AS.AX = AO.AP 
which is known. Therefore we have the rectangle and 
difiereQce of AS and AX, from which data these lines are 
at once determined. Then we can construct the right- 
angled triangle ACX, which fixes the point X ; there- 
fore, etc. 




Cor. In the particular case when PMS ia a vertical 
radius, if SN meet the tangent AT in T and AB in T', we 
hhveAS.AX=i^, therefore by parallels A2".AC=GT'*. 
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Similarly TT'.TS^T'S^, but TT' . TS = AT* = TN* ; 
therefore TN=T'8. and TS^TN. 

But when a line TT' is divided in extreme and mean 
raUo in S and from the gi-eater segment a part T'N ia 
taken equal to the less TS, T'S is divided into extreme 
and mean ratio. 

Ex. Dt&w the transversal AMN such that the quadrilateral 
MNBP may be a maximum. 

Prop. IV.* Through a given poiTit in the tangent at 
G to a circle draw a secant AB such that (h^ triangle 
ABC may he ofmcucvnmm, area. 




Draw tangents at A and £ to meet in T, The required 
triangle is such that the parallels through A and B to the 
tangents at these points meet on OC in P. 

For since and T, and C, are pairs of conjugate 
points with respect to the circle, GT is the polar of 0. 

* This PropoBitioD may be omitted oa the first reading. 
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Let 0(7, the second tangent from 0, meet PT in C\ 
Since PBTA is a rhombus, AB is at right angles to PT\ 
also since TO MP is a harmonic row, we have 

TCICM=TPIPM=2\ 
therefore TM or Pilf = ZMC, 

Then a given angle COC is divided by the required line 
AB, such that the ratio of the tangents of its segments is 
known ; therefore, etc. 

Ex. If a, 6, c denote the sides of the maximum triangle ABGy 
prove that 

(1) OA^c^-a^ 



(2) c 



OB b^-c^' 



a3+62* 



CHAPTER III. 
RECENT DEVELOPMENTS OF POINT O THEOREM. 

Section I. 
The Brocard Points and Circle of a Triangle. 

27. Brocard Points fi, fi'.— In Art. 20 if the inscribed 
triangle PQR is similar to ABC a.nd P = A, Q = B, R^C. 
then'BOC= A+P^ 2^, similarly CO^ = 2B a.nd AOB = 20; 
therefore is the centre of the circum-circle. 

Secondly, let P = 5, Q = and iJ = A. Then 

B0C = A+P=^A+B=^7r-C; 
similarly CO^ = 5+Q = S+(7=7r-A 

and AOB^TT-a 

Thirdly, let P=C, Q = A and iJ = 5. It follows as 
in the last case that BOC=ir — B, COA^tt—G and 
AOB^ir-A. 

Thus we see that a triangle PQR similar to a given 
one may be inscribed in the latter in three different ways; 
and that the point in each case may be found as in the 
general method by describing segments of circles on two 
of the sides containing given angles. 

In the second and third positions the points of inter- 
section of the circles are usually denoted by the letters 

Q and Q'. They are termed the Brocard Points of the 

60 
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triangle ABC, and are distinguished as Positive (Jl) and 
JSr^ative (fT) 

28. Brocard Angle (en). — Since BUC is the supplement 
of G, QBC+QCB^G or QBG=QGA. For a similar 
reason CiCA = QAB, 
hence CIBO = QGA= QAB = a (say). 

The angle o) is called the Brocard Angle of the triangle 
ABC. 

We may remark that the angle subtended at by the 
base c is the supplement of B, the angle at the right 
extremity of AB, and at O" equal to the supplement of 
A, the angle at the other extremity of AB, 

The same relations hold for the sides a and b ; hence 
the names Positive and Negative Brocard points. 




The value of oi as a function of the sides or angles ia 
thus found. 

Let X, y, z denote the lengths of AU, Bii and CQ 
respectively. Then in the triangle BUG 

cot « - £^ = ^^+2t^' = ?!±i!r^. 

sin w 2ay sin m iBQO 
Smilarly in the triangles GQA and AUB 
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not =s d^+y^—z^ ^ l^+z^—x^ ^ €?+a?—y^ 
4>BQ0 ~WQA~ 4^QJS 

4fABC ^ ^ 

It is proved in like manner for Q' that 

QVB^Q'AG^Q'BA, 
and that the value of these angles is also given by (1). 

Affain cot A = ^, .""? = f^""^ with similar values 
^ 26c sin A 4A 

for cot B and cot (7. Hence 

4A 4A 
or cot (a = coiA + coiB+ cot C (2) 

Examples. 

1. Prove that 

(1 ) cosec^to) = cosecM + cosec^5 + cosec^C 

4A* 

^3) cos CO-^2^-p^2^-p^2P)- 

2. The distances of 12 from the sides of ABC are a/Jsin^w^, 

2/2 sin^o)-, 2R Bin^w- ; and of 12', 2R Bin^o)-, 2/2 Bin2a)?, 2/2 sin^w?. 

[For let the distances of 12 be denoted a, j8, y. Then 

a=y sin(«)=^-?5L^ . therefore, etc. 
sin B 

The rafoo* of the distances* are evidently as follows : — 

a: P : y=<^a : a^b : h\ 

and a' : ^ : y'—ah^ : 6(r* : cc^^ 

and also aa' = j8j8' = yy' = 4/2* sin*(«).] 



* Or Trilinear Co-ordinates of the points with respect to the triangle, 
which is also called the Triangle of Reference, 
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3. AD is the bisector of the angle ^1 of a triangle ABCy and a>|, (Uj 
the Brocard angles of the triangles ABD and ACD respectively ; 
prove that cot m^ + cot 0)2 = 2 cosec A + cot A + cot w, 
with similar expressions for the triangles formed by the bisectors 
of the angles B and C, 

4 If (1)1 and (1)2 denote the Brocard angles of the triangles CAD 
and BADy where AD is the median to the side BC^ 

cot (Ot — cot 0)0=— —A— I 

1 ^ 2A ' 

with similar expressions for the medians BE and CF, 

5. Hence prove that cot Wi + cot 0)3 + cot wg = cot 0)2 + cot (04 + cot io^ 

and2cot<o,=2(f!i^±^). 
^ A 

6. If ABC is divided as in the previous exercises by the 
symmedians, prove that 2(62+ c*) (cot Wi- cot 0)2) =0. 

7. Q and 12' are Brocard points of their pedal triangles PQR and 
rQ^R\ (Euc. III. 21.) 

8. The triangles PQR and FQR' are equal in area. 
[For Q,PQ and ^BC are similar ; hence (Euc. VI. 19) 

Q.PQ : 125(7= 12P2 ; I2^=sin2(o ; 
similarly Q.QR : 1204 = 12/^^ : 12J5=sin2(o ; 

therefore PQR^P'qR'=ABC . sin^w.] 

9. The Brocard points are equidistant from the circum-centre. 

[By Ex. 8 and Art 23, Ex. 1.] 

10. If A\ By C be the points of intersection of the pairs of lines 
yysf iZyixf \Xyj/y provc that the six points A\ B^ C\ 0, 12, 12' lie on a 
circle. 

[For the triangles BCA!^ CAB and ABC are isosceles and similar, 
their base angles each being equal to o), hence OA!^ OB^ OC are the 
bisectors of their vertical angles. In the quadrilateral 01212'^' we 
have 012=012' and OA' the bisector of the angle 12^'12' ; therefore 
is a point on the circum-circle of 12il'12', and the quadrilateral is 
therefore cyclic. Similarly B and C are on the circum- circle of the 
triangle 01212'.] 

Dbf. This is called the Brocard Cvrde^ and A!BC the Fint 
Brocard Triangle of ABC, 
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11. To find the distance of the Brocard points from the circum- 
centre(00=0flr=8). 

[B7 Art. 23, Ex. 1, 2P§iJ = (/P-82)sinil8inJ?sin(7, 
but (Ex. 8) PQR=ABCBm^ui=2RhmA sin^ sinC/sinS 

hence /? - 8* = 4/Psin^a) or 

8=22\/l-4sinV] 

12. The angle subtended at the circum-centre by 0'12=2(i). 

(By Ex. 10 and Euc. III. 22.) 

13. To find the distance 120' between the Brocard points. 
[Since OQ.Q! is an isosceles triangle, 

012' = 2012 sin (0 = 2/2 sin 0) n/i - 4 sin^w, by Ex. 11.] 

14. The diameter of the Brocard circle is equal to 

/2 sec to) n/1 - 4 sin^o). 
[For it equals 8/sin 2to) ; therefore, etc.] 

15. The altitudes of the similar isosceles triangles BCA\ CAB^ 
ABC are equal to the distances of the symmedian point (K) from 
the sides. 

[For C'Z^\c tan a, = -^T^ 5 

therefore, etc., by Art. 28, (1).] 

16. The circle on OK as diameter is the Brocard circle. 

[For KA! is parallel and OA! perpendicular to BC^ hence OK 
subtends a right angle at A!\ similarly for the points B and C ; 
therefore, etc.] 

17. Brocard*s first triangle is Inversely Similar to ABC \ t.c, 
by rotation in the plane of the paper their sides cannot be brought 
into a position of parallelism with each other. 

[For BC subtends equal angles at A' and K^ but KB and KC 
are respectively parallel to CA and AB^ and therefore contain an 
angle A ; similarly the angles B and C are equal to B and C] 

18. Having given the base c and Brocard angle o) of a triangle 
ABCy find the locus of the vertex (Neuberg). 

[Let p be the median CZ and the angle between it and PZ. 
Since cotto)=(a2+62+c2)/2c. CR and a2+5a=jc«+2p2, we have 
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2p» + 5(!»= 2tf cot tu . Cff = 2c cot w . p cos ^, 
or p'-ccot<u.pco8fl+|e**=0. 

KoTK. — Comparing thie result with the Htandard form of the 
equation in the footnote we have hj equating coefBcients 

cot <u = 2d and tP - r* = ic», 
or rf=Jccot(u and r'=ii!'cot'(o— j(?. 

It is evident that the locus is a curve aymmetrical with respect to 
the perpendicular bisector of the base, as to each position of the 
vertex C there \% a corresponding one, C" of the inverselj' similar 
triangle ABC" described on the base. 

The distance of C, a vertex of Brocard's first triangle, from 
c=^etan(u; therefore ZCZO=(ic)' where is the centre of the 
required locus. 

This example is a particular case of : — Having given the bate c and 
((o'+ntJ'+nc'yA to f/nd the locut of the vertex j' a solution of 
which ie similarlj obtained. 

ISo. Six similar triangles are constructed on a given base and on 
the same side of it. Prove that their vertices Ci, Cj, ... C^are con- 
cyclic. (Mathesis, t 2, p. S4.) 

* This is known by Analji^ical Geometry to be the Pt^r Equation o/ a 
drele. It we take any point Z aad draw a variable line [Sadiiu KecCor) 
to a given circle {0, r) and let d ~ ZO, the equation connecting p and 6 




u for all points on the circle )i'-2(xi cti»6 + <P-r^ = 0; and p and 9 ai 
called the Pofar Go-ordiitates of the point P. 
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19. Having giren the base c, and Brocard Angle at, find the 
locus of the centroid of ABC. 

[A circle whose equation ia formed from that in Ex. 1 8 bj changing 
p into Zp ; hence 

12p*-4ecot(u. pcoa$+i?=0. 
It has many important properties, which will be found in the 
TromactioJU of the Royal Irish Academy, vol. xxTiii. xx, where 
M'Cay names it the " C" circle of the triangle ABC.'\ 

20. The lengths of the tangents drawn from A, B, C to th« 
Brocard Circle are inveraely proportional to a, 6, c, and the sum of 
their aquares = 2A cosec 2b). 



Section II. 
The Stmuedians of a Triangle. 




29. Let K be the symmedian point of ABC, a and ;3' 
the distances of Z from BC aod CA respectively. Then 
a'l^ = ajb = BZ sinB/AZ' am A, hence 

or the syrriTnedians divide each side in the dvj^dcate 
ratio of the remavndmg tivo. 
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Again from (1) AZ'/cl^Ha^+b^) or AZ'ml^c/ia^+V) ; 

similarly BZT ^d?cl{a^+V) (2) 

Also CZICK^cila^(a^+}^+<?)l{a^+V^\ hence 

CK a^+W .^. 

KZ ~^'- ^^^ 

Cob. If (7 - 90* then CK « KZT (Euc. I. 47) and K is the 
middle point of the perpendicular on the hypotenuse. 

30. The length of the sjrmmedian CZ' is found as 

follows : — 

In the formula h^BZT+a^AZ ^cAZ . BZ+cCZ"^ sub- 
stitute the values in (2) and reduce. We easily obtain 

" a/b+b/a 

with similar expressions for the lines through A and B, 

Examples. 

1. The symmedian is divided harmonically at JT, and Q its point 
of intersection with the perpendicular to the base of the triangle at 
its middle point Z. 

\ZZ'^ ^-^=_-^,Z/2; hence 

Z^ ZZ' ? KZ' (^^- 29 Wh 

therefore CQIQZ^CKIKZ'^{a^-k'V^)lc^^ 

2. Since Z, CKZ'Q is an harmonic pencil any line through K is 
cut harmonically by its rays, hence if KC is parallel to one ray, it 
is bisected at by the conjugate ray CZ, Also the parallel through 
K to PL is bisected at JT. 

3. The vertices of Brocard's first triangle and the symmedian 
point are equidistant from the extremities of the parallels through 
K to the sides of ABC. 

[Let be the middle point of MN, Since Oi/sOiT and (Ex 2) 
OK^OCy Subtracting these results ; therefore, etc.\ 
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4. The liuea joining the middle points of the aides of ABC to the 
middle points of the perpendicuUra on them meet in a point. 

[By Ex. 2 the point of concuireace is the sj'mmedian point The . 
ratios of the segments into which the joining lioea M^e divided at K 
are easily seen to be (c cos J/o", ete., etc] 

5. Prove that cot £:£(7+cot£tM+cotj7AS-3cot(a. 



AmTPABALLEIA 

Def. A etraight line meeting tbe sidee a and 6 of a 
triangle at angles A and B is parallel to the base. If a 
line meet these sides at angles A and B respectively it is 
said to be AiUiparalld to c. 




SI. The following are the fundamental and obvious 
properties of antiparallels to the sides of any triangle : — 

(1) Antiparallela to the sides a and h meet c at equal 
angles (C). 

(2) They are parallels to the sides of tiie pedal triangle. 

(3) Or to the tangents at A.B.GUy the circum-circle. 
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(4) The locus of the middle point of a variable anti- 
parallel to a side, c, is the corresponding Bymmedian 
chord CK. 

(5) Antiparallels through K to each side are bisected at 
the point, and are equal to one another. The latter part 
follows from (1). 

(6) The median and symmedian to c of the triangle 
ABC are respectively the symmedian and median of the 
triangle A'BC cut off by any antiparallel A'B. 

(7) The extremities of a parallel and antiparallel to 
any side of a triangle are concyclic. 



The Pedal Triangles of the Brocard Points. 

32. From O let &11 peipendiciilars on the sides and 
denote their feet as in figure by A'SU. 




It follows conversely since jlflB is the supplement of 
B (Art 28), and is equal to C-\-A' (Art. 19) that A' "A ; 
similarly S — B and Cf-C. Also A", W, Cf are respec- 
tively equal in A,B atnJ C. 
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33. Theorems I. O i^ t^ common positive Broca/rd 
point of ABC md A'FCT. 

Since ACA'Q is a cyclic quadrilateral QAB » Q(TA' » a> 
(Euc. III. 21) ; similarly CIBC and QA'B" are each equal 

to 10. 

It follows also that Q' is the common negative Brocard 
point of ABC and A^'B'Cr. 

II. Th£ aidsa of A'B'ff amd A'R'(r are eqvMy indvned 
to the correapondi/ng aides of ABC, 

For by (1) CBV = AC^A' - BA'B = 90 -«, 
and BCBr^ABTA^^CA'C^^O-'ta. 

III. The six points A', R, (7, A'', B', C wre concydic. 
For the angles ACA'^AB'A'', therefore A'A'B'C is 

cyclic (Euc. III. 22). 

SimUarly EBTCA' and CV''A"E ai-e cyclic. But 
generally if three pairs of points on the sides of a triangle 
are such that every two pairs are cyclic, the six points lie 
on a circle.* For if they do not the tangents to the three 
circles from A, B and C are easily seen to be equal, which 
is impossible. 

IV. The lines B'C\ CM', A"F are parallel to the sides 
a, b, c respectively. 

We know that each pair of sides of ABC with (2 and 
Q' form similar triangles, i,e,, BQC and AQV, CSIA and 
BQ'A, AQB and CSYB are similar ; hence the perpen- 
diculars (or other corresponding lines) through O and Ci' 
divide the opposite sides similarly. In the triangles (XIA 

* For example, if A'B'C* be the middle points of the sides and A'S'O* 
the feet of the perpendiculars, it foUows immediately that A'B'CA'*B'C 
is a cyclio hexagon since each pair of points A A' and BB* form a cyclic 
quadrilateral. ( ' ' Nine Points ** Circle. ) 
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and Bit A we have therefore AG'IAG:=AF'/AB, or F'C 
is parallel to a, 

V. Hence also A'A\ FB\ C'C" are antvparaUeU to 
the aides a, 6, c. (Euc. III. 22.) 



Section III. 

Tucker's Circles. 

34 By Art. 24 if the inscribed triangle A'SC is given 
in species only it may be conceived to vary its position 
by rotating around the point Q which is fixed. Let it 
revolve in a positive direction through any angle Q and 
also let A''B^C" revolve in the opposite direction through 
an equal angle. 

Then each of the equal angles of inclination of the sides 
of A'RC and A"E'C" are diminished by 0, therefore for 
all values of Q the sides are equally inclined and the 
vertices of the two triangles are always concyclic. 

The circles thus described are called the Tucker Circles 
of the triangle. 

Thus the lines B"G' and A'A'\ etc., are always parallel 
and antiparallel respectively to the opposite side a, and 
therefore remain constant in direction. 

Now since the point Q is fixed and the triangle A' EG' 
of constant species ; since the vertices move on given 
lines all points fixed relatively to the figure describe lines. 
The locus of the centre of the system of Tucker's circles 
is therefore a line. (Art. 20.) 

By taking particular positions of the triangle we find 
points on the line of centres. In the case where 0=0 the 
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vertices of ABC and A'BC coincide, and the ctrcum- 
circle is thus seeu to be one of Tucker's circles. The line 
of centren thus passes through the circum-centre of ABG. 
Similarly the loci of the other Brocard points of tiie 
triangle A'SC and A'E'C are lines. 

35. Let the vertices of the triangle formed by the 
paralleU STC, CA', A"B to the sides of ABC be denoted 
by X Y, Z. 

Then AA'A"X is a parallelogram, as are also BB'B'Y, 
CC'C'Z; aad since the diagonals bisect each other ^X 
bisects the antiparallel A'A". AX, BY, CZ are the 
eymmedians of ABC. 

Hence the following construction for Tucker's circles : 




Let K be the symmedian point of ABC. Join AK, 
BK, CK. Take any point X on AK and draw parallels 
through it to the sides h and c Let them meet BK and 
CK in Y and Z respectively. YZ is parallel to a, and the 
hezad of points in which the sides oiABCtas cut by these 
pamllels Ue on one of the required circles. 
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36. The antiparalleU A'A\ RB\ O'C" are equal. 
For since A^'R is parallel to c, and A'A" and FB' are 
equally inclined to c (at an angle C), A'A"^EW \ 
therefore, etc. ; or they are the chords of a Tucker circle 
intercepted by parallel lines. 

. 37. Theorem. The line OK is the locus of the centre of 
Tucker's system of circles. 

. For let L be the middle point of the chord A' A" of one 
of the system. Draw LO^ at right angles to it meeting 
OK in Oy Join^O. 

Since the tangent at ^ to the circum-circle is anti- 
parallel to a, AO and ZO^ are parallel lines. 

But AKIAX = BK/BY=^CK/CZ (Euc. VI. 2); there- 
fore AKIAL^BKIBM^CK/CN^OK/00^, or Oj is the 
centre of the Tucker circle. 

38. Since Q is the positive Brocard point of the 
triangles ABC and A'ffC, and QAB and QA'R a pair of 
similar triangles; if d be the inclination of the sides 
of AlBCj to those of ABGy we have 

Q^' _ sing) .-V 

^A "sin(0+ft)) ^ ^ 

This ratio is the Bjatio of Similitude of the triangles, 
and is the constant relation between all corresponding 
lines of A'RC and ABC. 

For example, if p be the radius of Tucker's circle for 

anyvalueofft t = _?i5?L_ (2) 

•^ ' R sin(0+ft,) ^^ 

In (2) we have the following particular cases: — 

when Q^ff" p^B (circum-circle) ; 

„ d-w p»^i2secco (T. R circle); 

„ d » 90*^ p = B tano) (cosine circle). 

Also area A'BC : ABC =^sin^<a : 8\n%e+(o) (Euc. VI. I9V 
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Tuckeb's Circles, Particular Casus. 

39. L Cosine Circle. As a particular case of the 
gAaitral theorem (Art. 33 v.) we ahall consider the anti- 
parallels A' A", RB", CCr to pass through K. The points 
L, M, N vill therefore coiacide with K, which is also the 
centre of the corresponding Tucker's circle. 

It is otherwise evident that the six segtnentfi KA', KA", 
etc., of antiparallels through K to the sides are equal 
(Art. 31 (5)). 

Also B'CTB'Cr, CrA'CTA", ^'B'4"B" are rectangles since 
their dit^onals are equal 




Again because A'ETT is a right-angled triangle 
A'W = BSr C084'£"£' - SSr cosC, 
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or A'W » 2p cos(7, with similar expressions for B(T atid 
CA\ Hence 

ThA segments intercepted by the circle on the sides of ABC 
are proportional to the cosines of the opposite cmgles.^ 

It is from this property the circle derives its name. 

40. The middle point M of A^'B" is on the median 
through C to the opposite side c ; hence the perpendicullu: 
through K to this side passes through M, or as has been 
shown otherwise (Art. 30, Ex. 4). If a perpendicular be 
drawn through K to the base meeting it in N and the 
median in M, MK^NK^ from which it follows ikat the 
Imes joining the middle points of the sides to the middCle 
points of the correspondAng perpendiculars meet at the 
symmedian point (Hain). 

41. The sides of the triangles A'RCT and A^B'eT are 
perpendicular to the corresponding sides of ABC. T)ie 
cosine circle may therefore be obtained by rotating the 
two inscribed triangles in opposite directions until 6 *= 90°. 
(Art 39.) 

The ratio of similitude of A'B'C and ABC^\xclw. 

42. II. Triplicate Ratio Circle.— Let the parallel in 
figure of Art. 35 pass through K. 

Then L, M, N are the middle points of AK, BK, land 
CK, since AA'A"K, etc., etc., are parallelograms; and the 
centre of the corresponding Tucker circle bisects OK. 

The sides of A'BG are inclined to those of ABC at an 
angle s oi. For consider the angles in the equal segmeiiits 
A'A\ EBT, C'C\ and it is obvious (Euc. III. 21) that 
A'BA" = AV'A' « BC'BT ^EA'BT^ C'A'C = C'BG\ 

* See Mathesis, t. L, p. 185 : — 

'* Sur le centre des MMianes AntiparaUMea," Neuberg (188 1\. 
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Hence K istk^ negative Brocard pomt of A'BC 
Similarly it is the positive Brocard point of A^WG", 
It follows generally that the locus of the negative 
Brocard point of A'BG' is a line passing through K. 

43. The ratio of similitude of A'BfC and ABG is 
sin a)/sin 2a) since d = co ; hence 

p = ^ii sec (0 (1) 

44. The intercepts EG'\ G'A!\ A'W made by the 
circle on the sides are thus determined: — The triangles 
A'KBf and ABG are similar, therefore J.'5^/c= ratio of 
altitudes ^_JcA_ /2A_ c^ . 

^--<^ ^'^'=^+F+? W 

with similar expressions for RG" and G^A", The general 
property of the circle may be thus stated: — Parallels 
through the symmedian point meet the non-correspond- 
ing sides in six points which lie on a circle; and the 
intercepts made on each side are in the ratios a^:¥:c^. 
From the latter property the circle takes its name. For 
the sake of brevity it is often written " T.R. " Circle.* 

45. III. Taylor's Oircle. — Let the antiparallels A' A'', 
EB\ G'G''f which, it will be remembered, are always 
parallel to the sides of the pedal triangle (PQR) of ABG, 
pass through the middle points a, /8, y of the sides of 
PQB. 

Consider the segments into which A'A^^ is divided by 
fi and y. We have fiy = iQJB, yA'' = iPQ (Euc. I. 5), and 

* An account of the circle will be found in Mathesis in the article by 
Nenberg already referred to (Art. 39). See also NouveUea Annalest 
1873, p. 264. 
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for the same reason ^A' = ^BP; therefore A'A' is equal 
(0 tiie semipenmeter of PQR 

= ^a<iosA+heoaB-\-c&}aG) = 2RB\aAwaBBmO. 
Hence generally 

A'A''=B'B' = C'C"=mmaA BmBBinC. (1) 

Again, since E'aC is an isosceles triangle, the perpen- 
dicular to tiie chord SfC of Tucker's circle at the middle 
point bisects the vertical angle a and passes through the 
in-centre of ci|@y. Similarly for the chords G"A' and 
A'B^. Hence 

The centre of the circle coincidea vnth the i/n-centre of 
the median triangle {a^y) ofPQR. 

Many properties of this circle are proved in Keuberg's 
article in Mathesia, t. 1, p. 185, hut it was descrihed 
independently in England by Mr. E. M. Taylor, and now 
bears his name. (Proc. Loud. Math. Society, vol. xv. 
p. 122.) 






46. Since aQ'=aR = aB"^aC, the circle on QR as 
diameter passes through £"and Ca.adRB'Q-BO'Q = 90'; 
or K and C are the projections of Q and R on the sides 
il^and AC; hence 
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The six projections of the vertices of the pedal triangle 
on the sides of ABC Ue on Taylor's circle. 

47. The triangle RaCT is isosceles, therefore O^a the 
bisector of its vertical angle a is at right angles to £0; 
hence generally 

The lines O^Oy 0^, O^y are perpendiculars to the sides 
of ABC. 

Let H^ denote the orthocentre of CPQ ; then QH^ and 
OiQ are parallel; similarly PH^ and 0J3 are parallel; 
hence the triangles PQH^ and a/SO^ are similar, their 
ratio of similitude being ~ |, or H^ is bisected at Oy 

Similarly PH^ and QH^ are each bisected at 0^ ; and 
therefore the triangles H^SJS^ and PQR are equal in all 
respects. 

48. Theorem. — Taylor's circle of the triangle ABC is 
the common orthogonal circle of the ex-circles of PQB. 

In the triangle A A' A" we have by rule of sines 

il^" = ^'il"sinG/8inil = 2iJsin£sin2(7 (Art. 45 (1)), 

also -40^ = ARcoaA = 6 cos^-4 ; 

multiplying these results and reducing 

AA\AC^4^B^smWsm^CcosU. 

but ^Q^ccosii; substituting we obtain 

AA\AC^AQ^sin^B* 

or the square of the perpendicular from A on QR. Hence 
the tangent from A an ex-centre of PQB to Taylor's circle 

* Otherwise from the right-angled triangle A AT and ACP we have 
^il*s5fin'(7 ; and from the triangles ACR and ACR, 
ACr^bcoB^A ; therefore AA'' . AC'^^h^nin^Oco^A. 
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is equal to the radius of the ex-circle ; similarly for the 
ex-centres B and (7; therefore, etc.* 

Examples. 

1. To find the value of the radius p of a circle cutting the ex- 
circles of a triangle PQR orthogonally. 

[In figure of Art. 45 p^—OiA'\ But if a perpendicular be drawn 
from Oi to j3y it is equal to the radius of the in-circle of the triangle 
a)8y or half the radius (^) of PQR ; and the distance of its foot from 
A' is equal to the semiperimeter of a^y — i.e., J< of PQR, 

Hence (Euc. I. 47) p^ = K^ + «*)• 

Similarly for the radii p^y p^ p^ of the circles cutting two escribed 
and the inscribed of PQR orthogonally we obtain 

and by adding these results we have, on reducing, 

or, 

the sum of the sqttares of the radii of the four circles cutting orthogon- 
ally the inscribed and escribed circles of any triangle taken in thre^ is 
equal to the square of the diameter of the circum-circle, 

* In the triangle PQR since perpendiculars PA' and QB* are let fall 
from the extremities of the base PQ on the external bisector AB oi the 
vertical angle R, by a well-known property yA'=yB'=i sum of sides. 
But the distance of the middle point of any side from the points of con- 
tact of the ex-circles which touch it externally =:^ sum of sides. Hence 
if a circle be described with y as centre and yA'=^yB* as radius, it cuts 
the ex-circles of PQR whose centres are at A and B orthogonally. It 
follows that the locns of the centre of a circle cutting these two ortho- 
gonally is the line yO^, since it is perpendicular to the line of centres ; 
similarly oD^ and /30| are the loci for the centres of circles orthogonal to 
the remaining pairs of ex-circles, whose centres are at B and (7, C and A 
respectively. 

Therefore 0-^ is the centre and 0,^4 '=Oi^b etc., the radius of the 
common orthogonal circle, i.e., Taylor's circle. 
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2. To find the radius p of Taylor's circle of a triangle ABC. 
[Taylor's circle for the triangle ABC is the circle in Ex. 1 for PQR\ 

hence we have to express r and » of the latter triangle * in terms of 
the parts of ABC. We easily obtain 

/3^= 4/?(sin«il sin«^ sin«C+ cos*il cos'B cos'C) 

also p^ = 4iiP(sin'il cos'i? cos'(7+ cos'-4 sin'i? sin'C) 

with similar values for pf and ^3'. 
From these expressions we have the result given in Ex. 1 : 

3. The lines BTC, C"A', Al'B, parallels to the sides of ABCy are the 
chords of contact of the ex-circles of P^R with its side8.t 

[Let A'B meet PR in the point §'. Then BBTRq is a parallelo- 
gram, therefore J?Q'=semiperimeter of PQR^ etc.] 

4. Employing the notation of Art. 35, prove that the lines joining 
the corresponding vertices of the two triangles PQR and XTZ&re 
concurrent at the circum-centre of the latter. 

[Let p and q be the perpendiculars from R on the sides TZ and 
ZX of the triangle XYZ. Then plq=RB'amBIRA'BmA. But 
RB'jRA' = QRIRP= a cos Ajb cos B. Substituting and reducing we 
havep/q—coaAlcoBB. 

But if Z be joined to the circum-centre of XFZ^ the joining line 
is the locus of a point such that perpendiculars from it on the sides 
are in this ratio; hence ZR passes through the circum-ceutre of 
XrZt And similarly for the lines PX and QY.] 

*The sides of the pedal triangle are equal to a cos ^, 6 cos ^, coos C, 
or R taik2A , R aiu2B, R bvd2C ; hence its perimeter = 4/? sin il sin ^ sin C ; 
its s~a=2i?sinilcos^co8C, its 8-b=2RcoaABmBcoBC, etc.; its 
r=2R cos A cos B cos C; its ri=2R cos ^ sin B sin C, etc. 

fThe polars of the vertices of a triangle with respect to the ex-circles 
meet the sides in six points which lie on the same circle. — Mathesis, 1. 1, 
p, 190. 

tPX, QT, and RZ are perpendiculars to antiparallels to the sides of 
XYZ and therefore meet the sides of PQR at right angles. 

Hence the circum-centre of XYZ is the orthocentre of the triangle 
PQR. 
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6. The Simson lines of the median tmngle LMN of & given o 
ABC yiih reHpeet to the vertiBea P,Q,RfA the pedal triangle pi 
through the centre of Taylor's circle.* 




[The circum-centre of ABG ia the orthocentre of LMN, Hence 
RO ia bisected by the Simaon line XTZ ot R. Also CZ-RZ; 
therefore the line XKZis parallel to OC. But the centre of Taylor's 
circle 0, is (Art. 4T) the middle point of RS^ ; therefore, etc] 

6. The Simson lines of PQR, whose poles are L, Jf, N, pass throngh 




"■The point on the circum -circle from which perpendienlars or other 
iaocliiuls are let fall on the sides of an inscribed triangle ia called the Pole 
of the Simaon lino.— r. Matheaia, t. 2, p. 106, "Snr la Droit* de 
Simson," par M. Barbarin. 
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[For the perpendiciilar NZ from N on PQ biaecta it (Euc. III. 3); 
and the perpendiculars NX and NY are equall; iaclined to AB 
(Euc. I. 26X hence the line S7Z is a perpendicular to AB through 
the middle point of i^; therefore, etc. (Art. 47.)] 

7. Prove that the common inclination {&) of the iides of the 

triangles A'ffC and J'ff'C" to those of ABC is given by the equation 

tan ^= -tan .i tan 5 tan C (Taylor) 




8. The intercepts made by Taylor's circle on the aides are 
, COB J cos (5 -C), h<iOBBem{C'A), cc»aC<^{A-B). 

[,4'S"=J'/f+iJjr-(aco8.i + ftco9B)coaC=otc.] 
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9. The circum-centre of a triangle, its STmmedian point, and the 
orthocentre of its pedal triangle are collinear. (Tucker.) 

[The orthocentre of the pedal triangle has been shown to be 
(Ex. 4) the circum-centre of XTZ^ and K is the centre of similitude 
of ABC and XTZ ; therefore, etc.] 

10. The circum-centre and the orthocentre of its pedal triangle are 
equidistant from, and collinear with, the centre of Taylor's circle. 
(Neuberg.) 

[For CH^ and ZR are parallel, since both are at right angles- to 
P§ ; also RH^ is bisected at 0^ (Art. 47), therefore, etc., by Art. 37.] 



CHAPTER rV. 

GENERAL THEORY OF THE MEAN CENTRE OF A 

SYSTEM OF POINTS. 

49. We now proceed to the discussion of the general 
linear relation connecting the distances of a. system of 
points from a given line. 

Let A, B, C, D ...he the system of points, AL, BL 
CL ... their distances from any line L, and 2(a. AL) the 
algebraic sum 

a.AL+h.BL+c.CL+ ... 

where a, 6, c ... are given quantities. 

By 2(a . AL) is therefore meant the sum of given 
multiples of the distances of the system of points from the 
line ; perpendiculars from points on opposite sides of L 
being taken with opposite signs. 

50. Theorem. — For any two li'nea M and N and 
systems of points Ay B, (7 ... and multiples a, b, c ... 
having given 

lia . AM) ^0 SLTid i:(a . AN)^0 

to prove that 

where L is any line passing through the intersection of 
M andN. 

84 
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Join AO and let this line be denoted by JR. Then 
since LMNR is a concurrent system of lines we have 

sin JIfiV" . siniiJ + sinJVi . sinJf JJ + siniJlf . sini^TiZ » 0, 
but, by Art. 2, 

sin£i2 : sinJIfB : sini^TiJ = AL : AM : AN ; 
therefore 

sinifAT. AL+^inNL . AM+^inLM . AN^ 0. 
Similarly for the points B,G ...we have 

sinifiV . BL+dnNL . BM+&inLM . BN^ 
sinMN . CL+BinNL . CM+sinLM . CN= 0. 
Multiplying these equations respectively by a, 6, c . . and 
adding 

sin JlfiV2(a . AL) + 8mNLI,{a . AM) + sinXif 2(a . AN) = 0, 
hence if 2(a . AM) = and 2(a . AN) = 0, it follows that 

I.a.AL = 0. 
Def. The point which satisfies the relation 
2(a . ^i) = for every line Z passing through it is 
termed the Mean Centre of the system of points A,B,C.., 
for the system of multiples a, b, c .... 

51. Theorem. — The position of the mean centre for a 
given system of multiples is either unique or indeter- 
minate. 

For let Oj and Og be two of its positions, and any 
point whatever. Join 0^0 and O2O, and denote these 
lines by M and N. 

Since 2(a . AM) = and 2(a . AN) = 0, it follows by Art. 

50 that any line L through 0, i.e. any line whatever, 

satisfies the equation 

2a.^i=0. 

It is obvious, in the general case, that when all the 
points of the system, and all save one of the multiples are 
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given ; by assigning a definite value to the last multiple, 
the position of the mean centre is determinate ; and con- 
versely any point whatever is the mean centre of a given 
system for multiples^ all of which save two may be 
arbitrarily chosen. 

Examples. 

1. The middle point of a right line is the mean centre of \t% 
extremities (£uc. I. 26). 

2. The mean centre of two points A and B for the multiples 
a and h divides the line AB inversely as the multiples, t.«., 

AO\BO^h\a, 
The mean centre of the same points for the multiples a, -- 6, divides 
the line externally such that 

AO\BO=h:a. 

3. The mean centre of a linear system of points Ay Bj C ... for 
multiples each=l satisfies the equation '2A0=0. 

4. The bisectors L, M, N of the sides of a triangle ABC are con- 
current. 

[For 2^Z=0, 2AM=^0 and 2.1iV=0, 

hence each line passes through the mean centre (centroid or centre 
of gravity) of the vertices.] 

5. The lines joining the middle points of the three pairs of 
opposite connectors BC and AD, CA and BD, AB and CD of four 
points Aj B, Cy D are concurrent, and each is bisected at the point 
of concurrence.* 

* In the particular case when the fourth point D coincides with the 
orthocentre of the triangle ABO we infer at once the well-known 
property : — 

The lines joining the middle points qfthe sides of a triangle loith those 
of the segments towards the angles qf the corresponding perpendiculars 
meet in a point and bisect each other. From this it follows immediately 
(Enc I. 4) that the six segments are equal, and that the circle passing 
through the middle points of the sides passes through the feet of the 
perpendiculars and bisects the segments of the latter towards the angles. 
This is the foiidamental property of the Nine-Pointe'Circle. 
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6. The geometrical centre of a regular polygon is the mean 
centre of the vertices -4, i5, C .... 

[Join AO and BO, If the polygon be of an even order these lines 
{L and 2f) will pass through the opposite vertices, and the perpen- 
diculars from the remaining vertices are equal in pairs and opposite 
in sign ; and if the polygon be of an odd order L and M bisect the 
opposite sides at right angles ; therefore, etc.] 

7. ABCD ... is a regular cyclic polygon and L any line passing 
through its centre ; prove that 

AL+BL+CL+ ... =0. 

52. Theorem. — Any point is the mean centre of the 
vertices of a triangle ABC for multiples proportional to 
the areas BOG, GO A, AOB. 

For letting L coincide with AOX and applying the 
relation 2aJ.i = we have 

h.BL+cGL^O, 
or disregaiding signs BLjGL = c/6. 

Also since the triangles GO A and AOB are upon the 
same base A 0, BL/GL = A OB /GO A ; equating these values, 

6 GOA 



therefore 
Similarly 



c AOB' 
c AOB 
a " BOG' 



Hence a : h:c^BOG\ GOA: AOB. 

If the point is outside the triangle, and within the 
angle Ay the multiples are proportional to 

-50C,a04 and ^05, 
with similar results when is within the angles B or C, 

Examples. 

1. The in-centre of a triangle is the mean centre of the vertices 
for multiples proportional to the sides. 

2. The ex-centres are the mean centres for systems of multiples 
- a, 6, c ; a, - 5, c ; a, 6, — c ; or quantities proportional to them. 
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3. If 0, Oj, O2, Oz denote the in- and ex -centres of a triangle, each 
is the mean centre of the remaining three for multiples, 

«--a, « — 6, «— c; «-6, « — c, — «, etc. 
[For the areas in the first case are OgOgO, OgOjO, Ofifi^ and these 
are obviously proportional to s — a^ s—by 8 — c. Similarly for each 
of the ex-centres. Thus generally since -«:«-a:«— 6:«— c= 
- 1/r : l/r^ : l/rg : l/rg ; for the points 0, 0^ O2, O3 each is the mean 
centre of the remaining three for the corresponding multiples of 
the system - 1/r, l/r^, 1/7*2, l/rg.] 

4. Prove the following points are the mean centres of the vertices 

for the system of multiples written opposite to them. 

^ . C acos^, 6cos^, ccosC, 

Circum-centre ^ • « i • « « • «^ 

( sm2J, sm2^, sin2(7. 

Orthocentre tan A, tan By tan C. 

Symmedian Point a', b^, (?, 

Brocard Points \, \^ ^\ ; ^ 1^ \^. 

" Nine-Points " Centre a cob{B - 0), b cob{0- A)y c coa(A - B)* 

5. The lines drawn from the vertices of a triangle to the points of 
contact of the in-circle are concurrent at the mean centre of the 
vertices for multiples ri, r2, rg. 

. 6. The lines drawn to the internal points of contact of the three 
ex-circles meet at the mean centre of the vertices for multiples 

1/ri, l/r2, l/rg. 

7. If a point be the mean centre of the vertices for multiples 
I, m, 71, its Isotomic Conjugate f is the mean centre for multiples the 
reciprocals of ly m, n. 

*Ia, The Isogonal Conjugate f of is the mean centre for multiples 
a^jly b^jmy <?ln, 

* From this it is evident that the sides of the triangle ABC meet the 
NineoPoints-Circle at angles B-C, C-AyA^B, 

+ Two points X and X' equidistant from the extremities of a line BC 
are called Isotomic Conjugates with respect to the line. It is easy to 
see, and it will be afterwards proved, that if the sides of a triangle A BC 
be divided isotomically in the pairs of points X, X' ; Y, Y* ; Z, Z' ; 
such that AX, BY and CZ are concurrent at a point O ; then JX% 
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8. Any point on the segment AB of the circum-circle of an 
equilateral triangle ABC is the mean centre of the vertices for 
multiples 1/0-4, 1/05, - 1/0(7. 

9. The mean centre of 0, 0^, 0^ O3 is in Ex. 3 the circum>centre 
of the triangle. 

10. The centre of Taylor's circle is the mean centre of the vertices 
of the pedal triangle of ABC for multiples 

a cos(5 - C)y h 003(^7- A\ c coa{A - B). 

11. The mean centre of the vertices of ABC for multiples 
If m, n is the mean centre of the vertices of the pedal triangle PQR 
of for multiples a^/ly b^jm, c^jn, 

[From the figure of Art. 23, Ex. 1, we have 
QOR : BOF:FOQ=OQ,ORsinA : OR. OPsinB : OP. OQaiaC 

=alOP : b/OQ : c/OR (1) 

But OPiOQ: OR=BOCIa : COA/b : AOB/c 

=^lla : mjb ; njc. 
Substituting these values in (1) ; therefore, etc.] 

12. The symmedian point of any triangle is the centroid of the 
pedal triangle of 0. 

[For BOC ; COA : AOB^a' : ft^ : c^ by Art. 16, Ex. 2 (2).] 

13. The lines joining A^ By C to the corresponding vertices of 
Biocard's first triangle are concurrent, and the point of concurrence 
is the mean centre of the vertices of ABC for multiples the recipro- 
cals of (?', 6', (?. 

[For it has been shown that it is the isotomic conjugate of the 
symmedian point. Art. 30, Ex. 3.] 

14. If perpendiculars be let fall from any point P on the sides of 
a regular polygon ; the mean centre of their feet lies on the line 
joining P to the circum-centre. 

BY\ CZ' are also concurrent at O'. The points and Q are termed 
Isotomic ConjugcUea loUh respect to the triangle ABC, 

If the pairs of lines AX, 4^'* etc., are equally inclined to the sides 
b and c, etc., they are Isogonal ConjugcUes with respect to the angles ; 
and if AX, BY, CZtkre concurrent, AX, BY', CZ' are also concurrent. 
The points of concurrence are Isogonal ConjugcUes with respect to the 
triangle. 
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[ThTougb draw 0A£ parallel and PA' perpendicnl&r to pi. Tlw 
projeetion of ji, on OP = projection of A-X ; but A, B, C, ...Mid 




A',B',C, ... are the rerticcH of regular polygODE^ whose mean centre* 
are botli on OP. Therefore the sum of the projectioiu of p, ... on 
OP-0.] 

53. Theorem. — For any line L to prove that 
^.AL = -Z{a)OL. 
Draw M through parallel to L. 




Then AL = AM+OL, 

BL=BM+OL. 
CL=CM+OL.ete. 
Maltiplyiog these equations respectively by a, b, c, . 
adding, we have 

^(a.AL) = I^a.AM)+X(a)OL; 
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but Z(a.J.if) = since if passes through the meati centre; 
therefore, etc. 

This property enables us to find the mean centre. For 
by taking a line Z in an arbitrary position and calculating 
2(a . AL)/^(a) we have for the locus of a line parallel 
to Z at this distance from it. Again, take a line in 
another position and construct the locus of as before. 
The intersection of these loci is the point required. 

Cor. 1. If 2a . AL is a constant, the line L touches, or 
envelopes, a circle concentric with 0. 

Cor. 2. If the multiples are all equal 2-4X=n. OL, 
where n denotes the number of points in the system. 

Cor. 3. For systems of points and multiples and their 
mean centres 



-"•nrO^O^i . . ., dffiffin • • • » ^n» 

the mean centre of all the points and their correspond- 
ing multiples is the mean centre of O^, Og, ... On for the 
multiples 2(aj), ^{a^, . . . 2(an). 

[For since ^ayA^L^^{a^OJji ^a^^J^^^ia^O^L, etc., 
on adding these equations 

2aiiliZ+2a2il2^+ ... +2a^J!; = 2(aJ0iX+ ... 

= S(2ai)0i.] 
Hence the mean centre of a system of points can be 

found as follows : — Find the mean centre 0^ of two of the 

points A and B ; next find the mean centre of 0^ and C 

for multiples a + 6, c. Denote this by 0^, ejiA find the 

mean centre of 0^ and D for multiples a'\-h'{'Cid, and so 

on. When the entire system has thus been exhausted the 

last mean centre found is that of the system. 
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EXAHPLBS. 

1. The aum of the distances of the vertices of a triangle from t.'aj 
line is eqnftl to three times the distance of its centroid from the line. 

fi. Draw a tangent to a circle such that ^ . AL laay be a 
maximum, minimum, or have any given value. 

[The extremities of the diameter passing through the mean 
centre are obviously the points of contact in the extreme cases. 
The general case reduces to draw a common tangent to two circles.] 

3. If £ touches the in-circle ^.AL=2A when the multiples are 
equal to the sides of the triangle. 

3a. For the ex-circle to the side c the equation becomes 
aAL + bBL-cCL=2A. 

4. The projection of the mean centre on any line is the mean 
centre of the projections of the system of points on the line. 




[Let the projections be denoted by tf. A', B, 6" ... and L 
line 0(7. T:hb\iA'<y = AL,B<y=BL,ete. Hence 

'2xL.A'(y='2,a.AL=0; therefore, etc.] 
6. If 0, 0„ 0^ 0^ denote the in- and ex-centres of a triangle. 
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[For ia the mesJi centre of the remaining points for multiplea 
t-a,»-b,a-c{&Tt. 52, Ex. 3), and ainoe 

S(f-a)-t; therefore, etc.] 

G. Let three simihir triangles BCA', CAB and ABC be described 
on the sides of ABC in the same aspect ; to prove that the mean 
centres of the triangles ABC and A!S<J coincide (Brocard). 




[Let X be the middle point of BC and Z' of AB. Complete the 
parallelogram BA'CP, Join AX, C'Z", Z'X and PB. The trianglea 
BPCtmA BCA are similar, therefore CPJCB-BC!AC(E.mc. VI. 4), 
or by alternation BCICP=ACIBC; also the angles BCP and ACB 
are equal, therefore the triangles BPCand ABC are siniilar (Euc. 
VL 6) ; hence CB!BP=CAIAB; alternately CBJCA^PBIAB; bnt 
CB/CA-CAIAB (hyp.) ; therefore PBIAB=C'AIAB from which 
PB=AC. 

Again lPBC=iBAC, to these add the equals ACB' and BAC 
respectively; therefore PB and AC are parallel. But Z'X is 
parallel and equal to half of PB ; therefore it ia parallel and equal 
tohalf of ilC. Hence the medians ,itX and C^' trisect each other.* 
Otherwise thus : t — Let another triangle A BC be described below 
the base AB ^/mmetriccdli/ equal to ABC. It is easy to see that 

* For another proof sea Milne's Companion to the WteHy Prohlem 
Papa-s, Art 123. 
^ BducaUotuU Tirna. Beprint Vd. Ut., p. 102. 
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the triangles ABA' and CBC" are equal in area; nmiUrly ABff 
and CAC are eqiial. Ej addition we have ABA' + ASff = 
ABC+ABC" or ABA' + ABB ^ ABC- ABC, i.e. the algebraic 
Bum of the perpendiculars on AB from A', ff, C^the perpen- 
dicular from C aa AD. Similar results are obtained for the aides 
.BCand CA ; therefore, etc Syamadaa Mnkhopwihyay.] 

7. If two points A and B be displaced to new positions .i4'and£', 
their mean centre JTfor any multiples is disjdaced to JT found by 
the following construction ; — 

Through M draw lines MP and MQ equal and parallel to AA' 
and BB respectively. Join FQ and divide it in M' such that 
PM'IQM-'^AMiBM. 

[For since J JTJf and BBQJf am parallelograms, A'P=AMaxidi 
BQ^BM; therefore by similar triangles PA'M" and ^BM', 
A'P A'iP PM ., , . , 
^'BJfW'^^^""^""^^'^-^ 




8. If three points A, B and C be displaced to new positions 
A', B and C, their mean centre M Is displaced to X' found by the 
following construction '.— 

Through M draw lines MP, MQ and MR equal and parallel to the 
displacements AA', BB and CC respectively ; M' is the mean 
ceiitreof /•, §, A 

[For let X denote the mean centre of A and B, X' which is found 
by Ex. 7 of A' and B. Draw MO equal and parallel to XX". Join 
ox; BC' and TC. 

It ia evident by parallels that is the mean centre of P and § ; 

also MX=OX' and MC-'RC ; therefore in the similar triangtes 

M-X- OX- MX 

'WC''"M'^UQ" 



OJf'X and AJTC, ai=^=^ .(1) 
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hence M' is the mean centre of X' and C\ that ia of A', B and C, 
for the same multiples that M is of A, B and C. 

But each of the ratios in (1) is equal to M'OjM'R ; therefore 3t 
ie the mean ceutre of and R, that is of P, Q and R for the sajne 
set of multiples 




NoTB. — The construction for the displaced mean centre may in 
the same manner be extended to the quadrilateral and generally to 
a polygon of any number of eides. 

Hence for two systems of points A, B, C, ... and A', B, C, ... and 
their mean centres M and JT for the same set of multiples a, h, a ... 
if we draw through J/' parallels JfP, jr$, J/'A, ... equal to AAl, BB, 
CC, ... respectively, the mean centre of the third system P, Q, R, ... 
lox the same multiples coincides with M'. 

9. It through any point M are drawn MP, MQ and 2fR parallel 
and proportional to the sides of a triangle ABC, the mean centre of 
P, Q and R for multiples each equal to unity coincides with M. 




[By Ex. 8, or thus :— Complete the parallelograms PMQR and 
draw MR. 

Since ^^= = ;^=^ and the angles at P and C equal, the tri- 
PR ^Ja o 
angles PMR' and ABO are similar, hence MR~MB—%MO^ and. O 
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ia the mean centre of P and % and therefore Jf ii the mean centre 
of P, Q, R} 

10. Prove the aimilar property for the qnadrUateral ; and 
genenllf : — 

If through anj point J/'Iinea are drawn parallel and proportional 
to the sides of a polygon ; the mean centre of their extremities for 
moltlples each=l coincides with M. 

11. If a Bystem of pointo A, B, C, ... be displaced to A', B, C, ... 
TOch that AA'jBB, CC, ... are parallel and proportional to thesideB 
of a polygon, the mean centre of the system remains a fixed point. 

[By aid of Exs. 8 and 10.] 

12. Weill's Theorem.— A variable polygon is inKribed to one 
circle and escribed to another ; to prove that the mean centre of 
the points of contact of its aidee with the latter circle ia a fixed 

[Let j1.SC... denote the polygon, ^'^C... a conBecutive position, 
T and 7" the pointB of contact of AB and A'B with the circle of 
radiua r; 6 the small angle between AB and A'B', and X their 
interaectiou. 




The triangles .d^'X and SS'X are Bimilar.henoeaS'/.i.^'-^^'/.i'X 



AA--\-Bff ~2t2'+ A'X^BX+ AX 



.-(I) 

...(2; 
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Also, since AB and A'B' are indefinitely near to one another, X is 
indefinitely near to the point of contact Ty and BX and BY are 
therefore equal because they are tangents from the same point to a 
circle. 



Dividing (2) by (1) 



AB_AA'-\'BB 
BCBB-^rCC 



.(3) 



^^^^ ^=S=i& (BuleofSines), 

hence ^ _ AA!^BB . 

but AB— (diameter of ABC^ x sinA' 

and Tr=:2r0; 

therefore TT' a AA' -{-BBccAB (by 3). 

Thus as the polygon ABC... varies, its points of contact are 
displaced for each consecutive position in the direction of its sides, 
and proportional to them ; therefore the mean centre is a fixed 
point. 

Note. — If the side BC is a variable tangent to a third circle of 
radius r, the result of dividing (2) by (1) is 

AB AA'+B B BX, 

BC'BB+Cif' BY' 

therefore if the three circles are so related that BX/ BY is a constant 

ratio k, 

AB^j, AA'-^BB 

BC BB-hCC 

and ' TT'lT^T^^rjJcT' . ABIBC'\ 

13. The mean centres of the vertices of any polygon and of 
similar triangles similarly described on its sides coincide (M'Cay). 

[Let the vertices of the triangles on the sides AB^ BC^ CD ... be 
A' J By C ... respectively. 

Since AA' : BB : CC ... -^-AB : BC : CD ... and are inclined to the 
sides of the polygon at the same angle ; we may regard the vertices 
of the given polygon displaced to A'BC ... distances proportional 
and parallel to its sides turned through that angle (cf. Ex. 6).]^ 

*The proofs of Examples 11-13 were commanicated to the Author 

by Mr. Charles M'Vieker. 

G 
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14. Through the centre of a regular polygon any line is drawn 
meeting the sides in A'y i?, (7', ... to prove that 2__=0. 

[Let M be the middle point of one side, then MA'O is a right- 
angled triangle, and if a perpendicular MM' be let fall on the 
hypotenuse we have 

OA' . OM' = r2 or 2 JL = ^SOiT' = 0. Art. 50. See Art. 3, Ex. 9.1 

OA r 

54. Theorem. — For any system of points A, B, (7,... 
their mean centre 0, and any line L ; to prove that 

2a . AD = 2a . AL^ + 2{a)0L\ 
where L is the line through parallel to L. 
For AL = Ar + OL; .\ AL^=AU^+0L^+2AL\0L; 
BL=BU + OL', .\ BL'^=BL^ + OD+WL\OL\ 



Multiplying these equations by a, 6, c, ... respectively 
and adding results, 

2a.ili2 = 2a.Ai'2+2(a)Oi2+20i2(a.iliO, 
but 2a.-4i'=0 (Art. 50); therefore, etc. 

Cor. 1. When the multiples are equal 

also since 2J.L=7i. 0L\ OL is the arithmetical mean of 
the several lines AL, BL, GL ,,., and AL\ BL\,, the 
several diiferences between each and their mean. 

Hence, the sum of the squares of n quantities =n times 
the square of their mean value + the sum of squares of 
the n differences ; or if the quantities are the segments of 
a line this property may be stated : the sum of the squares 
of the unequal parts = the sum of the squares of the equal 
parts + the sum of the squares of the n differences. This 
property is obviously an extension of Euc. II. 9, 10. 

Cor. 2. For any two parallel lines L and M, 
2a.^Z2-2a.ilif2=:2(a)(0i2-.0Jl/2). 
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55. Theorem. — For a/ny point P to prove fhat 

Project the system of points on the line OP and denote 

their projections by A', R, C 

Then (Euc. Ill 12-13), 




AP^ = AO^+0P^+2OP.0A'. 
Similarly BP^ = B0^ + 0P'+20P. OR etc. 
Multiplying these equations by a, 6, c . . . and adding the 
results, 

Xa.AP^=la.A0^+lia)OP^+2OP^a.OA', 
but is the mean centre of the system A', R, U ... 
<Art. 53, Ex. 4); therefore 2a.OA' = 0. 
Cos. 1. If the n multiples are equal 

Cor. 2. For a regular cyclic polygon the sum of the 
squares of the distances of any point on the circle from 
the 71 vertices is constant and = 2«.ii*. 

Cob. 3. If l/i.AP^ is constant, the locus of P is a 
circle concentric with the square of whose radius is 

equal to 2(a) 

Cor. 4. Sti.^P'is a minimum when P coincides with 0- 
See Art. 16, Ex. 3, 
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EXAHFLBS. 



1. ABCB ... is a regular cyclic polygon, the centre, R the 
radius, and P any point on the circle to prove that the sum of the 
squares of tlia perpendiculars from Pon the radii OA, OB, OC ... 




[Denote the feet of the perpendicnlars by A\ff,C'... The circle 
on OP as diameter passes through these points (Euc. III. 31) ; also 
since A'B, EC, ... subtend equal angles (Zttjh) at 0, a. point on the 
circle, A'BC ... is a regvlar cyclic polygon. Hence (Cor. 2) 

Similarly 20J'== ^jifl".] 

2. for any line L passing through 0, ^AL*=^JP. 
[Let L coincide with OP. By similar triangles 

AL^PA',SL = PB; etc. 
therefore ' ^PA'^ = 'ZAL^=inSrhy Ex. 1.] 

3. The sum of the squares of the perpendiculars jj[,pj,pj...p„ 
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from any point P upon the" aides of the polygon ja equal to 
n(r'+i5'), -where r is the radiua (rf.-th« in-circle and S=OP. 

[Through draw parallels OA\-'pfi',OC' ... to the sides of the 
polygon meeting the corresponding^, perpendiculars from P in 
A', S", C", ... As hefore A'ffC... ia a ?i!galar cyclic polygon in- 
scribed in the circle on OP as diameter. v,.;_. 

Since the sum of the per)>endiculara is cods^Lt and=nr 

2p,'=nr»+2i'J'" >.'.;. (Art. 54) (1) 

but ^PA'*=inS' (Ex. IX 

substituting this value in (1); therefore, etc] ,' •■ 

4. In Ex. 3 ifPbon the in-circle2pi'=fnr'. - - .- • 

5. If irj, TTj, ffj, ... denote the distonce^iof the vertieef from any 
line L and S = Oi, 2jr,'=)i(5»+i^). -, „ ^ 




[Through draw L' parallel to L and let A\ S, C be ite inter- 
sections with AL, BL, CL ... respectively. 

Since ^AL=nOL (Art. 53), 

^AV =71. OL'+IAA"^ (Art. 64), 

but 24J'>=tnff (Ex. 2); 

tlierefore by substitution 2Ji'=n(0i'+ifl^, 
or 2jr,'-)i<S' + l^). 

6a. If X is » tangent to the circum-circle 

6. If P be a point on the circum-circle of a. regular polygon 
ABC..., 2P^*=6m^. 

[Draw OP and produce it to meet the circle again in Q, and let 
A', ff, C be the projections of the vertices on this line. Since PAQ 
is a right-angled triangle, 

PQ.PA'=PA\ 



lOS 




ifHAir CSkTRE. 


Squarmg,we 


tiave 


4S'.PA-?=PA\ 


therefore 




AS^PA-*^2PA*. 


But 




.;£fy^=nfl'+20^'', (Alt. 54, Cor. 1.) 


and 




•' -~2(}J''=J«iP. (Ex. 3.) 


Substituting 




-,■"-. 1PA'^4S^nlP+inB?)=6nB*.] 




7. Iia,b,e denote the aides of a triangle ASC and F any point 
on the in-circle, 2a. .ii"=2a. ACf+irA. 

8. If ABC be an equilateral triangle, and L a, tai^nt to the 

[For -i£4-S£+Ci=3»-, therefore on squaring 2Ji'+S2Si.Ci 
=97*. Also 'ZAL'=3r'+§/P, or rince B=2r, 2Ji,'=9j^ ; hence 
"ZSL. (?i=0, therefore, etc] 

9. Perpendiculars are let fall from P on the aides of any polygon 
ABC... and their feet joined; prove that if the area of the in* 




scribed figure ABC ... is constant, the locus of P la a eirele 
concentric with the mean centre of A, B,C, ... for the multiples 
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[Let be the middle point of AP. Then 

^i'OB^-^A'BP-AA'BP ; 

hence 2l.A'0B=^<£LPA'B - 2PAA'B\ 

or i.PAhia2A=2A'BC' ,.,-ABC,... 

Therefore 2 sin 2-4 . AP is constant .... 

For a triangle the mean centre of A, B, C for multiples sin 2^4, 
sin 25, sin 2C is the circum-centre, showing Art. 23, Ex. 2, to be a 
particular case of this theorem. M*Vicker.] 

56. Theorem. — If ^AB denote the avrni of the mutual 
distances of a system of points A,B,C ... from each other; 
to prove that X{ab . AB)^ = 2(a) ,l{a.A 0^). 

In Art. 55 if we suppose P to coincide with each point 
of the system successively we have the following 
relations : — 

a.AA^+h,AB'+c.AG^+,„^'La.AO^+'L{a)OA^ 

a.BA^ + b.BB'+c.BC^ + ... = 2a.A0^+Ij(a)0B^, 
a.CA^+b.CB'+c.CC^+... = Xa.AO^+I{a)OCI^, 

Multiplying these results by a, 6, c ... respectively and 
adding 2Xab.AB^=:Xia).Xa,A0^+:2(a),Xa.A0\ 
therefore 2a6 . AB^ = 2(a) . 2a . il 0^. 

Cor. 1. If the multiples are each equal to unity, 

XAB^=^n.XAO^ 

Cor. 2. The sum of the squares of all the lines joining 
the vertices of a regular polygon =7i^iJ2; where R is the 
radius of the circum-circle. 

Cor. 3. For three points A,B,C, the sum of the squares 
of the sides of a triangle =<Are6 times the sum of the 
squares of the U/aes joining the vertices to the centroid; 
or three times the sum of the squares of the sides ^ four 
times the sv/m of the squares of the medians. 
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CJoR. 4. If be the in-centre and a, 6, c the sides of a 
triangle il^a ^ah.AS?)=^a).'La.AO^ 
reduces to (Art. 52, Ex. 1) 

ahc{a+h+c)={a+h+c)2a.A0\ 

with analogous results for Oj, Og, and Og. 

Cor. 5. The sum of the squares of the six lines joining 
the centres of the in- and ex-circles = 48iP. 

Since the centre of the circum-circle is (Art 52, 
Ex. 9.) the mean centre of Oj, 0^ Og, 0^, 

20i02 = 4200i2=4{iJ2-2i2r-|-2(iP-h2i2ri)} 
= 1622H 8i2(ri -f- rg -h rg - r), 
but r^ -I- rg -h rg — r = 4i2 ; therefore, etc.* 

Examples. 

1. If S denote the symmedian point of a triangle, 

a^AS^+¥BS^+c'CS^=-^^^!^ (Art. 52, Ex. 4) 

2. For the Brocard points 12, 12', 

^ ^+^ + ^=1. (Art. 52, Ex. 4) 

3. The distance OP of any point F from the in-centre of a 
triangle is given by the equation 

2a . AP^ =^abc+ 2(a) . OPK 
[Eliminating 2a. ^(^ between the equations, 

2a. ilP2=:2a. ^02+2(a) . 0P^ 
and 2(a6 . Aff^) = 2(a) . 2a . ^0^^ 

the above result follows.] 

* Otherwise thus : — Since Oi is the orthocentre of O2O3O4, if per- 
pendiculars OX, Yf OZ be drawn to the sides from the circum-centre 
of O2O3O4, OiOa=20-2r, Oi03=20F, ... ; also 00a=2i?; hence 

t>i04»+ 0203*=4(2i?)»=16/?», 
therefore I,0^0^=4&B^. 
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4. If P coincides with the circum-centre, prove the following 
where i>, D^^ D^ D^ are the distances of the circum-centre from 
the in- and ex-centres : — 

I^=E^-2Rr ; D^=B?-\-^r^y etc., etc. 

5. Prove that the distance 8 of the symmedian point S from the 
circum-centre of a triangle ABC is given by the equation 

[For any point P (Art 62, Ex, 4) la?AP^=-la^AS^-\'lic?)^, 
letting P coincide with ; therefore 

(««+6'+c»)iJ»=^^^+(a'+6'+c^ ; 

therefore, etc.] 

6. The distances of fl and i2' from the circum-centre are given 
by the equations Ofl = 012' —R^\ — \ sin^co. 

[For i,+ l,+|=^co6ec»^=^co8ec»a..] 

7. For the in-centre 0^ and the ex-centres 0^ 0^ O4 prove the 
relations 

^1 ''2 ^3 

VS ^S''! V2 ^ * 

8. For any point P 

{s - a)PO^ + (« - h)PO^ + (« - c)P03« - «P02 ^ 2a6c. 

9. Find the following expression for the square of the distance 3 
between the circum- and ortho-centre of a triangle ABC. 

8"= /?^1 - 8 cos -4 COB J? cos C) 
= 2a V - ^X«' - c=)/16Al 
[By the previous method, or more simply by finding the area of 
the pedal triangle of ABC^ (2area=:i2%in2^sin2Psin2C7), and 
using Art. 23, Ex. 1, and reducing.] 

* This expression is equivalent to 

J'=/P8ec^«(l -48in'w)» 
where 6; is the Brocard angle. 
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Reciprocal Thbohems. 



57. Theorem.— Jbr any two "povnta M aiid N, aiid 
systems of lines A, B, G, ... and mtUtiples a, b, e, ... 
hamng given ^.MA = and 'Sa.NA=0 to prove thxU 

Xa.LA=0, 
where L is any point on the Hne connecting M a/ad N. 

For MN .LA+NL .MA+LM .]li!A = {i. 




Similarly for the lines B and C, 

MN.LB+NL.MB+LM.NB=0, 
MN.LG+NL.MC+LM.NC=0. 
Multiplying these equations respectively by a, b, c, ... 
and adding, we get 

JilN^.LA+NLXa.MA + LM2a.NA = (1) 

hence it 2a. MA and la.NA each=0, 2o.ZA = 0,for 
any other point Z on the line MN. 

More generally: It Ifa.MA and Xa.NA are equal 
£a . LA has the same value. 
For, let £a . MA = 2a . NA = k ; substituting in (1) 
MN-La.LA + {NL-\-LM)k = 0; 
dividing by MN{=LN+ML) and transposing 
2a.LA=k. 
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H&ncey the locus of a point L such that the sum of given 
multiples of the perpendiculars from it upon a system of 
tines A, B, C, ... is constant (2a . LA = k)is a right line. 

Def. When the constant vanishes 2a.iil=0, the 
locus is termed the Central Axis of the system of lines 
for the given system of multiples. 

It is evident that the central axis is one of a system 
of parallel lines obtained by taking different values, 

1' 2' 3> * * * ^ 

For if L in (1) lies on then 

NLI,a.MA+LMi:a.NA=0 (2) 

la. MA ML MO .j. ^.j ,. 

O^ v^ Wa = Xrr = TiTvT (^UC. VI. 4.) 

Sa.-ATil NL NO ^ 

hence the values of the summation corresponding to any 
point is proportional to the distance of that point from 
the central line or axis. 

Otherwise thus : — If i/^ and N^ are the loci of M and N such 
that ^Za.MA=hi and '^a.NA =k2 and F if possible their point of 
intersection ; then since P is on both lines 2a . FA = ki and 
2a.Pil=^2> which is absurd ; therefore, etc. 

58. Problem. — To find the Central Axis of a given 
system of lines A,B,Cf... for a given system of multiples 

Off Of Cf . t . 

Take any three points P, Q, R, and calculate 2a . PA, 
2a . QA, and 2a . RA. 

On QR find a point L such that 

2a.Qil ^QZ 
2a . RA RL 

L is by (2) on the required line; similarly obtaining 
points iltf and N on the other sides of the triangle P, Q, R, 
their line of connection is that required. 
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59. Let ihe multiples a, 6, c ... denote segments of the 
given lines ii,£, (7... respectively; a. LA, b.LB,c.LC... 
are each twice the area of the triangle subtended by the 
corresponding segment at the point L ; hence, the locus 
of a pomt such that the sfwm of the areas mbtended at, U 
by any number of finite lines is constant, {k) is a right 
line ; and if different values be assumed for k the locus 
varies in position by moving parallel to itself. 

60. Theorem. — The locus of the mean centre of ihe 
points of intersection A^, B^, C^, D^, of a variable Ime L, 
moving parallel to itsdf with the sides of a given poly- 
gon is a right line. 

Let a, 6, c, etc., be the given multiples and a, fi, y ... 
the angles at A^, B^, C^... made by the variable line 
with the sides A,B,C...ot the given polygon. 

By hyp. I^.A^O^O, 

but ^iO = Oil/sin a; BiO=OB/amfi; C^O=OC/amy,etc., 
substituting these values, 

a/sin a . OA+b/mn fi . 0B+ C/sm y . OC+eic = 0, 
hence describes a line, viz., the central axis of the 
system for the multiples a cosec a, b cosec /5, c cosec y .... 

Def. This locus of the mean centre for the system of 
parallels, is termed a Diameter of the Polygon when the 
multiples a=6=c = ... = l; a name suggested by the 
property to which the theorem is reducible when the 
polygon becomes a circle. 

61. Problem.— To find a point P such that for any 
systems of lines A, B, C ... and multiples a, 6, c ... 

2a . PA^ is a minimum. 
Let any line L through P meet the sides of the poly- 
gon in A\ Ryff ... at angles a, j8, y .... Then 2a . PA^ 
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is a minimam when 'Zasit^a.I'A'* is a minimum, that 
is when P is the mean centre of A', B", C ... for the 
multiples aainV &sin^^.... Aa L varies parallel to 
itself the locus of P is a diameter. Let it meet the 
sides of the polygon in A^, £„ C, ... ; the mean centre 
of these points for the multiples a sin^a, 6 sin'/S ■ ■ ■ is 
obviously the point required, 

EXAHFLIS. 

1. If a line is drsvn through the centre of an escribed circle 
to meet the sides in X and F such that CX=CT\ prove that 
Ar.BX={^X7f; and conversely, if AY.BX={^XYf, AB m a. 
tangent to the circle. 




[The angles of the triangles SOX and Jf^Zare as follows :— 
BXO=90-\C, OBX=90-iB, therefore BOX -90 -^A ; 
AY0^90-iC, OAY^m-^A, therefore A0r=90-^B. 
Hence they are similar ; therefore, etc.] 

2. The diameters of an equilateral triangle envelope the in-circle. 

[Suppose the multiples to be equal to unity, through B and C 

draw any two parallel lines terminated by the opposite sides of the 

triangle and trisect them in X and F towards the vertices. Since ' 

X and F are the mean centres of their intersections with thft toAitiiK 
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the line XYia a diameter. Draw parallels XX", YV to the trides 
AB aud AC reapectively. 
Then the triangles XX' X" aud TTT" are similar, therefore 

xx".rY''=xx".Y7': 




Again, the triangles CXX" and BYT" are aim; 
sides are parallel, therefore 

XX". YY"=CX'.BT''^{^X'-ry, 
therefore X'X". Tr=i^X"Yy; 
therefore, etc., by Ex. 1. M'Vicker.] 




Otherwise thus : — Draw auj system of parallels AA', BB, C(T 
terminated by the opposite sides and let A', B, C denote the mean 
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centres of their points of intersection with the sides of ABC, Let 
the diameter A' EC meet the sides in X, F, Z\ the parallels through 
X and Y are bisected at these points, hence AX and 5 F each bisect 
CC and therefore meet at its middle point. Then from the com- 
plete quadrilateral ABGXYZ the row A C"BZ is harmonic, therefore 
AA\ CC" and BB are in harmonic progression, or 

1 JL__1 >.Jl 
AA'^ BB^CC^CG" 

but S-j---,s=0 is the criterion for the tangent to the in-circle. See 

Art. 56, Ex. 8 ; therefore, etc.] 

3. If a system of n points J, ^, C, ..., ^ be situated at equal 
distances on an arc of a circle 0, r ; required to find the position of 
their mean centre. 

[Through draw a parallel L to the chord of the arc AN \ let 
the angle AOL=a and A0N=7ip, Then, if c? be the distance of 
the mean centre from 0, we have (Art. 53) 

7W]?=i2{ sin a+sin a + j8+sin a+2j8+ ... +sin a+7i- lj8} 
^ 8in(a + ^ - 1 j 8)sin|7ij8 . 
sinJjS 
but a+^nP=^7r, therefore the above expression becomes, on re- 
duction, r cotJjS sin JtijS.] 

Note. — If the number of points on the arc is infinitely great, 
it follows, since j3 is indefinitely small, that 

chord X radius 



d= 



length of arc ' 



CHAPTER V. 

COLLINEAR POINTS AND OONCUERENT UNEa 

62. Theoirem. — If a straight Ume be dmtvm cutting the 
eidea of a triangle ABC in pomts X, Y, Z, to prove the 
-rehiMon 

SX GY AZ_. 
CX'ATBZ ■ 

and conversely, having given thia relation to prove the 
povata are coUinear. (Menelaus.) 




For denoting the perpendiculara from the vertices on the 
transveraal by l,m,n; we have by similar pairs of tri- 
angles, 

BX_m. GY_n AZ I 

CX~n' AY~l ' BZ'^m 
US 
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Multiplying these equations* and reducing, the above 
result follows at once. 

Conversely, if the line joining X and F meet the base 
in Z' by the first part of the Proposition, 

BX CY AZ' 



GX'AY'BZ 



= 1, 



but by hyp. =1, 



hence 



UX'AT'm 

AZ AZ 



BZ" BZ' 
therefore Z and Z coincide. 

63. Theorem. — // <ftree lvi\/eB AO, BO, CO be drawn 
from the vertices of a triangle ABC through any point 
to meet the opposite aides in X, Y, Z; to prove the 
^ J ,. BX CY AZ T . 

relatzon cX'AYBZ^'^'^ 

and conversely, if this relation he given the lines AX, 
BY, CZ are cooncurrerd. (Ceva.) 

For the triangles BOC and COA on a common base 
are proportional to their altitudes, which are in the ratio 
BZjAZ. 

m 

* The proof here given applies eqnally to the general proposition : — 
Any right line meeting the sides of a polygon ABODEF... in points 
X, Y, Z, U, V, TT... gives the relation 

AX BY OZ DU EV FW , 

BX'CT'DZ' EU • FV' GW ' 

t A line drawn across the sides of a triangle meets them either all 

externally, or two internally and one externally, t.e. the number of sides 

cut externally is always odd^ and therefore the product of the ratios 

BX CY AZ 

=f -~, ^^ is positive. On the other hand, if three points on 
OX A Y Jo/t 

the sides connect concurrently with the opposite vertices, an odd 

number ia internal and the product of the ratios is therefore ne^foAvoe,. 

H 
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Hence the following equations : — 

BXAOB Or_BOO AZ OOA 
CX'AUO' Ar~WA' BZ~COB' 
on multiplying * and reducing, the above result is obtained. 




Conversely, let AX and BY meet in 0. Join CO and 
let it meet AB in Z'. Then by what has been proved 
BX 07 AZ__. 
CXAY-W 
v.„» i,„ 1,™ BX BY AZ . 

therefore the points Z and Z coincide. 

64-. The relations of the previous Articles are equivalent 
to the two following : — 

sinJ.4X sin GBY sm^AGZ^., 

sin a^Zsin^^F'sin BGZ 

For by the rule of sines lf= f^!°^^v . 
(/ Jl sin ijA A. 
with similar values for the remaining ratios, compounding 
and reducing, the above results are obtained. 

* More generoUj, if the reiticeB of b polygoo ABCD... at any odd 

number of aides be joiued to any point O and the lines produced to 

meet the oppoMte sides in X., T, Z, U, V, W, it follows by umiltw 

.... AX BY CZ DU , 

re«o»mgth>t _ . ^. _ . ^...= -1. 
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These formulae may be regarded as criteria of points 
on the sides of a triangle lying on a line and connecting 
concurrently with the opposite vertices. 

We shall now apply them to the following remarkable 
particular cases : — 

I. Let the points X, F, Z be at infinity on the sides, 
thus BX = OX, CY= A F, and^^= JB^; hence the criterion 
of Art. 62 is satisfied and it follows that every three and 
therefore all points at infinity in the same plane may be 
regarded as lying on a line* 

II. Let AX, BY and GZ be any three parallel lines. 
Q. BX CY AZ , 

^"^'^ CZZF-5Z=-^' 

every three, and therefore all, parallel lin£8 are con- 
current 

Of these properties Townsend says : " Paradoxical as these 
conclusions appear when first stated, all doubt of their legitimacy 
has been long set at rest by the number and variety of the con- 
siderations tending to verify and confirm them." — Modem Geometry, 
Vol. I., Art. 136. 

III. When AC=BC, and is a point on the circle 
touching the equal sides at A and B. 

By Euc. Ill 32, lBAO=lCBO; lABO=lCAO. 
Substituting in the above equation, and 

sin ACO _ sinUBO _A0^ 

sin BGO~'siri'BAO~'BO^' 

* This conception of elements situated at an infinite distance is due to 
Desargues. About the year 1640 he showed that parallel straight lines 
meet at an infinitely distant point ; and that parallel planes may be 
regarded as intersecting in the line at infinity. More recently the 
celebrated Poucelet proved that all points at infinity may be considered 
to lie in a plane. 
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Similarly, if GO meet the circle again in (X, 
smACOAO'^ 
ainBCO'BO^- 

Hence: — A variable chord OO" of a circU paeaing 
through a fixed -point C divides harmonically the arc 
AB, intercepted by ike tangents OA and CB. 

Also, since AB is divided hannonically at and (X, 
0(y is divided harmonically by AB ; hence the variable 
pairs of tangents at and (7 intersect on the fixed 
line AB. 




IV. Describe a circle about A OB, and let it meet the 
lines AC, BG, CO again in A'B'O'. 
Then, for the point 0, 

eing^O An CBO Bin BGO . 
sinABO ' sinCAO~8in^(70' 
but CBO = GOB and GAO = CO' A'. {Euc. III. 22.) 
Substituting these values and reducing by rule of sines, 
OB OR _ smBCO , 

OA ■ 7JA'~BmAGG ^^ 

Similarly, for 0', 

qS aB' am BCO . 

O'A ■ 0'^'~8in-4C0 ^ ' 
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Equating these values, 

AO_AOr^_A'(y_A'0* ™ 

BO ■ BO'~WU 'WU' ^^ 




Hence: — If hvo area of a circle AB and A'S are 
dimded in and (/ so as to ftUJU the relation (3), AA', 
BB" and OCf are eonov/rrent. 



1. The internal biBectors of the angles of a triangle 



S. Any two external and the internal bisector of the remaining 
angle are concurrent. 

3. The linea joining the vertices (a°) to the points of contact of the 
in-circle (j8°) to the internal points of coiitact of the ex-circles, are 
concurrent. 

[The centres of perspective are named respectivelyt point da 
Oergonne and point de Nagel of the triangle.] 

*Ths function ^^.^:^ is termed the Anbarmoulo Ratio of the 
points^, S,0,(y; and (3) may be expressed thus:— "If the arcs J£ 
and A'ff are divided iqui-nMhanaonicaUy in O and 0', the lines AA', 
BB" and Off are concurrent ; and oouveiaely." 
d Timet. July, 1890. 
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i. The perpendiculars of a triangle are concurrent. 
0. The taugenta to the circum-circle at A, B, C meet the opposite 
sides colliuearly. 

6. If a. circle meet the Bides of a triangle in 2, X', T, T, Z, Z 
such that either triad X, T, Zia collinear or connects concurrently 
with the opposite vertices ; a similar relation exiata amongst the 
remaining points X', Y", Z. 

7. If three points are collinear, their Uotomic conjugate* with 
respect to the sides are collinear. 

la. If they connect concurrently with the verticea, their Uoganal 
conjugaUt with respect to the angles also connect concurrently. 

8. For any triaogle ABC and tranaversal XYZ; if any point 
is joined to the six points 

&aBOX amCOT ain^OZ _. ^ 
sin COX ' sin AOY' sin BOZ ' 

f" S-^iS "'" """^ "">" "" jf "" m- 

therefore, etc ...] 

9. If the sides of a triangle and any three concurrent lines 




* Examples 8 and 9 will be afterwards enunciated as follows : 

8°. The lines joining any point to the six vertices of a quadrilateral 

form a pencil of rays in Involution. 

S°. Any line drawn across the sides and diagonals of a quadrilateral 

is cat in Involution. 



throngh ita vertices are cut by a tmnsretsal in six points X and 
X; r and r.ZaadZ-; [BC in X, AO m X' ...) 

TX' . zr.xz'_.t 

ZX' XT Y^ ' 




=1.} 



10. If AX, BY, CZ are concurrent, the interaectione of YZ and 
BC {X'), ZX and CA ( Y'\ XT and A B {Z') are coUinear. 

BX' CY AZ 
[For -^ . -^. ^^=1. Compounding this with two similar 
CX A Y BZ 
equations involving Y' and Z" and reducing, we have 
BX' Cr AZ'_ 
CX' ' AY' ' 

1 1. Given two points A and £ on a circle MNP, on the same side 
of the diameter Mlf ; find a point P on the other side such that the 
intersections X and Y of AP aad 5P respectively with i/^ may be 
equidistant from the centre. 

[Let AB and MJf meet in Z; then it is easily proved that 
PX^FY^^BZ/AZ; hence the species of the triangle FXY is 
known ; therefore, etc,] 

12. Draw two circles in contact each touching a given line at a 
given point and having their radii in a given ratio. 

' Will be afterwards seen to be an Equation of Invcivtitm of the 
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13. If lineB be diawn from the vertices of ABC to a point SI such 
that QBC=Q,CA=Q,AB=d, prove that Misgiven by the equation 
cot 3=cot J + cotB+cot C 
[For8m'ff=sin(J-9)8m(B-S)ain((7-^; etc. Cf. Art. 28.] 
14 In the general case if the hues in Ex. 13 making equal an^es 
(a) with the sides are not concurrent, they form a triangle A'BC 
similar to ^BCand the ratio of similitude is equal to 
coso-HinQ(cot J + cota+cot(7): I. 

Dejfo. The Centres of Perspective of two lines AB and 
A'R are tbe points of intersection of the pairs of lines 
AB", A'B and A A', £^ joining their extremities. 

Two triangles are said to be in perspective when the 
lines joining corresponding vertices meet in a point. This 
point is called the Centre of Perspective of the triangles. 




65. Criterion of Perspective of Triangles. Theorem. 

If the perpendicvZars from the verti-cea of a triangle 
A 'B'C on the aides of another ABC be denoted by p^, pj. Pg ; 
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?i» ?2» ?8» ^i» ^2» ^8 (*•*• A^wn -4' <m 5(7pi, A' on CAp^, and 
80 on\ the two are in perspective if 

2i . ^ . ^= 1 : and conversely. 

n P2 ?8 

For let A A' meet BC in X'. Then 

sin B AX' /sin CAX'=pJp^, 
with similar values for rjr^^ and Ji/jsJ multiplying these 
equations together, therefore, etc., by Art. 64, which also 
proves the converse* proposition. 

66. Theorem. — // the vertices of tvoo triangles connect 
conciurrenUy, their pairs of correspondmg sides intersect 
coUinearVy {BC and RC in JT, etc. . . .)• 

For, by similar triangles, 

r~OX' p,~^'F *°*^ q~ ^^ 
Multiplying, we have 

Def. The line of coUinearity is termed the Axis of 
Perspective or Homology^ of the triangles. 

Examples. 

1. Any triangle escribed to a circle is in perspective with that 
formed by joining the points of contact of its sides. 

[The centre of perspective is the symmedian point of the in- 
scribed triangle.] 

* Or thus : — Let he the centre of perspective of the triangles and 
a, j9, 7 the perpendiculars from it on the sides of ABC; since Ply=pjp$t 
7/0 = qjqit and a//3 = rjr2 ; multiply and reduce ; therefore, etc. 

t The term Homology is due to Poncelet who first studied the pro- 
perties of homological figures in space, v, Traiti dea propriiUa prejecUvea 
des figures (1822). 
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2. If three triangles ABC, AiB^Ct, A^^C^ have a common axis of 
perspective XTZ, their centres of perspectire when taken two and 
two are collinear. 

[For the triangles (fig. of Ex. 3) ££,£3 and COi^t «'e >° perspec- 
tive, their centre being at X ; similarly Y is the centre of perspec- 
tive of CC^Ca AA^A^ and Z of ^Jj^j and BByB^ Hence the 
corresponding sides of these pairs of triangles intersect in collinear 
points. But these pointe (e.g. AA^, BB^ are the centres of per- 
spective of the given triangles in pairs ; therefore, etc.] 

a If three triangles ABC, 'i|£,C„ A^-J)^ have a common centre 
of perspective, their axes are concurrent 




[Consider the three triangles whose aidea are respectively the 
directions BC, B^C„ B^C^ ; CA, C,^„ Oj/l, ; AB, A^B^, AiBg. 

It ia manifest they are in pairs in perspective, the axia of the first 
pair being CC^ ; and XFis a line joining corresponding vertices. 

Tliua the axis of perspective XT of any two and therefore of 
every two of the given triangles passes through the centre of per- 
spective of the conjugate triad ] 

Note. — It will be noticed that the common centre of the three 
given triangles is the point of concnrrence of the axes AAj, BB^, 
CO, of the conjugate triad, and the common centre of the conjugate 
triad taken in pairs is the point of concurrence of the axes of the 
given triangles. 

4 Brocard's first triangle is in perspective in three ways with 
ABC. 
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[The Brocard pointa are evidently two centres of perspective 

{Art 28) ; alao the linea AA\ Sff , CC are concurrent, for p^p^ found 

by aid of the property of Art 28, Ex. 2, to be i?li^ ; therefore, etc 

The three centres of perspective are the mean centres of the 

vertices ABO tor multiplee proportional to (Art. 52) 

I I 1 ] 1^ 1 1 1 1 , 

a' 6* c^'^ c" ^' c" a" l/^ 

5, If II, fi', ft" denote the three centres of perspective of j1B(7 and 

Urn first Brocard triangle A'BU, to prove that the corresponding 

vertices of their tliree median triangles lie on three right lines. 

(Stoll.) 

[For A'BU and ABC have a common centroid G (Art. 53, Ei. 6), 
But flO'li" has the same centroid ; for its vertices are the mean 
1, 1, 1 . 1, 1, 1. 



centres of A, B, Cfor multiples proportional to =, 



that for A,B, C for multiples each = l/a' + l/6'+l/e>. Now let 
L, L\ L' be the middle points of the corresponding sides of the 
three triangles such that 0A=20L, 0A'=20L; and Oir=20L": . 
since A, A', H" are collinear ; L, £', L' are also collinear, and 
the two lines of collinearity parallel] 




67. Theorem.— 2W triangles ABC and A'SC are in 
e when 

BX_^X' CY. Cr AZ.AZ ' 
ex. CX' ' AY . AY' ' BZ.BZ"'^' 
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where X and X' are the points of intersection of BC 
with G'A' and A'R, etc. ; and conversely. 

Using the previous notation, we have by similar 

•^'^ §='^. ^=?i' "- 

therefore the left side of the above equation becomes 

Ms .ZjTi PiB 

which is equal to, on reduction, 

!i . & . 2s ; therefore, etc. (Art. 65.) 

?1 ^2 ?>3 

Cor. 1. Pascal's Theorem.— If XX'YY'ZZ' be any 
cyclic hexagon, then (Euc. III. 36) 

AY.AT^AZ.AZ'\ BZ.BZ'=BX .BX\ etc. 

Hence : — TTie two triangles formed by the two ti'iads of 
aUemate sides of any cyclic hexagon are in perspective; 
or, the opposite sides of a cyclic hexagon meet in three 
collinear points. 

The centre and axis of perspective of any two triangles 
in perspective are called the Pascal * Point and Line of 
the hexagon XX'YY'ZZ', which is termed a Pascal 
Hexagon 

Cor. 2. If Z, X' ; Y,Y'; Z, Z' coincide in pairs on the 
circle, the sides of the hexagon become the tangents to 
the circle at X, F, Zy and the chords of contact YZ, ZX 
and XY\ the Pascal point is therefore the symmedian 
point of the triangle XYZ. (Art. 66, Ex. 1.) 

* When only sixteen years old, Pascal discovered this property of the 
mystic hexcbgram. Edsai sur les Goniquea, Pascal, 1640. 
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Cob. 3. 
aiiBA'Xi.mOA'X miCBTtiaABT mACri^BCZ 
anBA'X'aiiiCA'K' ' smCSTsin^i'F" BSZC^BHSCT 
= 1. 

hence the above expression is equivalent to 
9£i rsPs Mi = 2i r* 5=11 

OoR. 4. Brianchon'B Theorem.— Let AC'BA'Gff be 
an escribed hexagon and x, y, % the intercepts made bj 
the circle on the aides of the triai^le A'SC ; since 

sin BA'X sin CA'X y% 

sini^^'X'aiii GA'X'~ z^ 
with two other similar equations, Oor. 3 in this particular 

*Tlie property on which thu depends ia m follows: — If from tht 
poiTit of inUrMciioa O of tv!o tanj;en<« OA , OB to a circle a teeani y 
leiujlhx U drmim dinding Ae an^AGB into trgvtents a and fti (Am 

sin a fin pa. xfl. 




For if be the centre of the drcle and OX a perpeudkuUr to the 
aecuit, we have 

Bin a Bin (J = aiulfB +p) - Bin'Jto - p) = r»/OC» - OZ«/OC = a*/40C' i 
therefore, eta 
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case reduces to : — The lines connecting the opposite vejr- 
tices of a/n, escribed hexagon are concurrent; or, the 
two triangles formed by joining the alternate vertices of 
an escriied hexagon are in perspective. 

The centre and axis of perspective of the triangles are 
termed the Brianchon * Povnt, and lAne of the hexagon 
AC'BA'CB', which for the same reason is called a 
Srianchon Hexagon. 

CJoR. 5. If two of the sides AF and EF of an escribed 
hexagon coincide, the vertex F is the point of contact of 
the tangent AE (Art. 6) ; hence for an escribed pentagon 
ABODE, if the lines AD and BE meet in 0, the points 
C, 0, F are collinear (c£ Art. 63, foot-note). 




Cor. 6. If two pairs of sides BG, CD and AF, EF 
coincide, the hexagon reduces to a quadrilateral ABBE; 
hence the diagonals AD and BE meet on GF; similarly 
they meet on GF ; therefore tlie internal diagonals of 
an escribed quadrilateral' aiid of the correspondirig in- 
scribed meet in a point. 



' Published hj Brinncbon in the year 1806, and derived by hiro frwn 
PmoI'b Theorem by the proceae of reoiprocation with reapeot to tlio 
cdrcle. (See Arb 80, 2°.) 
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Cob. 7. Consider the cyclic bexagon FFCCGF. 
Its Pftscal line is the line of collineaiity o£ the three 
points (1)J7',(7C; (2)FC,Cr; {^)FF,CG': but the line 




joining (2) and (3) is the third di^onal of the inscribed 
quadrilateral CFUF and (1) is the intersection of the 
tangents at G and F, and therefore one extremity of the 
third diagonal of the escribed quadrilateral ; hence : — the 
third diagonals of any inscribed and corresponding 
eaeribed quadrHaUrais coincide. 




Cor. 8. Let PQRS be any cyclic quadrilateral ; and 
iBtXX'YY'ZZ', the corresponding escribed quadrilateral. 
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be regarded as a Brianchon hexagon ZPX'Z'RX whose 
two pairs of coincident sides are the tangents from F. 
Then the lines ZZ\ PR, XX' are concurrent at the 
Brianchon point B ; similarly, if the pairs of coincident 
sides are the tangents from Y\ we have ZZ\ Q8, XX' 
concurrent, i,e. the pairs of opposite connectors PR and 
Q8 of the inscribed quadrilateral and ZZ' and XX' of 
the corresponding escribed cointersect. We see there- 
fore from Cors. 7 and 8 that any pair of opposite con- 
nectors of an inscribed quad/rilateral and the correspond- 
ing pair for the quadrilateral escribed at its vertices are 
concurrent The three points of concurrence on the 
figure are A, B, C. 

The points J7, F, W, U\ V\ W lie in triads on four 
lines. 

Examples. 

1. Three pairs of tangents are drawn from the vertices of a 

triangle to any circle to meet the opposite sides in points XX\ 

7T\ ZZ' ; show that if Z, F, Z are collinear, X, F, Z are also 

coUiuear. 

[Apply Cor. 4] 

2. ABC is a triangle inscribed in and in perspective with A'ffC'i 
the tangents from ABC to the in-circle of A'BC meet the opposite 
sides in three collinear points X, F, Z{BC in X, etc.). 

[Let the axis of perspective of the two triangles be X'T^Z*^ 

therefore by Cor. 4 we have r--^-i_~j(...X...)=l ; therefore, 
eta, by Ex. 1.] 

3. If points XX\ TT*y ZZ^ be taken on the sides of a triangle 

such that M.^^.£r.J^'.^.^'=l, 

CX CX* AT AT BZ' BZ' * 

they are the vertices of a Pascal hexagon. 

4 The lines joining each pair of points to the opposite vertex 
{AX and AX% etc.) of the triangle determine a Brianchon hexagon. 
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5. (a°) Any two trauaversala'XF^ X'T'Z' determine on the 
sides the vertices of a Pascal hexagon. 

(j3°) Two triads of points on the aidea wliich connect concurrently 
with the opposite vertices determine a Pascal hexagon. 

(y°) A tranflveraal XTZ and three points X', T', Z' which con- 
nect concurrently with the opposite vertices determine a Brianchon 
hexagon. 

6. A hexagon is inscribed in a circle ; prove that the continned 
products of the perpendiculars from any point on the Pascal line on 
the alternate sides are equal {xyz^af;^^). 

[Let AKGA'BC be the hexagon whose pairs of opposite sides 
BC, BC ; CA\ C'A ; AB, A'S meet in pointo X, T, Z respectively 
and the Pascal line L (XTZ) at angles a, a', 0, p', y, y' ; then 

BL.C L. BX.C'X ein'a sin'a /w^^ ttt qbi 

Similarly, ^^-«^a„d ^4^4^ =5J^. 
CL.A'L sin'^ AL.BL sin*); 
Mnltiplying these eqnatjons and reducing, 

sin'a sin*^Hin'y=ainVsin'j3'sin'y' ; therefore, etc] 




7. From the middle points L, M, If of the sides of a triangle 
tangents are drawn to the in-cirde ; show that tbeae tangents form 
a triangle {A'BC) in perspective with that (,PQR) obtained by 
joining the points of contact of the in- or ex-circlea with the sides, 
and the centre of perspective is the median point of ABC. 

[For since the sides of ABC with any two of the tangents form 
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an escribed pentagon, e.g., BCMNA', by Cor. 5, the lines BM, Clf, 
A'P are concurrent ; that is, A'P pasaea through the centroid 
{BM, Cy). Similarly for ffQ, C'R ; therefore, etc] 




Note. — If LMN is any inscribed triangle in perspective with 
ABC, the above reasoning applies to prove that A'BC and PQR 
have the tame centre of perspective. 

■ 8. If two triangles ABC and A'SC are in perapective, A'BC, 
ABC ; ABC, A'BC ; ABC\ A'BC are also in perspective. 

9. If AA', BB, CC denote the lengths of three lines whose 
directions are concurrent, their six centres of perspective (of BB 
and CC, X and X', etc) taken in pairs lie in triads on four lines. 

[For they are the axes of perspective of the triangles iu £x. 6.] 

10. If X, F, Z are on the sides of a triangle and fulfil the relation 

2<SX'-CJ'*)=0, 
the perpendiculars through them to the sides are concurrent ; and 
conversely. 

11. If two triangles are such that the perpendiculars from the 
vertices of either upon the sides of the other are concurrent, then 
conversely the perpendiculars from the vertices of the latter upon 
the sides of the former are concurrent. 

[By Ex, 10.] 



TARRTS POINT. 131 

12. State the particular cases of the Theorem of Ex. 11 for a 
given triangle taken with the (a°) pedal, {p*) median, (y") triangles 
formed by joining the points of contact with the sides of the in- 
or ex-circles. 

13. If XTZ be a transversal to a triangle ABC, X', T\ Z' the 
harmonic conjugates of X, F, Z, with respect to the sides ; prove 
that 

1'. The triads of points Y'Z'X, ZX'Y, XTZ Are coUinear. 
2\ XTZ'y X'YZ, Y'ZX, Z'XY connect concurrently with the 
opposite vertices. 

14. The middle points of the segments XT', YY\ ZZ' are 
collinear. 

[For they are the middle points of the diagonals of a complete 
quadrilateral by Ex. 3. For another proof v. Art. 91.] 

15. The perpendiculars from the vertices of a triangle ABC on 
the sides of A'BC\ its first Brocard triangle, are concurrent on the 
circum-circle. (Tarry's Point.) 

[By the theorem of Ex. 11.] 

16. The perpendiculars from the middle points of the sides of 
A'B'C on the sides of ABC are concurrent. (Cf. Ex. 16.) 

17. The Simson line of Tarry's point is perpendicular to OK, 
the line joining the circum-centre to the symmedian point. 

18. In the figure of Art. 28 show that 

OA' \0B \ OC = cos(i4 + w) : cos(5 + w) : cos((7+ w) ; 
and deduce the formula for the Brocard angle, 

sin A cos(i4 + («>)+ sin B co8{B +u)) + sin C cos((7+ w) = 0. 

Note on Tarnfs Point. — It will appear obvious that the diameter 
of the circum-circle containing Tarry's point is related to the 
triangle ABC in the same manner as OK is to A'B'C ; and that 
the circum- and Brocard circles are divided similarly by these 
corresponding diameters. Also, if a, )8, y denote the perpendiculars 
from Tarry 's point on the sides of ABC, 

a : 13 : y =sec(J +(«>) : sec(5 + u>) : sec(C-}-u>). 

A point of interest may be here noticed. From Art. 28, Ex. 18 
(note) it is evident that the centres O^, 0^ 0^ of Neuberg's circles 
with respect to the sides of ABC are the vertices of similar isosceles 
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triangles described oa a,b,e respectively, whose equal tuae ai^l«s 
ore ^—10. Therefore, if T denote Tarry's point, it easily foltowa 
that AT, AO,; BT, BO^; CT, CO^ divide the angles of ABC 
isogonally. Bv,t the Uogomd conjtigate of a poiiU on the dream- 
eirde it at infinity ; heaee the linei A 0\, BO^ CO3 cere partdUl. 

Hakmonic Propekties of the Quadrilateral, 
68. Theorem. — In any complete quadrilateral each of 
the diagonals XX', YT, ZZ m divided harmonically by 
the other two. 




..(1) 



Consider the triangle ZZ' Y' and transvereal BXX', 

z'X' tx_z;b 

TX'"ZT ZB 

And since YY', YZ, YZ' are three concurrent lines through 
its vertices, we have 

Z'X' T^^_Z^ ,9. 

Y'X' ■ ZX ZA ^'' 

Equating these results, we have ZAjZ'A^ -ZBjZ'B. 
Hence the row of points ZZ'AB is harmonic 
Similarly, BCXX' and GA YY' are harmonic. 
Cor. 1. The angles of the triangle ABC, formed by the 
diagonals (the diagonal triangle) are divided harmoni- 
cally by the pairs of lines AX, AX' ; BY. BY' ; CZ, CZ'. 
Cor. 2. If two lines be given in magnitude and posi- 
tion (ZZ' and XX") their two centres of perspective (I' 
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and Y') joined to their point of intersection {B) fonn a 
harmonic pendL Tbej also divide the line joining their 
centres of perspective (in A and C) harmonically. 

Problem. — To delermtne the aumber of jxHygont lehick can he 
formed from n pointt. 

Each point joined to the remaiaing n-1 points gives n~l lines. 
Taking any one of these lines as tlie flrst side of the polygon we 
h&ye similarly n — 2 selections for the secoiid side, n - 3 for the 
third side, and so on. Therefore we have {n-l){re-2) selections 
tor the first two sides, (n - 1)(»- 2)(»-3) for the firat three 
sides, etc. ; hence we have finally [n — 1 equal to twice the 
number of polygons, since any sequence of sides when reversed 
gives the same polygon. 

Thus four points may be joined in three ways as in figure. 




Fig. I is called a Convex, Fig. 2 an Internecling, and Fig. 3 a 
Be-eTitraiU Polygon. 

By application of the general formula to the hexagon we find 
that sis points in general determine a system of sixty hezagoua. 
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EXAHFI.ES. 



1. The conditions that the quELdrilatemls in the figures ar« 
escribed are :— 

V. BC+AD=AB+CD. 
r. BG''AD=AB-'CD. 
3°. B0-'AD=A3'CD. 
[Since tangents from any point to a circle are equal.] 
S. To prove that the quadrilateral whose angles and perimeter 
are given is of maximum area when it is escribed to a circle. 
(Hermite.) 




[Let two of the aides AB and AD be fixed in )x>aitiou and the 
remaining two vary. It is easy to see that the loco* ofCiia line. 
Suppose Ci and C^ to be the positions of G on the fixed lines and 
(7,^1, Cj2>j parallels to the fixed directions CD and CB. 

The perimeters of the triangles AC^D^ and AC^D^ are each equal 
to the perimeter of the quadi'ilateraUBC/); the ex-circle oi AC^D^ 
is the ex-cirde of ADfi^ and D^C^- ^^0,^ Dfij- D^C^ 

Now, for any point P and parallels /*Pj and PP^ by similar 
triangles PG^jCfii^^PPi- PxC^HD^G^- D^Ci) 

and PGJCiCi={PPi-PiCS!{DjPi-D^Ci); 

adding these equations, we get 

PP, + i-Pj - PiC, - PaC, = fljCs - A^i ; 
to each side add ACi+ACf, and 

JP,+Pjp+PP,+P,4=Ji)j+/J,(7j+C,id=given perimeter. 
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Regarding P and C as consecutive points on Uie locua, the area 
of the quadrilateral is a maximum when BCPF, = CJ}PPt, i.e. BD 
is parallel to (7,<7j. Hence the parallelB BO and DO to CD and BC 
respectively form with AB and AD a re-entrant escribed quadri- 
lateral, and therefore J^-^-^0=4Z»■^/)0 or (Euc. I. U)AB-{-CD 
=AD+BC; therefore, etc.] 

It may at once be inferred that the maximwm polygon of any 
order, of given anglei and perimeter, it escribed to a circle. 

3< It three common tangents D, E, F to three tircles A, B, C 
taken two and two are concurrent; prove that the conjugate 
triad ff, E, F' are also concurrent.* 

4. Let the lineu joining the middle points of the three pairs of 
opposite connectors, BC and AD, etc., of tour points A, B, C, D 
be A, ^ V ; prove by means of the following evident tonnidae, 

4X»=S'-H5'S-H288'cos^'=a'-H i?+2accoBac, (1) 

4/*'=6>+d*-26rfcosS3=a'-K e'-2accoeac, (2) 

4V=S»-hS^-2SS'coa6S- = ff'-Ki'+26rfcosS3, X3) 




the relations, 

2°. 4{X?-i.p? + v^)=(^+b^+c'+d*+^+S*: 
3°. i\' = b'' + d'-<!'-a' + ^ + S^: 
with similar eipressiona for /i and v ; 

4°. ja2-vS = accos^; i^ - AS= -McosSS; A!-^2= -SS'cosSS'; 
2(^2_v2)=5'-l-S^-6*-6'',etc; 2accoaw=0. 

* Catalan's ThiorimM el Problimei de Qiometrie EUmentaire, pp. 
53, 54 (1879). 
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5. 4(area of quadrilateral) = (6* + o?^ - c* - a^tan 8^. 

5a. Hence, or otherwise construct a quadrilateral, having given 
its four sides and area. 

6. To find the cosine of the angle between any pair of opposite 
connectors. 

[Equate the values of X\ ij.\ v^ in S'* with those of (1), (2), (3). 

7. If any point D be joined to the vertices of a triangle ABC ; 
the area of the triangle formed by joining the orthocentres of 
BCD, CDA, BAB is equal to ABC. 

[Let Oy Og, O3 denote the orthocentres. jDOj, DO^ DO^ are 
equal to acot^, 6coti?, ccotC respectively, and are mutually in- 
clined at angles A, B, C ; therefore, etc.] 

8. If the vertices of a quadrilateral ABCD be joined to the . 
orthocentres 0, Oj, Og, O3 of the four triangles formed by their 
vertices taken in triads ; to prove that 

6 . ABCB^ Oi . ABCD^O^ , ABCB=0^ . ABCD. 
[Let the angle AOB—Q. Taking any of the anharmonic ratios 
of the pencil . ABCD and reducing, we obtain 

sin^sin^ _h sin^ Jbd%va.OAD _ hdQXi%hd _ y^->^^ 
sin(5+ ^)sin A a sin(5+^) ocsin OCD ^le cos oc ^2 - /jt2 

(Ex. 4, 4k). It follows generally that the six anharmonic ratios of 

the pencil O.ABCD are ^5 — ^«, ^ — ^o, -3 a and their re- 

ciprocalsl Similarly for the remaining pencils 0^ . ABCD^ etc. 
Russell.] 

Note on Pascal and Brianchon's Hexagons. 

When two triangles ABC and ABC are in perspective, the 
lines AA^ BB^ CC are concurrent ; therefore A and A\B and B^ C 
and C may be regarded as the opposite vertices of a Brianchon 
hexagon, and the centre of perspective of the two triangles is the 
Brianchon point of the hexagon. 

But in this case we have three other pairs of triangles in 
perspective, viz., 5(M' and BC'A, CAB and C'A'B, ABC and 
A'BC. Hence with the vertices of two triangles in perspective 
we can form four Brianchon hexagons having the same Brianchon 
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pointy the opposite vertices of the hexagons being in each case 
coiresponding verticea of the two triangles. 

Again, if the non-cotreaponding sidea of the triangles intersect 
as in figure in points X and X\ Y and F', Z and Z", and the 
corresponding sides in WW, WW ia the axis of perspective. 

But in this case we have three Other pairs of triangles in 
perspective to the eame aiis, via., those obtained by interchanging 
a pair of corresponding sides, e.g., ii L, M, N and L', If, N' denote 
the sides of the given triangles, it is obvious that the triangles 
IMS' and UWN, MNU and MN'L, NLW and N'L'M have the 
same axis of perspective \ hence with the sides of two triangles in 
perspective we may form four Pascal hexagons having a common 
Pascal line, i.e., the axis of perspective of the triangles, the corre- 
sponding sides of the trianglee being in each case opposite sidea of 
the hexagons. 




In the accompanying figure the legs of the angles whose vertices 
are at U, Fand W intersect again in twelve points, viz., 

S, r, Y, F, Z, S, A, A', B, B, C, C, 
and these we have seen may be grouped in fonr different ways into 
two groups of six {XX'TT'ZZ'\ and AA'BBCC determining Pascal 
and Brianchon hexagons respectively ; also that the alternate sides 
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XX' and YY^ of the Pascal hexagon intersect (in C) in six points, 
which form a Brianchon hexagon. 

Again, since sixty Pascal hexagons may be formed from the 
points XX'TY'ZZ\ and TY' and ZZ' meet in A, and YX' and 
Z'X in A\ by taking these lines as pairs of opposite sides of one 
of the hexagons {YTXZ'ZX'\ A A' is its Pascal line; similarly 
BB and CC are Pascal lines of the hexagons XX'YZ'ZY' and 
XX'ZY'YZ' respectively; but AA\ BB and CC are concurrent, 
hence the dxty Pascal lines pass in threes through twenty points. 

Similarly it may be shewn that of the sixty Brianchon hexagons 
formed by the conjugate hexad of points AA!BBCC\ their Brian- 
chon points lie in triads on twenty lines. And either property 
involves the other as wiU be seen by reciprocation with respect to 
a circle. 



CHAPTER VI. 
INVERSE POINTS WITH RESPECT TO A CIRCLE. 

Def. Two points P and Q are inverse with respect to 
a circle when the line PQ passes through the centre 
and OP . OQ=the square of the radius of the circle. 

For the circle of unit radius OP . OQ = 1 or OP is the 
inverse, or reciprocal, of OQ. 

69. It appears from the definition (1°) That inverse 
points are in the same direction from the centre when the 
circle is real and in opposite directions when the radius 
is imaginary, that is when it is of the form Rs/—1. 
(2°) They coincide on the circle ; and when the radius is 
not real the inverse Q of a point P at a distance OP from 
the centre is given by the equation OP.OQ=— -B*. 
(3°) When either coincides with the centre the other is at 
infinity. 

70. Theorem. — If a line AB he divided imtemaUy cmd 
externally in P and Q in the same ratio, P and Q are 
inverse points with respect to the circle on AB as 
diameter; also A and B are inverse points with respect 
to the circle on PQ, 

For if M be the middle point of AB, by hyp., 

BP BQ' ^ BM-MP QM-MB' 

139 
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by taking the sum to difference on each side we have 

A similar proof applies to show that 

NA NB^NI^=NA\ 
where N is the middle point of PQ 

71. Since MP . MQ^Mm^PN\ (Euc. 11. 6) 
therefore (Art. 70) AM^^ Mm - PN\ 

or transposing, MN^ = AM^ + PN\ 

Hence for any two segments AB and PQ placed to 
d/ivide each other harmonically, the square of the distance 
(MN) between their middle points = the sum of the squares 
of half the segments. 

Examples. 

1. The distances of the points of contact of the in- and ex-circles 
of a triangle with the sides measured from any vertex on either of 
the sides passing through it are s, s-a, s-b, s-c. 

2. If M denote the middle point of the base (c) of a triangle, Q 
the intersection with the base of the fourth common tangent to the 
ex-circles 0^ and 0^, P the foot of the perpendicular from the 

vertex on the base, MP,Mq^ ^~^^' 

[For 0x0^ is divided harmonically in C and §, project 0^, 0<^ and 
C on base and apply Art. 70]. 

3. Show also that the rectangle under the distances of the middle 
point of the base from the feet of the perpendicular and internal 
bisector of vertical angle =square on half the difference of sides. 

72. Theorem. — The distances of any point X on a 
circle from a pair of inverse points have a constant ratio. 

Since OQiOX^OXiOP; the two triangles OQX and 
OXP are similar (Euc. VI. 6), 
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., , PX' OP 

therefore gx.-OQ. 

or the squares of the distances of a variable povnt {X) on 
a tnrde from a pair of inverse points (P, Q) are as the 
distances of these points from the centre. 




Cor. 1. Let X coincide with each extremity of the 
diameter AB containing the points, then 
PX'' _PA^ _PIP _0P 

qx^ lU^ W M 

Cob. 2. Given a triangle {PQX), the base (PQ), and 
ratio of Bides, the locus of the vertex is a circle {ABX) 
with respect to which the extremities of the base are 
inverse points. 

Cor. 3. If the ratio of sides in Cor. 2 = 1, the locus is a 
line bisecting the base at right angles, therefore ike 
reflexion of a point is its vnverae with respect to the line. 

Cor. 4. From Cor. 1. AX and BX are the bisectors 
of the angle PXQ. 

Cor. 5. If PX be produced to meet the circle again in 
X', A and B are the centres of the in- and ex-circles of 
the triangle QXX'. (By Cor. 4.) 
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Cob. 6. The line PQ containing a pair of inverse points - 
bisects the angle (XQX') which any chord through either 
(P) subtends at the other. 

Cob. 7. The quadrilateral OQXX' is cyclic. 

[For OXX'=PQX, but OXX'^OX'X; therefore, etc. 
Euc. III. 21.] 

Cor. 8. For any other pair of inverse points P", Q" on 
the diameter AB; the angles PXP" and QXQ are equal 
or supplemental according as the pairs of points are taken 
in the same or opposite directions from the centre. 




[The angles PXQ and P'XQ' have in either case the 
same bisectors AX and BX.] 
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Examples. 

1. Any circle passing through a pair of inverse points P and Q 
with respect to a given one cuts the latter orthogonally. 

[From the definition of inverse points and Euc. III. 37.] 

2. To find two points P and Q which shall be inverse with 
respect to two given circles. 

[The circle passing through any point and its inverses with 
respect to each of the given circles meets their line of centres in 
the points required.] 

3. The line L bisecting PQ at right angles is such that the 
tangents from any point on it to either of the circles in Ex. 2 
are equal to OP or OQ. 

[For the circle with as centre and 0P= OQ as radius meets the 
given circles orthogonally ; ♦ therefore, etc.] 

4. Any two pairs of inverse points are concyclic. 

5. Any chord XT of a circle passing through P is divided har- 
monically by P and the perpendicular to PQ through Q, 

[For the angle XQY\a bisected internally and externally by the 
lines at right angles.] 

6. The radical axes X, M, N of three circles taken in pairs are 
concurrent. 

[For the point {L, M) ot intersection of any two is the centre of 
the circle cutting the three given ones orthogonally.] 

Def. This point of concurrence is the Radical Centre of the 
circles, and is such that for any three secants XX\ TV, ZZ* drawn 
through it to the circles respectively 

OX. OT^OT. OT^OZ. OZ'. 
The common value of these rectangles is called the Radical Product 
of the circles, and is equal to the square of the tangents to them 
when is outside the circles. (See Art. 23, Ex. 11, footnote.) 



* HeDce the locus of a point from which tangents to two circles are 
equal is a right line, viz., the axis of reflexion of their common pair of 
inverse points. It is termed the Radical Aans of the circles, and is 
their chord of intersection, reai or imaginary. 
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7. The r&dical axis of two iutereecting circleH ie their chord oE 
intersection ; hence ahow that the conunon chords of three circles 
taken in pairs are concnrrent. 

8. Describe a circle meeting three given circles at right angles. 

9. For anj triangle ABC find a point such that 

OA-.OB: 0C= given ratios. 

10. For any four collinear points A, B, 0, D find the loci of 
points (L*) such that the angles J 0£ and (70i> are equal, (2°) fOC 
is supplement of AOD. 

11. For any six collinear pointe taken in the order ABCC'BA' 
find such that the angles BOC, COA, AOB are respectiTely eqnal 
to ffOC, C'OA; A'OB'. 

[By Ex. la] 

12. The four sides of an escribed quadrilateral ABCD Xxaag 
given in magnitude and AB iu position ; find the locus of the 
centre of the in-circle. 




[Make AU'^AB and BC'=BC. Since OA, OB, OC, CD are the 
bisectors of the angles of the quadrilateral, it is easy to see that 
AOB+COD=v. Again the triangles AOD and AOL/ are equal 
iu eveiy respect (Euc. L 4); hence lADO = ADO ; similarly 
lBCO=BC'0 ; therefore by addition it follows that lC'OD'^COD 
01 AOB + COIX = Tr, and the required locus is a circle having A, B 
and C, jy pairs of inverse points. Dilworth.] 

13. The centres of perspective P and Qof any two parallel chords 
AA' and Bff of a circle are inverse points with respect to the circle, 
and the circle touching the chords at their middle points. 
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[For we haTO PA=PA\ PB^PB, QA=QA' and QB=Qff ; 
hence PAIQA »PB!QB='%Us. ; therefore, etc. 

The- eecond part follows, aince MN is divided harmonically by 
P and Q. Art 70.] 




13a. To what does the theorem reduce when AA' and BB 
coincide ? 

14. For any two pairs of inverse pointa P, Q and P", Q' prove that 

PP.P^ _OP / PA" PB'\ 

Qp.qq W ^QA^^W^' 

iPPQ^ is a cyclic quadrikteral (Er. 4) ; hence the triangles 
OPP and OQ^ are Bjmilar ; bo also are OP^ and OPQ ; therefore, 
etc. (Euc. VI. 4). Otherwise if p and q denote the perpendicolan 
from P awl Q on OP^, we hara 

pp.pq=p.i>,«aAqp.qq~q.Di 

hence PP.Pq _p_OP-, 

15. If P, Q, B be any three collinear pointa on the diagonal 
triangle of a quadrilateral ; their harmonic conjugates P^S 
with reapect to the diagonalt XX', TT', Z^ are also collinear. 

[For XX' is divided harmonically in B and C (Art. 68) and 
P&nAP ; hence, by Ex. 14, 
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Multiplying, we have 

BP CQ AR BT CQ' ^^^^BL CM AN » 
CP' AQ' BR' CF' AQ'' BR' CL' AM' BN* 

but P, §, R are iu a line ; f therefore, etc.] 

16. To what does Ex. 15 reduce when the line PQR is at infinity ? 

17. The angles subtended by the diagonals of a complete quadri- 
lateral at any point have a common angle of harmonic section, 
real or imaginary. 

[0 is the point of intersection of the lines PQR and FQR' iu 
Ex. 16 ; therefore, etc.] 

18. The circles on the diagonals of a complete quadrilateral pass 
through two points, real or imaginary. 

[In Ex. 17, if two of the angles XOX\ YOT' are right; ZOZ' 
must also be right, J since it is divided harmonically by PQR and 
F^R'.] 

19. Any transversal to the pencil in Ex. 17 is cut in six pointB 
which, taken iu pairs, have a common segment of harmonic section. 

20. To what does Ex. 17 reduce when is at infinity ? 

21. If the sides of a triangle ABC are divided harmonically in 
XX\ YY\ ZZ' ; if Z, F, ^are collinear, the middle points L, M, N 
of these segments are collinear. 

22. If perpendiculars be let fall on the sides of a triangle from a 
pair of inverse points and O and their feet joined ; the triangles 
PQR and FQfR* thus formed are similar and their areas are as the 
distances of and O from the circum-centre. 

[For QR=AO sin A, and Q^R'^^ACBin A, 

therefore QR/Q'R! --AOJAa ; 

similarly RPjRF^BOIBa, etc. Art. 72.] 

* Hence also the middle points L, M, N oj the diagonals of a complete 
quadrUateraX are collinear, 

+ PQR and P'Q'R' are termed Conjugate Lines of the quadrilateral. 

{ Generally, For a number of angles at a common vertex having a 
common angle of harmonic section if any two are right, all the others 
are also right. 



23. Through a point P in the diameter of a semi-circle draw a 
chord AB such that the area of the quadrilateral ABA'B, where 
A'ff is the projectioa of ^ fi on the diameter, ma; be a n 




[Let Q' be the iuverse of P with respect to the circle ; draw ^ 
at right angles to A'S". Project M the middle point of AB on A'B' 
and let X be the intersection of MM' with the Henii-circle on ^0, 
Then area S of quadrilateral ABA'B=A'B . MM', hence 

S*=4MM''. A'M"=WM' . PM' . M'P.M'q, by Art 70, 
= 4PJf " . OM' . M'Q = iPM'^ . JTXS ; 
or iS* is equal to the area of the maximum rectangle that can be 
inscribed in a given circle, one of whose sides is parallel to a given 
line. Art. 14, Ex. 2.] 

24. Six perpendiculars are drawn from the inverse of the inter- 
section of the diagonals of a cjclic quadrilateral to the sides and 
diagonals. Show 

1°. The feet of those to the sides are collinear. 
2°. The line of collinearity bisects at right angles the line joining 
the feet of perpendiculars on the diagonals. 
[By method of Ex. 22.] 

25. If XX' ; YT; ZZ' denote the feet of the bisectors of the 
angles of a triangle ABC, show that the pedal triangles of two 
points and 0' inverse to any of the circles on these segments as 
diameters, with respect to ABC, are invenely similar. (Neuberg.) 

[Let and C be inverse with respect to ZZ'C* PQR and ^PB" 
their pedal triangles respectively. M the middle point of ZZ", 
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Then P^_MO 

„„ . RP A O'sin A BO^vaB (.^^^ ..^ RP 

"^^ m^sa^B^Ao^^ ^^ ^^- ^') ^m ' 

also the angles R and R' are equal ; therefore etc. 

Note. — If is on the circle ZZ'C the pedal triangle is isosceles, 
similarly if it is the point of intersection of the circles ZZ'C and 
YT'B it is isosceles in a double aspect, i,e, equilateral. 

Hence we may infer that the circles AXX\ BYY\ and CZZ' pass 
through two points and O which are inverse (Ex. 22) with respect 
to the circum-drde of ABC and whose pedal triangles mth respect to 
ABC are equilateral.'] 

* Lt cerde d*Apollonius du triangle A BC par rappoi*t biAB. V. Educ, 
Times, Dec., 1890. 



CHAPTER VIL 

POLES AND POLAKS WITH KESPECT TO A CIRCLE. 

Section I. 
Conjugate Points, Polar Circle. 

73. Def. The perpendicular to the line joining a pair of 
inverse points passing through either is the Polar of the 
other with respect to the circle. In the figure of Art. 
74 G and Z are inverse points ; and C and the line 
AB are termed Pole and Polar with respect to the circle. 

Any point -4 or 5 on the polar is the Conjugate of (7, 
hence the polar of a point is the locus of its conjugates. 

Again, since the- circle on BG as diameter passes through 
Z and therefore cuts the given one orthogonally: — 
1°. The circle described on the line joining two conjugate 
points cuts the given circle orthogonally, 2°. The di8tan,ce 
between two conjugate points is equal to twice the length 
of the tangent to the circle from the middle point of the 
U/ne connecting them' 

74. Theorem. — For any two conjugate points B and G, 
to prove that each lies on the polar of the other with 
respect to the circle. 

Suppose the polar of to be -4.J5, we require to prove 
that the polar B passes through (7. Join -40, draw a 

149 



POLES ASD POLARS. 



perpendicular to it CX. Then evidently (Euc. IIL 36) 
OA.OX=OC.OZ=y^; hence GX is the polar of A. 
Thus tw the point B moves along the Ivae AB its polar 




turns around, or envelopes, 0. At Z therefore the polar is 
the chord of contact of taiigenta through that point to the 
circle. 



1. Tlie extremities of any diameter of a circle which cuts a. given 
one orthogonally are conjugate points with respect to the latter. 

2. If a variahle chord AB of a circle paae through a fixed point 
P \ the locua of the intersection of tangents to the circle at A aud 



3. The diameter AB ot a, circle is the polar of a point at infinity 
in a direction perpendicular to AB. 

4. The locuB of a point which has a common conjugate with 
respect to three circles is their common orthogonal circle. 
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75. Theorem. — // A and B he any two points and L 
and M their polars with respect to a circle, the point LM 
is the pole of the line AB, 

For LM is conjugate to both A and JS, hence the line 
joining A and B is its polar (Art. 73), or "the line of 
connexion of any ttvo points is the polar of the point of 
intersection of the polars of the points" Townsend. 

76. More generally for three points A, B, C and their 
polars L, M, N, denoting the points MN, NL, LM by. A\ 
Ey (7 respectively ; we see as above that A\ B\ C are the 
poles of JSC, G4, AB ; hence, for any two triangles if the 
vertices of either are the poles of the corresponding sides 
of the other ; then, reciprocally, the vertices of the latter 
are the poles of the corresponding sides of the former. 

Def. Such triangles are said to be Reciprocal Polars 
with respect to the circle. 

77. In the particular case when ABC and A'B'C coin- 
cide, the triangle is Self-Reciprocal with respect to the 
circle. It is manifest, since each vertex is the pole of the 
opposite side, every two of its vertices are conjugate 
points ; and the triangle is therefore termed Self-Conju- 
gate with respect to the circle. 

Its centre coincides with the orthocentre of ABC 
and the square of its radius {p) is given by 

p'^OA . OX^OB.OY=OC. OZ, 
where X, F, Z are the feet of the perpendiculars of the 
triangle. 

This circle is called the Polar Circle of the triangle. 

Note. — In order that the polar circle may be real, the pairs of 
points A and X, B and F, (7 and Z, which are inverse with respect to 
it, must lie in the same direction from its centre 0. It is therefore 
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real when the triangle is obtuse angled, and imaginary for acute 
angled triangles. 

78. Expressions fur the Radius (p) of the Polar Oircle. 




liet be the OTtho-centre of ABC, then it appears that 
A, B. C are the ortho-centrea of BOC, CO A, and AOB 
respectively. For this reason the four points A, B,C,0 
are said to form an Ortkocentric System. 

Also the circum- circles of the four triangles BOC, GOA, 
AOB, and ABC are equal. 

Hence since a and AO, chords of equal circles, subtend 
complementary angles at the circumferences, 

a?-^A0^ = Vt+B0^ = c^+O0''=d\ (1) 

also (fig. /3) o«=BOH W + 2(70 . OZ, (Euc IL 13) 
therefore by substitution from (1) 

or -CO .OZ=d^-\(a?+b^+c^) = p^ (2) 

This formula is equivalent to />^=d*eo8^cos5cosC> 

by reduction or independently, as follows : — 

-/)* = 0<7. 0^=00. ^^U^ = d%)ail cos -B cos C... (3) 

since a chord is equal to the diameter of the circle into 

the sine of the angle it subtends. 
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Examples. 

1. The four polar circles of the triangles BOC^ COA^ AOB and 
ABC are mutually orthogonal.* 

[Let their radii be p^, pj, pc) P* Since their centres are at 
A, B, (7, 0, by Euc. II. 2, 

AB^^AB . AZ+AB . BZ^pJ^+pt^ ; 
therefore, etc.] 

2. jB and C, C and J, A and 5 are pairs of conjugate points with 
respect to the polar circles of BOO, CO A and AOB respectively. 

3. The square of the distance BC between any two conjugate 
points is equal to the sum of the squares of the tangents drawn 
from them to the circle. 

[By Ex. 1 the tangents from B and C to the circle pa are the 
radii of pj and pcy but BG^=p^-\-p^ ; therefore, etc.] 

4. Prove that AZ . BZ=t% where t is the tangent to the polar 
circle from Zy the Polar Centre f of AB ; and conversely. 

[By similar triangles ACZ a.nd OBZ, AC : CZ=OZ:BZy etc.] 

6. Conjugate points A and B with respect to any chord MN are 
conjugate with respect to the circle. 

[For the polar centre Z of AB is the middle point of MN ; but 
(hyp.) ZA . ZB=ZM^= -ZM ,ZN or the square of the imaginary 
tangent from Z to the circle ; therefore, etc., by Ex. 4.] 

6. If a number of circles have a common orthogonal circle, the 
extremities of any diameter of the latter are conjugates with 
respect to the entire system. 

7. On a given line find two points which shall be conjugates to 
each of two given circles. 

[The middle point of the required segment is such that the 
tangents from it to the circles are equal ; therefore, etc., by Art. 72, 
Ex. 3.] 

* Hence : — If four circles are mutually orthogonal, their centres form 
an orthocentric system and one of the circles is imaginary. 

+ Z the foot of the perpendicular from the centre on .^^ is also called 
the Middle Point of the line. (Cf. Euc. III. 3.) 
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8. On a given circle find two points A and B which ehall be 
conjugates to each of the circles C, r, ; D, r^ 

[The niiddle point M of the required chord ia on the radical 
axis L of the given circles (Art. 73, Ei. 3). Let 2( be the length of 
AB; then Cif =(»+n'='^'+^-J'*=V+'"s'-OJ/' ; 
heuce Cif+O-iP is known, aud the triangle COM is completely 
determined ; therefore, etc.] 

9. Place & chord of given leugth in a circle so that its extremities 
may be conjugates with respect to another. 

[See Ex. 8.] 

10. If a right line AB meet either {C, r) of two circles iu eon- 
jngate points {A, B) with respect to the other ; then reciprocally it 
meets the latter {C, r') in conjugate points {A' and ff) with respect 
to the former. 

[For by Ex. 5 AB divides A'ff kanDOuically, hence A'B divides 
AB harmonically ; therefore, etc.] 

11. Find the locna of the middle points M and N of the chorda 
JBand.i'5'inEx. 10. 




= CM*+CN'+ME^-\-A'N* (Art 71.) 

=j^+»^=con9t. ; 
hence the required locus is a circle whoie centre U at the middle 
jmint of GC and the tquare of whote radiui u eqiad to i(r'+r^ - 8", 
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where 28=C(7'. It evidently passes through the intersections of 
the given circles.] 

12. Show that CM, C'A'= const. 

[Draw CX at right angles to C'N, Join OX. Since OCX is an 
isosceles triangle and N a point in the base produced, 

CM, C'N=--C'N, NX=ON^-OX^=ON^-'OC'^ 

= i(*^ + r'* - 482) = rr'cos ^, 

where 6 is the angle between the given circles ; therefore, etc.] 

13. Any circle described around the polar centre of a triangle 
ABC meets the corresponding sides of the median triangle in 
A\ B, C such that AA'=BE^CC', 

14. A tangent is drawn from the polar centre to the circum- 
circle, and from the point of contact a tangent is drawn to the 
polar circle, show that the angle between these lines is 45°. 

15. Draw through P a line cutting each of two given circles in 
conjugate points with respect to the other. 

[By Exs. 10 and 11.] 

16. Draw a line cutting each of two circles X and Y\\\ conjugate 
points with respect to a third {Z). 

[Let the required line meet Z in the points A and B, The 
middle point M of AB is the intersection of two known circles 
passing through the intersections of Zand X and Zand Y (Ex. 11), 
and is thus determined ; therefore, etc.] 



Section II. 

79. Salmon's Theorem. — The diatancea of any two 
points A and B froTn the centre of a circle are 'pro- 
portion/xl to the distances AM and BL of each from the 
polar of the other. 

Draw A^ and BA' perpendiculars to OB and OA 
respectively. 
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Then OA . OL=OB .OM=i^, and since AA'BR is a 
eydic quadrilateral, OA . 0A'= OB . OR ; therefore 
OA OB- OM _ OM-OR B'M AM 
0B~ 0A'~ 0L~ OL-OA'~ A'L~ BL ' 
therefore, etc. By alternation OA/AM = OBIBL. 




Cor. 1. If Jf la a fixed line and OAjAM a constant 
ratio, S is a fixed point and the envelope of £ is a circle ; 
or, the pole of a variable tangent to a circle rvith respect 
to wnother given circle ia such that its distance from the 
centre of the latter bears a fixed ratio to the dis(aTice 
from a fixed li/ne. 

Cor. 2. If j1 and B are both on the circle (0, r) ; 
0.4=05, and therefore AM=BL; or, the points of con- 
tact of tangents to a circle are equidistant from the 
tangents as is otherwise evident (Euc. L 26). 

Cor. 3. Let B and its polar M vary and the different 
positions be denoted by .5,, B^, B^ ..., M^, M^, M^, ...; 
then since 

OA_OB OA__qB^ 0A^-9^s f^ 
Zff~BZ' AM^~B^L' AMs~B^' ' 
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by multiplication of ratios, we have 

OA^ OB.OB^.OB^... , 

AM .AM^. AM^ ,,,~ BL , B^L , B^ ..,' 
or, the product of the distances of a point (A) from any 
number of lines (M) is to the product of the distances of 
their poles (B)from the polar (L) of the point as the n^ 
power of the distance of the point from the centre is to 
the product of the distances of the poles from the centre. 

Cor. 4. If M, if^, M^ in Cor. 3 form an inscribed 
polygon, B, B^, B^, ,,, are the vertices of the correspond- 
ing escribed one ; hence the product of the distances of 
any point from the sides of an in-polygon is to the 
product of the distances of the vertices of the correspond- 
ing ex-polygon from the polar of the point as the n^ 
power of the distance of the latter from the centre is to 
the product of the distances of the vertices of the ex- 
polygon from the centre. - 

Cor. 5. The rectangle under the distances of the 
extremities of any chord from a tangent is equal to the 
square of the distance of its point of contact from the 
chord. 

Examples. 

1. The opposite vertices of an escribed quadrilateral are AA\ 
BE, CC ; to prove that 

OA . OA' : OB. OB' : 00. OC'^AX. A'X : BX . EX : CX . C'X, 
where X is a tangent to the circle at any point P, 

[Let the corresponding pairs of sides of the in-quadrilateral 
be Z, Z' ; M, M' ; N^ N' ) then since 

OA_OP . OA'_OP 
AX PL A'X PL" 

OA . OA' OP^ . 



multiplying these equations, ^^ A'X " PL PL' ' 
but PL . PU^PM . PM'^PN.PN' ; therefore, etc.] 
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2. If a, ^, y denote the perpendiculars from any point on the 
circum-circle on the sides of an in-triangle, 

jSy sin A+ya sin 5+ ajS sin C= 

a , b , c rv 
or _ + ^4._=0. 

a /3 7 

3. If A, fif V be the perpendiculars from the vertices of any 
triangle upon a variable tangent to the in-circle, 

cot^^ , cot^^ , cot^ C __ Q 

A /A V * 

[Let A\ By C", P be the points of contact with the sides and any 
tangent, then — r-=-7, where a! is the perpendicular from P on BC, 

Hence ^OA^^BC ^ ^^BC ^ ^ . ^^ ^ j,^ 2) 

A a 

but OA , BC'^^r^ot^A ; substituting, we have 

2 cot Jul/ A =0. 
A particular case of this has been noticed in Art. 55, Ex. 8.] 

4 If the perpendiculars from the vertices on any tangent to the 
circum-circle of a triangle be A, /it, v ; to prove that 

[If P be the point of contact of the tangent to the circle, by 

Ptolemy's Theorem, 

a.AP+b.BP-\-c.CP=0, 

but AP^== 2r A, etc., hence 2aV^ = 0-] 

5. For any point P on the in>circle whose distances from the sides 
are a, ^, y ; to prove that 

cos ^A^a + cos \BJP + cos JCVy = 0. 

[Let A', /it', v' be tlie distances of the points of contact A\ B, C 
of the sides of ABC, from the tangent at P; a', jS*, y' the distances 
of P from the sides of A'BC. 

By Ex. 4, 2aV^'=0 or S-^=0, 

but V/itV=a'=\/jS7; (Art. 79, Cor. 5.) 

♦The angles of A'BC are respectively 90 -J^, 90 -J^, 90-ia5 
therefore a' : &' : c' = cos^^ : cos}^ : 008^(7. 
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hence, on aabatituting, since fi='2rQoa^A, 

2aV^' = = ««i'J\'". therefore, etc.] 

NoTB. — The equatioDB in Exa. 2 aud 5 are known in Analytical 
Geometry to be those of the circum- and in-circlea respectively, the 
given triangle ABC being taken as the triangle of reference. The 
expressions in Eia. 3 and 4 are the Tangentied Egualtmt* of the /n- 
and Circum-Circlei. 

6. If two triauglea ABC, A'BC are reciprocal poUra, they are in 
perspective. 

[Let the perpend icnlars from A'BC on the sides of ABC be 
Ph P-it Pi'i ?!> ?2i St ; '■ii J"*! '■» respectively ; then, by Salmon's 
Theorem, 

OB^qt . OC^n . OA-^gi . 
OC rj ' 53* p,' OB qi' 
multiplying these equations we have 

^. t'. ':i=l; therefore, etc (Art. 65.)] 
Ps qi ri 

T. A tiiangle inscribed in a circle is in perspective with the 
corresponding escribed one. 

[By Ex. 6.] 

8. Any two triangles may be so placed, that the vertices of either 
are the poles of the sides of the other with respect to a circle. 




[At the centre of the required circle the sides of each triangle 
subtend angles nmilar to those of the other triangle. Find points 
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satisfying these conditions with respect to each triangle and place 
the latter with the points coincident and ^0 at right angles to BC ; 
then OB and OC will be at right angles to C'A' and A'E, Again, 
since the perpendiculars from ABC on the sides of A'BC are con- 
current, those from A' EC on the sides of ABC are also concurrent ; 
it follows obviously that OA'y OE^ OC are perpendicular to the 
sides of ABC ; and 

OA . OX=OB . or=... = o^'. 0X=...=p3. 

9. To find the radius p of the circle in Ex. 8. 

\' 2^e^E0C '_ 0E.0C' _ Pi ^ Pi 

Larea^^C be bcOY'.OZ' 4C0A.A0B' 

d- -1 1 CO A' p* 1 4. 

Similarly. JSO 4 ' AOB . BOC ''^- 

Adding these results, we have 

a:ec _^ 5__J__=p* ^gcr 

ISO 4 BOC.COA 4 • BOCCOA.AOE 



^4_ 



ABOC , COA , AOB.A'EC 



•] 



10. The area of the reciprocal polar A'EC of a given triangle 
with respect to a circle is given by the equation of Ex 9. 

11. The minimum value of A'EC is obtained when the centre 
coincides with the centroid of ABC \ and = ^^ 

[In this case BOC-^COA^AOB, Art. 14, Ex. 5.] 

12. The reciprocal polar of the median triangle with respect to 
the in-circle or ex-circles of the given one is equal to ABC 

13. The reciprocal polar triangle may be of any species. 

[Species depends on the position of the centre 0.] 

14. In Ex. 8 is one or other of two fixed points. 

[One of them is obviously within both triangles and the sides of 
each subtend at it angles equal to the supplements of the angles of 
the other. 

The other is the common intersection of the circles described 
externally on the sides of ABC containing angles equal to tt- J', 
ir-E^ir-C, On making the figure it will be observed that these 
circles, intersecting in pairs at the vertices of the triangle, can only 



meet again in one point ; hence, if a point he refieoUd with re^at 
to the three ddea of a triangle, the circlet BCO^ CAO^ ABO^ meet in 
a point* 




15. If the triangles ABC and A'ffCaxe eimilar the second centre 
is any point ou the circuni- circle of ABC ; also if /" be joined to 
A, B, and and X, T, Zhe the middle points of these lines and Z" 
the middle point of AB ; XTZZ' is a cyclic quadrilateral for 

LXZT=AOBasiA XZ'Y^APB==TT-AOB ; 
hence XZy+XZ'T=ir ; 

therefore Z the middle point of OP is on the nine-points-circle of 
ABP. Similarly it m on the nine-points- circles of the triangles 
with BC aud AC AS bases and P as vertei. Hence for any four 
points A, 3, C, P, the nine-points-circles of three of the triangles 
formed by them are concurrent. It is therefore obvions that all 
four nine-pointM-circlei of the foar triangle* BCP, CAP, ABP, ABC 
are coticurrent.f 

16. A triangle reciprocates into a similar one from either of the 
Brocard points as origin. (Art. 27.) 

* Tlie pointa and P are reciprtxally related to the triangle ABC. 
For it will be seen that, if P be reflected with respect to the sides, the 
drcles BCP,. CAP,, ABP^ will meet in 0. It follows thence that tiie 
nine points circlei of the triangles BOO, OAO and ABO also pass 
through ttuB point of concurrence. 

+ Van de Berg, Mathtne, t. 2, p. 141. 
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Section III. 

Reciprocation. 

80. If ABC ... be any polygon and A'BC... another 
derived from it by taking the poles A\ JB', G\ ... of the 
sides BG^ CAy AB, etc., with respect to any circle, then 
we have seen (Art. 76) that the vertices A, B, (7, etc., of 
the former are the poles of the sides of the latter, and 
the two polygons are said to be Reciprocal Polars with 
respect to the circle. The process of deriving A'RC\.. 
is termed Reciprocation, and the circle, radius, and 
centre are the Circle, Radius, and Centre, or Origin of 
Reciprocation. 

More generally, if ABC... be any curve to which 
tangents I\, T^, T^ **> are drawn at the points A,B,C, ..., 
the locus of their poles is the Reciprocal Polar Curve of 
ABC . . . with respect to the circle. If the tangents at 
A and jB are indefinitely near, their poles A', B' are also 
indefinitely near on the reciprocal curve ; but the point 
T^T^ is (Art. 76) the pole of the line A'B ; hence in the 
limit the point A is the pole of the tangent at A\ The 
point A and tangent at A' are said to correspond. Thus, 
of two polar reciprocal curves any tangent to either 
corresponds to a point on the other, and each point of 
contact and the corresponding tangent are pole and polar 
with respect to the circle. 

The following fundamental properties of two Recipro- 
cal figures will appear obvious : — 

V. The line joining any two points of either is the 
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polar of the intersection of the corresponding lines of the 
other. 

2°. Concurrent lines reciprocate into collinear points. 

3°. The angle subtended by any two points of one at 
the origin is equal to the angle between the correspond- 
ing lines of the other. 

4°. For any two figures X and Y and their reciprocals 
X' and Y', the points of intersection of X and F 
correspond to the common tangents to X' and Y' ; in 
other words, a common tangent to two curves corresponds 
to a point of intersection of their reciprocals. 

5°. If X and Y touch, their reciprocals X' and Y' also 
touch, and each point of contact is the pole of the 
common tangent at the other. 

6°. Since two circles have four common tangents, real 
or imaginary, they reciprocate into curves which inter- 
sect in four points. (By 4°.) 

7°. Any point connected with X and the tangents 
through it to the curve corre- 
spond to a line and its points 
of intersection with the recip- 
rocal curve X'. 

8°. The reciprocal of a circle 
is a curve of the second degree, 
i.e. one which meets every line 
in two points, real or imagin- 
ary. (Byr.) 

9°. The pencils determined 
by any four collinear points A, 
B, G, D at the origin S and the corresponding lines A', 
F, C, D' are similar. 
[For the corresponding rays of pencils are at right angles.] 
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10°. Harmonic rows of points reciprocate into har- 
monic pencils of rays ; and in the particular case when 
one point D of the row A, By C, D coincides with the 
origin S ; 8A\ SR^ SG' are in arithmetical progression. 

11°. Parallel lines reciprocate into points collinear with 
the origin. 

12°. A point and its polar reciprocate into a line and 
its pole with respect to the reciprocal curve. (Cf. 7°.) 

Reciprocation of the Circle. 

81. Let the origin 8 be outside the circle (0, r) ; 
08= S; L the polar of with respect to the Circle of 
Reciprocation, and P the pole of any tangent to the 
circle at Z, 

For the two points and P we have, by Salmon's 

8P SO S 
Theorem, ^y = r^^= - = const. = e (say). 

The locus of P given by the equation 8P/PL=e is a 
Conic Section, of which S is termed a Focv^, L a 
DirectriXy and e the Eccentricity. (See Art. 79, Cor. 1.) 

When e > 1, the conic is called a Hyperbola, 
„ e=l, „ „ Parabola, 

„ 6<1, „ „ Ellipse. 

Thus the reciprocal polar of a circle is a hyperbola, 
parabola, or ellipse, according as the origin is outside, 
upon, or within the circle. 

In the particular case when the origin coincides with 
the centre of the given circle, the reciprocal curve is a 
concentric circle. 

Since the tangents to a circle are real and distinct 
from any points outside it, and reciprocate from S as 
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origin to two pointa at infinity ; their points of contact 
X and F reciprocate into two real tangents to the conic, 
meeting in G the correspondent ol XY, whose points of 
contact are at infinity. 

These lines are termed the ABymptotes of the hyper- 
bola. They are irrtoginary for the ellipse, though they 
intersect in a real point, and annddent with the line at 
infinity for the parabola. 

The tangents A' and R at the extremities of the 
diameter OS correspond to points A and B called the 
Vertices of the conic ; also since the distances of S from 
A', XY, R, are in H.P., SA, SO, SB their reciprocals are 
in A,p. ; hence C is the middle point of the segment AB, 
and it is obviously the point at which the asymptotes 
intersect.* 




• When the origin U outside tiie circle ita polar divides the ciroum- 
terence into two parte which are reapectively concave and convex to it. 

These portions reciprocate into two distinct curves convex and con- 
save to the origin as shown in the figure, and both branches rcAch to 
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Also since 8A\ SO and SR are in A.P., their reciprocals 
8 A, SL, SB respectively are in h.p. 

The tangents from any point K, on XF, to the circle, 
with XFand KS form an harmonic pencil (Art. 78, Ex, 5) ; 
hence by reciprocation any line through C meets the 
conic in an harmonic row of points, one of which, corre- 
sponding to the ray KS, is at infinity. Thus every chord 
of the conic through is bisected. On account of this 
property C is termed the Centre of the curve. 

Again, the tangents to the circle from any point on 
the perpendicular through S to RS and the lines joining 
that point to R and 8 form an harmonic pencil ; hence 
by reciprocation any line parallel to OS meets the conic 
in an harmonic row of points, one of which, correspond- 
ing to the ray through 8, is at infinity ; another, that 
corresponding to the ray through R, is on M the per- 
pendicular through C to 08, It is therefore manifest 
that the conic is symmetrically situated with respect to 
this line. It is moreover symmetrical with respect to 
ON, These rectangular lines OM, ON through the centre 
C are termed the Aocea of the curve. 



infinity. If, however, we assume in general that consecutive tangents 
to the circle reciprocate into consecutive points on the conic, by taking 
two tangents indefinitely near, one on the convex and the other on the 
concave part of the circle, we are led to the conclusions that the points 
at infinity on the opposite branches of the curves are indefinitely near, 
that the asymptotes are tangents at the points of coincidence, and that 
the hyperbola is a continuous curve. 
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Examples. 



1. A circle, any point and its 
polar with respect to the circle, 
e.g, . 

Circle, centre and line at in- 
finity. 

Circle, origin and polar of 
origin. 

Circle and inscribed polygon. 

Circle (or conic) and self con- 
jugate triangle.* 

2. The opposite sides of a 
cyclic hexagon meet in three 
collinear points. (Pascal.) 



A conic, a line and its pole 
with respect to the conic. 

Conic, directrix and focus. 

Conic, line at infinity and 
centre of conic. 

Conic and escribed polygon. 

Conic and self conjugate tri- 
angle. 

The opposite vertices of an 
escribed polygon connect by three 
concurrent lines. (Brianchon.) 



This result follows when the circle described about the hexagon 
is taken as the circle of reciprocation. 

In general, from any origin, the theorem of Pascal with respect 
to a circle reciprocates into Brianchon's property for a conic. 



3. Four points on a circle sub- 
tend at a variable point on it 
equianharmonic pencils. 



Four fixed tangents to a circle 
meet a variable tangent to it in 
equianharmonic rows ; 



hence, generally from any origin, the property of Euc. III. 21 
becomes : — A variable tangent to a conic meets four fixed tangents 
in rows of points which are equianharmonic ; and reciprocally four 
fixed points on a conic subtend equianharmonic rows at a variable 
fifth point on it. 

And again it follows conversely that, if two points connect equi- 
anharmonically with four others, all six lie on a conic ; hence : — 
Any two of the hexad of points connect equianharmonically with 
the remaining four. This system is sometimes called an Equi- 
anharmonic Hexagon, (Townsend, Mod, Qeom. vol. II. p. 168.) 



4. Concentric Circles. 



Conies having same focus 
(origin) and directrix. 



* If the origin is taken at one of the vertices of the triangle the cor- 
responding side of the reciprocal triangle is therefore at infinity, and 
its other two sides are diameters (conjugate) of the conic. See Exs. S, 9. 
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5. Circles having a common Conies having a common focus 
pair of inverse points (from and centre. 

either point as origin). 

From the symmetry of the conic we infer that such a system has 
a second common focus ; hence : — Coaxal Circles reciprocate from 
either of their common pair of inverse points into a system of Confocal 
Conies, 

6. Euc. III. 35, 36. The rectangle under the dis- 
tances of either focus from a 
pair of parallel tangents is 
constant ; 

hence from symmetry we infer that the rectangle under the 
distances of the foci from any tangent is constant ; and conversely, 
the envelope of a variable line, the product of whose distances from 
two fixed points is constant, is a conic having the fixed points for 
foci. 



7. A chord of a circle which 
subtends a right angle at the 
origin envelopes a conic. 

8. A variable chord of a circle 
passing through a fixed origin 
is divided harmonically by the 
point and its polar. 



The locus of the intersection 
of rectangular tangents to a 
conic is a circle. 

{Director Circle,) 

The variable chord of contact 
of two parallel tangents passes 
through and is bisected at the 
centre of the conic. 
Def. The diameter of a conic parallel to a tangent is said to be 
Conjugate to that which passes through its point of contact. 

Conjugate diameters of a 
conic. 



' 9. Conjugate points with re- 
spect to a circle (from the pole 
of line joining them as origin). 

10. If a variable point P 
moves on a line through the 
origin, S its polar passes through 
Q the pole of the line with re- 
spect to the circle ; and the 
tangents from P and the lines 
PQ and PS form an harmonic 
pencil. 



If a variable chord of a conic 
moves parallel to a fixed direc- 
tion, the harmonic conjugates of 
the points on it at infinity (i.e. 
the middle points) are coUinear ; 
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hence the locus of the middle points of any system of parallel chords 
is a line. 



11. Conjugate points coincide 
on the circle. 

12. The rectangle under their 
distances from the middle of the 
line joining them is constant. 

13. Euc. III. 21, 22. 



14. The locus of intersection 
of tangents containing a given 
angle is a concentric circle. 

Their chord of contact en- 
velopes a concentric circle. 



15. If the vertex of an angle 
of given magnitude is on a circle, 
its variable chord of intersection 
envelopes a concentric circle. 



16. If the angle is right, the 
chord envelopes the centre (from 
vertex as origin). 



Each asymptote is its own 
conjugate. 

The product of the tangents 
of the angles made bj a pair of 
conjugate diameters with either 
axis of the conic is constant. 

The angles subtended at a 
focus by either pair of opposite 
sides of an escribed quadrilateral 
are equal or supplemental 

The envelope of a chord which 
subtends a constant angle at the 
focus is a conic having the same 
focus and directrix. 

The locus of the point of inter- 
section of the tangents at the 
extremities is another conic 
having same focus and direc- 
trix. 

If two points are taken on a 
fixed tangent so as to subtend a 
constant angle at the focus, the 
locus of the intersection of the 
tangents through them is a 
conic having same focus and 
directrix. 

The locus of intersection of 
rectangular tangents to a para- 
bola is the directrix. 



The diagonals of a complete 
quadrilateral each subtend a 
right angle at a certain point ; 
or the circles on the diagonals are concurrent. 



17. The perpendiculars of a 
triangle are concurrent. 
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It follows, because their centres lie on a line, that they pass 




through a second point, the reflexion of the firet with respect to 
the line, >'.«., they are coaxaL 



The line joining the centre ti 
a conic to the foot of the per* 
pendicular from focus on anjr 
t&Dgent is constant. 



18. Having given the base 
and ratio of sides of a triangle, 
the locus of the vertex i 
circle to which the extremities 
of the base are iuverse 
(origin at either). 

The locuB of the foot of the perpendicular is called the AumHaiy 
CireU (^ the conic. The circle and cosic evidently touch at the 
extremities of the major axis. 

Since the centre of a parabola is at infinity, its auxiliary circle 
degenerates into the tangent at the vertex. 



a tangents to two 
circles subtend right angles at 
either common inverse point. 

20. The feet of the perpen- 
diculars from any point on a 
circle on the sides of au inscribed 
triangle are collinear. 



The perpendiculars through 
the vertices of a triangle, 
eacribed to a parabola, to the 
lines joining them to the focus 
are concurrent ; 

in other words, the drcum-drcle of a triangle described about a 
parabola passes through the focus (<S. Ex. IS). We infer that the 
drcum-circles of the four triangles formed by four tangente (that is 
Ai^ four linea whatever) meet in & point. 



Confocal < 
angles. 



> cut at right 
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It follows also, since any point (origin) on the circum-circle and 
the orthocentre are equidistant from the Simson line of the point, 
that the locus of the orthocerUre of a variable triangle escribed to a 
parabola is the directrix 



21. Having given base and 
vertical angle, the locus of the 
vertex of the triangle is a circle. 
(Euc III. 21.) 



If the extremities of a variable 
line, which subtends a constant 
angle at a fixed point, move on 
two fixed lines, it envelopes a 
conic to which these lines are 



tangents. 
It therefore cuts them equianharmonicallj. 



22. Since inverse segments 
subtend similar angles at any 
point on the circle, the segments 
of a line drawn across two 
circles subtend similar angles at 
either common inverse point. 

23. All circles meet in two 
imaginary points on the line at 
infinity. 

24. The polars of a point with 
respect to a system of coaxal 
circles are concurrent. 

25. The two points in Ex. 24 
are in perpendicular directions 
from either common inverse 
point. 

26. The sum of the squares of 
the segments of two rectangular 
chords of a circle is constant. 



The pairs of tangents to con- 
focal conies from any point are 
equally inclined. 



Confocal conies have pairs of 
imaginary common tangents 
passing through the foci. 

The poles of a line with re- 
spect to a system of confocal 
conies are coUinear. 

The locus of the poles is a line 
perpendicular to the given one. 



The sum of the squares of the 
reciprocals of the distances of 
the foci from two rectangular 



tangents is constant ; 
hence if p^^ p2, ttj, ir^ denote the distances of the foci from the 
tangents 21 /pi'= constant. 



27. In Ex. 26, if the square of 
the radius of reciprocation is the 
power of the 'point with respect 
to the circle. 



\ 



p^ -^Pi + ^1* + f^i = constant ; 
or the locus of the intersection 
of rectangular t&n.^<&wtj& ^& <^ t«ts.- 
centric co^'t VJ>vpefctw ^T^i^ 
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28. From the properties of 
the conic, rectangular tangents, 
director circle, centre and line 
at infinity. 



A variable chord of a conic 

which subtends a right angle at 

anj point envelopes a conic ; and 

the focus and directrix of the 

envelope are pole and polar with 

respect to the given conic. 

If the point is on the given conic the envelope reduces to a point * 

on the perpendicular to the tangent passing through its point of 

contact. (The Normal.) 

29. The base BC of a triangle ABC inscribed in a circle is fixed 
and the origin taken at its pole. Applying the formula of Art. 79, 
Ex. 10, we have the area of the reciprocal triangle constant, hence : — 
the area cut off by any tangent with the asymptotes is constant. 
And conversely, given the vertical angle in position and area of a 
triangle^ the envelope of the base is a conic ; and the sides are divided 
equianha/rmonically by the extremities of the base, 

30. Show by reciprocating from a vertex of a self conjugate 
triangle with respect to a circle that 

a°. The sum of the squares of any two conjugate diameters of an 
ellipse is constant. 

P*, The difference of the squares of any two conjugate diameters 
of a hyperbola is constant. 

31. Find by the methods of Art. 79, Exs. 3 and 4, the tan- 
gential equations of a conic circumscribed or inscribed to the 
triangle of reference. 

* This is proved independently as follows : If two right lines are 
drawn at right angles through a fixed point and intercept a variable 
segment AB on a fixed tangent to a circle ; the locus of the intersection 
of tangents through A and ^ is a line. 

For it is a locus that can only meet the given tangent in one point ; 
therefore, etc., by reciprocation. 



CHAPTER VIII. 

Section I. 
Coaxal Circles. 

82. Definitions. — The Radical Aods L of two circles 
A, rj and B, r^ is the line perpendicular to AB and 
dividing it so that AL^ - BL^ = r^^ - r^l Cf . Art. 72, Ex. 3. 

It follows from the definition that L is the common 

« 

chord of the circles when they intersect, and we may 
generalize this statement by regarding the radical axis 
as their chord of intersection real or imaginary. 

Thus all circles having a common radical axis pass 
through two real or two imaginary points. 

Such a group is termed a Coaxal System. 

83. It has been seen. Art. 72, Ex. 3, that a variable 
circle cutting two given ones orthogonally passes through 
two fixed points, viz., their common pair of inverse 
points ; this orthogonal system is therefore coaxal ; and 
from their mutual relations the two groups are said 
to be Conjugate Coaical Systems. It is obvious that if 
either set possesses real points of intersection, the other 
does not; also the common points of one set are the 
common pair of inverse points with respect to the other. 
Art. 72, Ex. 1. 

Since the line of centres AB bisects the covjasskax^ A^^^^ 
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MN it is the axis of reflexion of each common point with 
respect to the other. 




NoTBL — If two circles are concentric their radical axis ia the line 
at infinity ; therefore a system of concentric circles passes through 
two imaginary points at infinity. 

These are called the Circuiar Point). 

If the circles touch, their radical axis is the common tangent at 
the point of contact. 

If the circles reduce to points, the radical axis of two p(»nts ia 
their axis of reflexion. 




84. Let A, r^; B, r^\ 0, r, ... deno.te the circles of a 
coaxal system. Then, since 
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AL^^BD^r^^^r^, AL^'-CD^r^'-r^, etc., 

we have by transposing 

AL^''r^^=^BU'-ri=^CD-ri^...^±lc' (1) 

The common value of these quantities {±h^) is the 
Modulus of the system. It is positive for a non-inter- 
secting system and negative for the intersecting or 
common point species. 

86. It follows from Art. 84 (1) that the position of the 
centre C of any circle of given radius of a coaxal system 
is determined, and conversely. In the former case 
CL^^AL^—r^^+r^^sQ, known quantity. 

Two values of CL equal in magnitude but of opposite 
signs are thus found. Hence the reflexion of every circle 
of the system with respect to the radical axis is also a circle 
of the system. The radical axis is therefore the line 
around which the entire group is symmetrically disposed. 

86. The radical axes of three circles taken in pairs are 
concurrent (Art. 72, Ex. 6). In the particular case when 
their centres are collinear the axes are parallel, and the 
point of concurrence {Radical Centre) is at infinity. If 
the circles are coaxal the radical axes coincide and the 
tangents from any point on this line to the three circles 
are therefore equal. 

Conversely, if three circles whose centres are collinear 
have a radical centre not at infinity they form a coaxal 
system. 

87. Limiting Values of the Radius given by the equa- 
tion Alf — r^ a const. 

Since AL^-^r^ is constant, AL and r^ increase and 
diminish in value together ; or «ijwiciit^\ii% ^& '^^ ^asc^x^ 
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approaches to or recedes from the radical axis^ the radius 
diminishes or increases. 

It follows in the limit when G is at infinity that the 
circle loses its curvature, and a portion of it coincides with 
the radical axis. The remainder being at infinity is 
the line at infinity; hence we regard the line at infinity, 
and the radical a^xds, together as forming the oircle oj 
the system whose radius is infinitely great* 

Again, since AL^ — r^^ = CL^ — r^ if r^ = 0, 

CL^^AL^^r^ (1) 

The two values of GL in this equation determine there- 
fore the positions of the centres of the circles of infinitely 
small radii. These are the Points or evanescent Girdles 
of the group, and are termed the Limiting Points. 

By(l) r^^ = AL^^GD = {AL^GL){AL+GL) 

=AG.AG\ 

where G' is the reflexion of G with respect to the radical 
axis ; therefore the limiting points are the common pair of 
inverse points of the coaxal system. (Of. Art. 72, Ex. 1.) 
Hence the radical axis of a circle and point is the axis of 
reflexion of the point and its inverse with respect to the 
circle. 

88. Theorems. — I. The radical axis of a coaxal system 
is the locus of a point the tangents from which to the 
circles are equal. 

Let the tangents from P be t^ and t^ 

* Since two circles meet on their radical axis, we infer that any 

two circles pass through two imaginary points on the line at infinity. 

Also, because every two circles intersect on this line, therefore all 

circles pass through the same two imaginary points, t.e. t?ie Circular 

^oin/s at Injinitf/. 
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Then t^* = PA^-r^\ t^=P^-r^; 

hence, by subtraction, 

'i* -t^=PA^-PS^- (ri^ - r^') = ; (Art. 82) 
therefore, etc. 

IL More generally, The differetice of the a^iarea of the 
tcvngenta {t^~t^)from, any point P to tivo circle8=twice 
the rectangle vmder the distance between their centres 
and the diataiice of P froTti their radical axis ; or 
t^^-t^ = 2AB.PL. 
For, draw PP" perpendicular to AB and take M the 
middle point of AB. 

Then t^=AP^-r^, and t^ = BI^-r^; 

hence t^^-t^=AP^- BP^ - {r^ - r^) 

= AP^-BF^~iAI^-BL^) (EucL47) 
= 2AB.FM+2AB.ML; {Eucn.6or6) 
therefore t^-t^ = 2AB . PL. 




Cor. 1. If P be any point on one of the circles {B, r^), 

(j = 0, and tj^ = -2AB . PL, or V ■= -P^ ; 

or, if the square of the tangent from a variable 'Qoini. io 

a given circle varies as ite distaniuse Jtoto, o. fsuA. \\.-w*.. 



t?^BG' (^^ 
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the locus of the point is a circle coaxal with the given 
circle and Vine, 

Cob, 2. More generally, if C be the centre of a circle 
coaxal with A and B passing through P, t^ and t^ the 
tangents from P, we have, by Cor. 1, 

t^^2A0.FL (1) 2,nAt^:=2.BC.PL (2); 
dividing (1) by (2), we have 

tJi_AC 

hence the locus of point such that the ratio of the 
tangents drawn from it to two circles is constant is a 
coaxal circle whose centre is determined by (3). 

Cor. 3. The common tangents to two circles each sub- 
tend right angles at the limiting points. 

For, if Jlf be a limiting point, XY one of the common 
tangents, and L its intersection with the radical axis, 
LX=LY=LM; therefore, etc. 

Cor. 4. If a variable chord XF of a circle be divided 
at P such that PX .PT<x: PJiP, where Jf is a fixed 
point ; the locus of P is a circle coaxal with the given 
circle and point. 

The line PM is the tangent from P to the limiting 
point M ; therefore, etc. 

Examples. 

1. If a variable chord (AB) of a circle (0, r) subtend a right 
angle at a fixed point (M), the loci — 
a^ of its middle point N ; 

)8°. of N' the foot of the perpendicular on it from M ; 
7*: of the pole P of ^5 
are circles each coaxal with the giveu ^m\. w^^ ca^X^, 



[To prove o° and /3° ; we have 

JfA.JVB N-A.N-B " ' 
bence A' and N' lie on the same circle coaxal with if and 0, r, 
whose centre bisects internally the interval OJf, by Cors. 2 and 4, 




To prove y°. Since N deBcribes a circle, its inveree P describes a 
circle coaxal with 0, r and the locue of N. For the locus of Pis a 
circle ; and it is coaxal with the other two, because the three circles 
have a common pair of points real or imaginary.] 

2. The orthocentre of a triangle is the radical centre of the circles 
described on the sides as diameters ; and the common value (Art. 
77) of the rectangles under the segments of the perpendiculars is 
the radical product of the point with respect to the circles. 

3. The middle points of the four common tanfrenls to two circles 
the coUinear. 

/"Each point of bieectioa w on tt« "re^Aiai. »aM,\ 
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4 Find the radical centre and product of the ex-circles of a 
given triangle. 

[The middle point of the base is the middle point of the common 
tangent to the two circles which touch the base externally ; there- 
fore the line through it parallel to the internal bisector of the 
vertical angle, i,e. at right angles to- their line of centres, is their 
radical axis. Similarly for each of the remaining pairs. Hence 
the radical centre is the in-centre of the median triangle ; and, 
generally, the ex-centres of the median triangle are the radical 
centres of the three triads of circles formed by taking the in-circle 
and two ex-circles of the original triangle. 

For the values of the radical products, see Art. 48, Ex. 1.] 

5. The circum-centre of a triangle is the radical centre of any 
three coaxal systems which have B and C, C and -4, A and B for 
limiting points. 

6. The extremities of any two secants to two given circles which 
intersect on their radical axis are concyclic. 

7. Any circle P, R cutting two circles A, ri ; B^ r^ at angles a 
and j3 meets the radical axis at au angle given by the equation 

/)_ riC08a-r2COsff 
''''^^ AB • 

[Denote the secants by PXX' and FYY'. Applying the formula 
t^ -t2^z=2AB. PL, we have 

2AB,PL=R(R+XX')-R{R+rr') 

=R{XX' - rr) = 2/?(riC0S a - r^oa y8) ; 

, PL ricos a - r2COs B 
hence -^ j^ 

But PZ//?= the cosine of the angle in the segment of P, R made 
by the intercept on the radical axis ; therefore, etc.] 

8. The axis of perspective of ABC and its pedal triangle is the 
radical axis of the circum- and nine-points-circles. 

[By Art. 88, I. and Euc. III. 36.] 

8a. The line joining the orthocentre and circum-centre is at right 
angles to the axis of perspective of ABC and the pedal triangle. 
[It ia the line of centres of tlie circwm- aiA mTvfe-i^\Tv\&-^Yc^^?^ 



9. Two circlea touch st M and a chord AB at either touches the 
other at t ; prove that PM is a bisector of the angle AMB. 




[By Art. 88, ar. 2, APIAM=BPIBM.] 

10. For any cyclic quadrilateral whose diagonals intersect in 31 ; 
prove that, if the bisectora of the angles between the di(igouals 
meet the four sides in X, F, X', 7', 

AL.BL.CL. DL=XL . TL . X'L . T'L, 
where L is the radical axis of the circle and point. 

11. If X, Mf S denote the radical axes of three pairs of circles 
Xand A, X and B, X and C, and i', M", S' the radical axes of Y 
and A, Faiid B, T and C; to prove that the two triangles LMN 
and L'M'N' are in perspective ; and that the centre of perspective 
is the radical centre oi A, B and C ; and their axis of perspective 
the radical axis of X and Y. 

[For MN is a point on the radical axis of B and C (Art. 72, Es. 
6) ; similarly M'X' a vertex of the triangle L'M'N' is on the same 
line ; therefore, etc.] 

12. If three Hues AX, BY, CZ be drawn from the vertices of a 
triangle to the opposite sides ; the radical centre of the circles on 
these lines as diameters is tte ortlioceiitre and their common 
orthogonal circle the polar circle of the triangle. 

[The perpendiculars of the triangle are respectively chords of 
these circles ; therefore, et«. Art. 77.] 

13. For any three circles ^,JJ, (7and three others taken with them 
Buch that B, C, X ; C, A, Y; A, B, Z form tliree coa.ia.V «j^Ajas:a\ 
to prove tJiaCj 1", the system oi aix <^ic\«« \iavft ftia ws.^« -raftftsA. 
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centre aud product ; and, 2°, if the centres of JT, F, Z are collinear, 
these circles are coaxal. 

[In 1"* the radical centre and product is obviously that of the 
circles A^ By C; 2° follows at once since, if the circles be not 
coaxal, their radical centre is at infinity. Art. 86.] 

14. Two coaxal systems have a common circle ; find the locus of 
the points of contact of the circles which touch. 

[Let L and Z', the radical axes of the systems, meet at P, and ^be 
one point of contact. The common tangent at T passes through P, 
and FT is the radius of the common orthogonal circle of the two 
systems, which is therefore the required locus.] 

15. The radical axis of any two circles bisects the distance be- 
tween the polars of the centre of each circle with respect to the 
other. 

*16. Three circles are described each touching two sides of a 
triangle and the circum-circle internally in points Z, Mj and iT ; to 
prove that the triangles ABC and LMN are in perspective. 

[Let one of the circles touch the sides a and h in the points P 
and Q and the circum-circle in N, Then N being a limiting point 
of the two circleB AQyAN^=BI^IBN^=-{R' p)IRy where p is the 
radius of the inner circle; but AQ=b - CQ=b - ah/s, Art. 6, Ex. 
3 ; similarly, BP=a-ab/s; substituting these values and reducing 

we get ^=lzf^/il^. Also, AN/BiV =the ratio of the perpen- 
diculars from iV on the sides b and a respectively. (Euc. IIL 22.) 
Similarly, the ratios of the perpendiculars from L and M on the 

corresponding pairs of sides of ABC are Ll_ /izf and tzlltzSt ; 

therefore, etc., by Art. 66.] 

*17. If circles are described as in Ex. 16 touching the circum- 
circle externally in points L\M\ N\ the triangles -i^C and L'M'N' 
are in perspective. 

*18. The centres of perspective in Exs. 16 and 17 are respectively 
the isogonal conjugates of the centres of perspective of ABC and 

*Pro{^aoT de Longchampa, ^^'^. Timea, JxxV-^ A^^. 
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the triangle formed by joining tlie internal poiota of coutact of the 
escribed circles with the sides (.point de A'agel) ; and of ABC and 
the triangle formed by Joining the points of contact of the in- 
circle with the sides (point dt Oorgonne). 

[Make use of the property given in Art. 64, Es, 3.] 
19. Tlie nine-points-circle of a triangle touches the in- and three 
ex-circles. 




[Let J fl<7 be the triangle, Oand /the centres of the circom- and 
in-circles, PP the common diameter, XYZa-nA X'Y'Z' the Simaon 
lines of P and P', R their point of intersection, X, M, A' the middle 
pointo of the sides, L', M", N' the points of contact of the in-circle. 

Since OP" OP', NZ=NZ. But the Sirason lines of two points 
diametrically opposite meet at R at right angles on the nine point« 
circle ; therefore XZ=NZ' = NR. Again, OPIOI=NZISN' 
=ySINJf'; therefore NRjSN' = MRjMM' = LRjlL' ; hence it 
follows that A is a limiting point of the in-circle and the circum- 
circle of the triangle LMN. See Art. 83 Note, This elegant proof 
of the well-known property is due to M'Cay.] 

20. A variable circle 0, p touches two circles jf, ri ; 5, rj ; prove 
that the polar M of its centre with respect to either {A, r) envelopes 
a fixed circle. 

[Since it touches ^e two circles, it cuta their raidica.1 a.u& L «^ «. 
wawtent angle (Art. 88, Ex. T), ot p|0L=«»a4\,. Tiww ^.-^niS^'i?. 
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L' to L Buch that pjOL=r,!LL', then each of theae ntioa^AOjOL'. 
Let P be the pole of L' with respect to A,ri; by Salmon's 
Theorem, we have AOIOL'=APIPM, therefore PJf is constant, and 
the envelope of iV is the circle described with P as centre and PJf 
as radius.] 

Note. — If fo»r positions Oi, 0^ O3, 0, of the centre and their 
corresponding polars Jf„ 3f^ M^ M^ ore taken ; since the anharmooic 
ratios made bj the four tangents on &ay variable one ^ is constant, 
therefore (Art. 80, 6°), the envelope circle reciprocates into a cam 
oi such a nature that the anharmouic ration of the pencils joining 
four fixed points on it to a variable fifth are equal. This we haTe 
seen Art. 61, Ex. 3, to be a conic section ; and the ratio AOjOL' b 
the eccentricity, A the focus, and L' the directrix of the conia 




89. Theorem. — A atraighi line ie drawn to meet two 
circles A, r^ ; B, r^ in points X, X' and Y, Y respectively, 
to prove that the tangents at theae points intersect in fowr 
poinis P, Q, R, S which lie on a circle cooomI with the 
given ones. 

Let a and 8 be the anglea of intersection of the line 
with the circles. Then 

sinalsia^=PY'IPX = QY!QX = MYIRX=SriSJ': 
ihereloie, since the ratios of the tangents {ti'.t^ from 
eaeh of the points P, Q. K. S to ^"be ^v«v ■as^^a we, 



equal, they lie on a coaxal circle, whose centre G is giyen 

by the relation :^=53^ = ?l. (Art. 88, Cor. 2) 




Cob. 1. Since eixia=XX'j2.ry and sm^=YY'lir^ we 
have by division 

iA = 8in^/8ina=F77ZZ'-;-rj/r,; (1) 

therefore, if the intercepts made by two fixed cirelea on a 
variable line are in a constant ratio {XX'jYy), the 
tangents at the points of intersection meet on a fioeed 
circle coaxal vntk (Afi given ones. 

Cor. 2. If the intercepts in Cor. 1 have the ratio of the 
radii f j = t^, a = ^, C is at infinity, and the locus of the 
intersection of the tangents is the radical axis. 

Cor. 3. If the intercepts are in the sub-duplicate ratio 
of the radii XX'^/Y7^ = rJr^ then 

t^yt^^ = rJr^=ACIBC* 

' The two points Cj and Cj Batiafying thia relation are earily seen to 
be the polnbi of intenection of the direct and tranHverae common 
tangents to the two circlea and are called their Cmlrta 0/ Similiitule, 
The correaponding coaxal circles ate the ExlvmaJi atid ItiXcmnlCw'J** 
qf Anti-amilitHde qfiht two givtti <ma. 
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hence the circle coaxal with two given ones whose centre 
divides the distance between their centres in the ratio of 
the radii is the locus of a point, the tangents from which 
to the given circles are in the sub^duplicate ratio of the 
radii 

Cor. 4. If the intercepts are equal, XX' =^ TY, the 
tangents are in the ratio of the radii and the locus of 
their intersection is called the Circle of Similitude oi the 
given ones ; its centre C is given by the equation 

ACIBG^r^jr^, (Cor. 1.) (1) 

Cor. 5. Since AB is divided internally and externally 
in Cg and C^ such that d7^="d7^=~^ ^^^ again in (7, 

1 2 2 

AC r^ 
by Cor. 4, such that D^rr = — 2» ^* follows (Art. 70) that 

2 

C is the middle point of the segment C^G^ and that the 
circle of similitude is the circle on it as diameter. 

Cor. 6. If the line XX' YY' passes through the inter- 
sections (Qfi>, PR and F&^ QR) of opposite connectors of 
the quadrilateral; when PQ and R8 are parallel; the 
circles A and B reduce to points and are therefore the 
limiting points of the system ; i,e. the common pair of 
inverse points of the circum-drcle of the trapezium 
PQR8 and that touching the parallel sides at Z and Zi. 
(Art. 72, Ex. 13.) 

Examples. 

1. Any line meeting a pair of opposite sides of a cyclic quadri- 
lateral at equal angles makes equal angles with each of the 
remAimag pairs (Euc. III. 21, 22) ; intersects them in points XX\ 
T^F', Z2r such that the circles toxichmg tYv^ "^Vc^ ot c>i^^^ite cou- 
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nectors at these poiots are coaxal with the given one ; and one of 
them lies on the aide of the radical axis opposite to the other tiro. 

2. A variable quadrilateral inacribed in a circle moves so that a 
pair of opposites envelope a circle, then each of the remaining pairs 
of opposites always touch circles coaxal with the given ones. 

3. A variable triangle ABO is inscribed iu a circle of a coaxal 
system, and tvo of its sides each envelope a circle of the system. ; 
to prove that the third side AC envelopes another. 




[Let A'BC be any other position of the given triangle. Tbeu 
ABA'B is a cyclic quadrilateral, and one pair of opposites AB and 
A'B touch a given circle, therefore AA' and BB touch one circle 
of the system. 

Similarly BB and CC touch one circle of tlie system. But BB 
can touch only one circle of the group on either side of the radical 
axis, Art. 93, Ex. 6 ; hence AA\ BS, CC touch the same circle. 
Now consider the quadrilateral AA'CC ; it is obvious by Ei, 3 
that AC and A'C touch one circle ; therefore the envelope of AC 
is a coaxal circle.*] 

4. Poncelet's HieorenL— If a variable polygon inscribed in a 
circle of a coaxal system moves so that all the sides but one touch 
fixed circles of the system, the last side also touches in eveiy 
position a fixed circle of the system. 

[By Ex. 3.] 

• Dr. Hart, Quarteriy Jownot, N iV 11. "t- ■^^- 
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5. The problem " to describe a polygon having all its vertices on 
a given circle and all its sides touching another " is either impossible 
or indeterminate. 

[Let all the circles in Ex. 4 touching all the sides but one of the 
polygon coincide ; it follows therefore that if the last side touches 
this circle in one position it touches it in every position.] 

6. To find the relation connecting the radii r\ and r^ of two circles 
and the distance 8 between their centres so that a quadrilateral 
may be inscribed to one and circumscribed to the other. (Art. 88, 
Ex. 1.) 

[By Ex. 5) when this is possible the position of the quadrilateral 
is indeterminate. Assuming it to have the position of symmetry, 
t.e., with a pair of opposite vertices at the extremities of the 
common diameter, and 6 the angle between any side and this dia- 
meter. By right-angled triangles we have the relations 

— ^ «=sin e and -^=cos d 

^2-0 ^2 + 

squaring and adding these results 

7. If Ay ri, By r2, C, r^ be three coaxal circles such that a variable 
quadrilateral whose pairs of opposite sides envelope A and B is 
inscribed in C, prove that 

where Si and 83 denote the distances AC and BC, 

[By the method of Ex. 6.] 

8. If a variable line L meet two circles Jri, Br^ so that the chords 
intercepted, 2c and 2d are in a constant ratio k ; to show that two 
points A'y B maiy be found on the line AB to satisfy the relation 

A'L, i5'Z= const. 
[For c2=ri2- JZ2, d^^r}-BL\ 

hence r^ - AL^^K\r.? - BU)y 

or (AL -f kBL)(A L - f 5Z) = ix)nst., 

but JZ-»-k£L=(1-Vk)A'L, 
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uid AI-kBL=0.-k)BL, 

where A' and B dmde the line AB intenu^f and extenudlj in the 

Nora— The variable line in the present article is thus seen to 
envelope a conic of which the points A' and B" are the foci 

90. We have seen. Art, 86, that in general three drclea 
have but one common orthogonal circle, and in ihe 
particular caae when more than one can be drawn the 
three form a coaxal system. 

This property is sometimes of use in determining 
whether circles are coaxal, and may be regarded as a 
criterion of coaxality. The following illustrations are 
due to Walker, 

91. Let ABC be a triangle and XTZ any transversal 
to its sides. Join AX, BY, CZ. These lines are drawn 
from the vertices of each of the four triangles ATZ, 
BZX, CXY, ABC, and terminated by the opposite sides; 
therefore, Art. 88, Ex. 12, the orthocentres of the four 
triangles are each the radical centre of the circles de* 
scribed on AX, BY, CZ as diameters. 




Hence we have the following theorems : — 
1°, The orthocentres of the foot \iT\aii'^ift& Vsnaa^-Ns^ 
any four lines are coUiuear. 
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2^ The middle points of the diagonals AX, BY, CZ of 
a complete quadrilateral are coUinear. 

3*. The line of coUinearity of the orthocentres is at 
right angles to the line in 2^ called the Diagonal Lirie of 
the QuadHlateral. 

4^ The circles on the three diagonals as diameters are 
coaxal. 

5"^. The polar circles of the four triangles belong to the 
conjugate coaxal system. 

Examples. 

1. Ay By Cy D EFe tHo vertices of a convex quadrilateral taken in 
order ; -4«, Bey Ci, 2>, and Aiy Biy Ci, Z>< the external and internal 
bisectors of the angles ; prove that 

a'. The sixteen centres of the circles touching the sides of the 
four triangles formed by taking the sides of the quadrilateral 
in triads, lie in fours on these bisectors. 

j8°. The following groups of quadrilaterals are cyclic : — 

Ai Be Ve Di) AeBe Ci A J 

Ae Bi Ve JJi) Ai Bi d Di J 

y*, jGrroups (a) and (c) are coaxal, and groups (6) and (d) con- 
jugately coaxal. 

[These properties are proved by employing Euc. III. 32 to show 
that any circle of either group is cut orthogonally by any circle of 
the other group. Bussell.] 

2*. Ay By Cy D KT^ fouF poluts on a circle. Omitting each point 
in turn we have four triangles ; prove that the sixteen centres 
of the circles touching the sides of these triangles lie in fours on 
four parallel lines, and also in fours on four lines each perpendicular 

* EducalUmal TimeSy Reprint VoV. U. ^. ^. 
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to the former set ; and that the two sets of lines are parallel to 
the bisectors of the angle between AC and BD, (M'Cay.) 

3. ABC is a triangle, AA' dk diameter of the circnm-circle and 
H the orthocentre ; show that A ' and H are equidistant from the 
base BC \ and hence deduce the theorem "the Simson line of 
any point is equidistant from the point and orthocentre of the 
triangle." 



Section II. 

Additional Criteria of Coaxal Circles. 

92. I. Relation connecting the distances between the 
centres and the radii of three circles of a coaxal system. 
Let the circles be denoted by A, r^ ; B^r^; 0, r^. 
Then for any point P on the radical axis, we have 

BC.AI^+CA.BI^+AB.CI^=^BC.CA.AB; 

hence if ^ be the length of the tangent from P to the 
circles, since AP^=r^+t\ etc., by substituting in this 
equation and reducing, 

BC.r^^+CA.r^^+AB.r^^=^BC.CA.AB, (1) 

a result from which the radius r^ of any circle of the 
system may be found when the pasition of its centre is 
known ; and conversely. 

Cor. 1. If 7*3= 0, C is a limiting point (Art. 87), by 
letting AC=^x in (1) we obtain a quadratic in x, the last 
term of which is r^. Hence the product of the distances 
of the limiting points from the centre of any circle of the 
sy stem = the square of its radius. Cf. Art. 87. 

Cor. 2. If r2=r3=0, the criterion reduces to 

AB.AC^T^. 
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Examples. 



I. If ti, ti, ti denote the tangents from a,uy point P to three 
cirdea of a coaxal Bystem ; to prove that 

BC.li''+CA.ii'+AB.l,»=0. 

[For BC.AI^+CA.£l»+AB.Cl^=-BO.CA.AB, (1) 

and BC.ri*+CA.n^+AB.r^^= -BC.CA .AB. .(2) 

Subtracting (2) from (1) ; therefore, etc.] 

5. Deduce as a particular case of Ex. 1 the theorem : — The locus 
of a point, the tangents from which to two given circles are in a 
constant ratio, is a ooaial circle. 

[Let (j=0.] 

3. Explain the formula of Es. 1 when (a='j=0. 

4. Find the locns of a point P if the product of the tangents 
from it to two circles bears a constant ratio to the square of the 
tangent to any circle coaxal with them (ltiti=ti^). 

[In Ex. 1, substituting the given condition, the equation reduces 
to the form ((i-m(j)((i— n(2)=0 ; hence P describes two coaxal 
circles, since the ratio of the tangents fg and ti=>n, or n.] 

6. If the common tangent ZZ' to two circles meet a coaxal circle 
in the points A and B ; to prove that M2 and MZ" are the bisectors 
of the angles subtended by the chord AB at either limiting point 




[For AZ, AM and BZ, BM being pairs of tangents drawn from 
two points A and B on the same circle to two circles of the system, 
it follows that AZJAM=BZjB3f, by alternation AMIBM=AZIBZ, 
aj'd for a aimitur reason =AZ'IBZ' ; ttiMfttoie, ^a.^ 



6. To describe two circles of a coaxal system touching a given 

[In Ex. 5 divide the line AB intenialtj and externally in Za.ad 
Z' in the given ratio AMIBM; therefore Z and Z' are the required 
points of contact. It will be noticed that the circles lie one on 
each side of the radical aiia.] 

7. A triangle ABC is inscribed in a circle of a coaxal system ; 
prove that the points of contact X, X', Y, T', Z, Z' of the three 
pairs of circles of the system which touch the sides BC, CA, and 
AB respectively, 

a°. Lie three and three on four lines, 

ff. Connect with the opposite vertices by six lines, passing three 
and three through four points. 

[Apply the relations in Ex. 5 to the three sides ; therefore, etc. 
Art«. 62 and 6a] 

8. Apply the criterion of the Article to show that the nine-points^ 
circum- and polar circles are coaxal, 

9. If points B and D are taken on any two circles whose centre* 
are and C and joined to the limiting point M such that BUD is 
a right angle, the locus of the intersection of tangents at B and D 
to the circles is a coaxal circle. 




[Let the line BD meet the circles again in A and C ; then 
ifffl _U0 JTC' MB.MC 

AB.BD 00'"aC.CD~{aB.AC.BD.CD-^' 
also _^^_^M(y jfffl _ jfA.MD 

' AB.AC im^'EDTm (.iB.AC.BD.CBf 
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But since BMD^W, AMC=-90* (Art. 72, Cor. 8X 

and therefore BMC+ AMD = ISOT ; 

hence BC^ MB.MC ^MO 

AD MA.MD Ma' 
by (1), a constant quantity ; therefore, etc. (cf. Art. 89, Ex. 8).] 

10. A quadrilateral PQRS is inscribed to one circle and escribed 
to another at the points A, B, C, D; prove that its position is 
indeterminatey and the diagonals PR and QSy EC and AD of the 
two cyclic quadrilaterals intersect (the latter at right angles) at the 
limiting point M, 

[By Art. 89, Ex. 6. See also Art. 88, Ex. 1, and Art. 67, Cor. 6.] 

11. Construct a quadrilateral in a given circle symmetrical with 
respect to a given diameter and circumscribed to a circle having its 
centre at a fixed point on the diameter. 

[Find the radius of the second circle by Art. 89, Ex. 6.] 

93. II. A variable circle cuts three others of a coaxal 
system at angles a, fi, y, to prove the relation 

BC. r^cos a + CA . r^cos ^+AB . r^cos y=0. 

Let P, p be the variable circle meeting the given ones 
at the points R, 8, T respectively ; join PR, P8, PT, and 
produce the lines to meet the circles again in Rf, S^y T. 

By Art. 92, Ex. 1, BG. t^ + CA . t^ + AB . ^3^=0, but 
t^^=PR.PRf=p{p+RRf)=^p(p+ir^cosa\ with similar 
values for fg &^d ^3. Substituting these values in the 
equation and reducing, we obtain the required result. 

Cob. 1. If two of the circles are cut orthogonally, 
every circle of the system is cut orthogonally. For if 
a=j8=90**, two terms of the equation vanish, therefore 
jl£.r3cosy=0 or y=90*. 

Cor. 2. If the variable circle touch two of the given 
ones, it cuts the circle 0, r^ C08i;sLa\ m\\i i\i^m «.t an. angle 
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determined by the equation AB . rgcos y = ± BG. r ± CA . r^ ; 
like signs being taken when the contacts are similar and 
unlike signs when the contacts are dissimilar. The four 
possible values arising from the selections of sign on the 
right side of the equation give the values of y correspond- 
ing to each assigned species of contact. 

CoR. 3. In Cor. 2, if cos y =0, the centres C of the par- 
ticular circles of the system which are cut at right angles 
are given by the relation 

BC.r^±GA.r^=0, 
or AC/BC= ±rjr^ 

Hence, the variable circle having similar contacts with 
two given circles cuts at right angles the coaxal circle 
whose centre is their external centre of similitude ; and, 
if the contacts are dissimilar, the coaxal circle whose 
centre is the internal centre of similitude. 

Cor. 4. If a= ±j8 and y=90, the equation reduces to 
AC/BC= ±rjr2y as in Cor. 3. Hence, the variable circle 
cutting two others at equal or supplemental angles cuts 
at right angles their exteimaZ or internal circle of anti- 
cimUitude respectively. 

CoR. 5. Let the radius of the variable circle be infinite ; 
hence (Cor. 3) all lines cutting two circles at equal or 
supplemental angles are diameters of their external or 
internal circles of antisimilitude. 

Examples. 

1. To describe a circle cutting any three circles A, ri; B, r2; 
Cy rs at given angles a, /3, y. 

[The required circle cutting B^ r^ ; (7, ^3 at given angles, therefore 
touches a known circle coaxal with them by Cor. ^ \ ^sssi^s^ Sssx, 
each of the remaining pairs of the gWen cVrcXft^ ', \\«ivc»V>cv^y^^^««s^ 
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reduces to " describe a circle toticking three given circles with assigned 
contacts,** There are in consequence eight solutions. These are 
given in a subsequent chapter.] 

2. Show that Ex. 1 cannot be reduced to describing a circle 
cutting three given circles orthogonally. 

[For let X be the circle coaxal with B and C which is cut ortho- 
gonally by the required circle, and constructed by putting y =90 in 
the relation of the present Article ; similarly let T coaxal with C 
and A, and Z coaxal with A and B, be circles cut orthogonally by 
it. Their centres, being found by the relations 

BX__r^os y Cr__riC08 a AZ__r^OB^ 
CX T^cos^S' A Y rscos y BZ ncos a ' 

are coUinear, Art. 62, and their common orthogonal circle therefore 
indeterminate.] 

3. A variable circle P, p touches two others A^ n ; B^r^*, show 
that the square of the common tangent t^ to it and any third circle 
C, rz coaxal with them, varies as its radius (<* oc p). 

[By Cor. 2 it cuts C, r^ at a constant angle y. But (Art. 4 (1)) 
4 sin2Jy=^/p . 7*8; therefore, etc In the particular case when C, r, 
is a limiting point we have the theorem : — " if a variable cirde totich 
two fixed circles^ its radiics is in a constant ratio to the sqtmre of the 
tangent to it from either of the limiting points/* Also, " the ratio of 
the tangents from the limiting points is constant,'^ 

4. A variable circle cuts two fixed circles at angles a and j8, tan- 
gents are drawn from its centre to the circles, and tangents ti and 
^ from the points of contact to the variable circle ; prove that 

t^jt^^riQOA a/rjcos P, 

and deduce the properties of Ex. 3 as particular cases (Preston). 
See Spherical Trigonometry^ Art. 159, Ex. 15. 

5. Find the locus of the centre of a circle cutting any three circles 
at equal or supplemental angles. 

[By Cor. 4.] 

6. The vertex and base of a triangle are fixed in position and the 
vertical angle given in magnitude ; find the envelope of the circum- 

circle. 



CIRCLE OF SimilTUDE. 



Circle of Squlitdde. 

94. Let A, r, ; £, r, be any two circles, Z and Z' the 
points of section oi AB such that 

AZ_A^_r^ 

BZ BZ j-j' 
then the segments AB and ZZ divide each other harmoni- 
cally, and the circle C, r, on ZZ as diameter is termed 
their CircU of Similitude. The pointa Z and Z are 
the Internal and External Centres of Svmilitude. 

95. The circle of similitude has the following funda- 
mental properties : — 




1°. Its centre C and radius r, are connected by the 
relation GA . CB=r^ (Art. 70), or the centres of the given 
circles are inverse points vnth respect to their circle of 
similitude. 
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2°. The points Z and Z" are the intersections of the 
transverse and direct common tangents. 

3^ It is coaxal with the given circles. 

[For Z and Z are on the same circle coaxal with A and 
£, since the ratios of the tangents from them are each 
equal to the ratio of the radii, and only one circle coaxal 
with A, r^ and B, r^ can contain these points, viz. that on 
the line ZZ as diameter.] 

4°. From Cor. 3 it is the locus of a point such that the 

tangents drawn from it to the circle have the constant 

ratio of the radii. 

[C£ Art. 88, Cor. 2.] 

This follows independently, since P^and P^are the 

bisectors of the angle APB^ hence 

PA/PB=AZIBZ=AR/BS ; 

therefore, etc., by Euc. VI. 7. 

5°. The circles subtend equal angles at any point on it. 

(By 4'.) 

6°. In the particular case when the circle B, r^ becomes 
a right line the centre B is at infinity, its inverse A (Cor. 
1) coincides with (7, therefore the centres of similitude of 
a line and circle are the extremities of the diameter of 
the circle perpendicular to the line. 

Examples. 

1. The circles of similitude of any three circles taken in pairs are 
coaxal. 

[Their centres are collinear, Art. 72, Ex. 21 ; therefore, etc., Art. 
88, Ex. 13, 2'.] 

2. A circle cuts two at angles a and )8 ; find the angle it makes 
with their circle of similitude. 
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3. The tangents from ADy point P aa the circle of aimilitude to 
the circles A, r, and B, r, meet them at R and iS* ; prove {a°) the chorda 
which the circles intercept on the line RSa,re equal to one another ; 
(/^) The tangents from R and S to the circles B and A are equal. 

[Compare Art. 69, Cor. 4.] 

4. The circle on the third diagonal of a complete cj^clic quadri- 
lateral is the circle of similitude of those described on the remaining 

[Let ABCD be the quadrilateral, LMN its diagonal line, PP the 
third diagonal, BD = 2n, C-1 - 2r„ PP = 2r^ Join PM, PN. 




The triangles FAC and PBO are similar, Euc. HI. 21 ; hence, 
since P-Vand PM are homologous lines, PBMajiA I'CNAre similar ; 
therefore PMIPS=Tilr^ Similarly, PM!PJf=r,lr., ; therefore P 
ami P lie on a circle to which M&ad N are inverse points. Also 
the circles on the three diagonals are coaxal i therefore, ete. It 
follows also by 1° that ZM. Llf=r^.'\ 

5. Having given the three diagonals of a cyclic quadrilat«ral ; to 
construct it. 

[Let be the centre of the circle and ri, r^ r, the diagonals. By 
Ex. 4 LM. L2f=T3*, and is therefore known. Also LMjLN=r^lT^ ; 
hence the lines £Jf and LNsik determined. LM= r,r^Ti, LN= n^j/r^ 

consequentlj the triangle OMN is Gomp\et(i\3 &e.\iema&K&!^ 
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6. Six circles pass through two points P and Q on the circum- 
circle of a triangle ABC and touch the sides ; prove that the points 
of contact X, X' ; Y, V ; Z, Z' lie in threes on four lines. 

[Let the line joining the points P and § cut the sides of the tri- 
angle in Z, My and N respectively, and we have obviously LX=LX' 
and LB, LC=LX^=LX'\ with similar relations on the remaining 
sides of the triangle ; therefore, etc.] 

7. From any point on a given line tangents are drawn to a 
circle ; a circle is described touching the fixed circle and variable 
pair of tangents to it ; prove that the envelope of the polar of its 
centre is a circle. 

8. The circle of similitude of the circum- and nine-points-circle of 
a triangle is that described on the interval between the centroid 
and orthocentre as diameter. 

[Let be the circum-centre, H orthocentre, N the nine-points 
centre, and E the centroid. By a well-known property of these four 
coUinear points OEj NE=0HINH=2 — rsXio of radii of circum- and 
nine-points-circles ; therefore, etc. 

[It is called the OrthocerUroidal Circle of the triangle.] 



MISCELLANEOUS EXAMPLES. 

1. Prove that the equation of the two circles touching three 
given ones with contacts of similar species are 

23^^-1- 31\/^-|- 12\^= 0, 

where Syy 82, S^ denote the powers of any point on either of the 
tangential circles with respect to the given ones. 

2. If a variable chord AB of a circle is such that the sum of the 
tangents from A and B to another given circle is proportional to 
the length of AB, it envelopes a circle coaxal with the two. 

3. If a variable circle touches two fixed circles and cuts a circle 
concentric with either in the points A and B : required to find the 
envelope of AB. (Dublin Univ. Exam. Papers, 1891.) 

[Appljring Casey^s relation between t\ife coisffliOTitask%e,TLta to four 
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circles to the points A and B and the two given circles, it follows 
by Ex. 2 that the envelope of AB is a coaxal circle.] 

4. Prove that the circles cutting three given ones orthogonally 
passing through their circles, and bisecting the circumferences are 
coaxal. 

5. Reciprocate the following theorem from a limiting point : — 
The square of the distance of any point on a circle from a limiting 
point varies as its distance from the radical axis. 

[The rectangle under the distances of the foci from any tangent 
to a conic is constant] 

6. Prove that the limiting points of any two circles lie on a pair 
of opposite connections of their common escribed quadrilateral 

7. If S denote the distance between the limiting points and y the 
length of their imaginary common chord, prove that 8=iy. 

8. Tf two circles whose radii are ri and r^ are so related that a 
hexagon can be inscribed to one and circumscribed to the other, 
then 



(ri2 - ^f + 4rir228 ^ (n^ - h^f - Arir^,^ 2r^^r^^ + ^)- (n^ - 82)2* 

9. If an octagon can be inscribed to one and circumscribed to the 
other, 

=/ 1 V 

10. The mean centre of the vertices of a cyclic quadrilateral lies 
on the circumference of the nine-points-circle of the harmonic 
triangle of the quadrilateral. (Russell.) 

11. If a variable polygon is inscribed to one circle and escribed 
to another, the locus of the mean centre of any number (/•) of 
consecutive points of contact is a circle. (Weill). Cf. Art. 53, 
Ex. 12. 

12. Prove the following extension of Weill's theQrQ.T&& \— -^ -^k. 
variable polygon of any order "be inacnVied m ^ ot^^ q\^^:r»»3^ 
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system having all its sides touching respectively fixed circles of the 
system ; there exists a set of multiples for which the mean centre 
of the points of contact of the sides with the circles is a fixed point. 
[Let any circle of the system be denoted by (0, r, 8) where 8 is 
the distance of its centre from the circumcentre of the polygon, and 
let Oy pj y, and c be the displacements of the points of contact of 
the sides ABy BCy CD, etc. for consecutive positions. Then, by 
Art. 53, Ex. 12, we have 

n r^ rs ' _ 

hence the mean centre of the points of contact remains fixed for 
the system of multiples n/5/^i, VS/^2, ^^^/^s, etc.] 

12a. The locus of the mean centre of r consecutive points of 
contact for their respective multiples is a circle. 

[For, join the extremities of the r sides thus forming a polygon 
of r+1 sides, and let the last side touch a fixed circle (O^+i, r^+i, 
8r+i) of the system. (Art. 89, Ex. 4.) By Ex. 12, the mean centre 
of the r+1 points of contact for the corresponding multiples is a 
fixed point {X). Let T be the mean centre for the r points and Z the 
point of contact of the last side. Then T divides the line XZ in a 
constant ratio, and since Z describes a circle, therefore, etc.] * 

* The following is an independent proof of the generalization of 
Weill's theorem. 

Let A BCD .. and A'B'G'D' ... be any two positions of the variable 
polygon; T^, Tj, T^j, T{, T^\ T^* ... points of contact of the sides 
AB^ BGi ... ; A'B\ B'C, ... with the corresponding circles Oi, r^, di ; 
O^t 7*2, $2* '" of the system ; B the point of intersection of AB and 
A^B* and $ the angle between them ; 8 the intersection of A A* and 
BR, and </> the angle between them. Then AA', BB\ CC ... touch 
a circle (0, p, X) coaxal with the given system. Let //, JIf, -AT ... be its 
points of contact with A A*, BB\ CC, etc. ... and we have 

7\7V_r^jm|^_.r^ BM__r^ n/X 
LM pBixi^<t> p ' BT^ P ' \^' 

therefore ^ . T^T^ / LM=^ . T^7\' / MN=eto. 
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13. If the diagonals of a cyclic quadrilateral are conjugate lines 
and a homothetic quadrilateral be described with their intersection 
as homothetic centre ; prove that the consecutive pairs of sides of 
the one quadrilateral intersect the corresponding pairs of the other 
in eight points which lie on a circle coaxal with the circum-circles 
of the quadrilaterals. See Art. 96. 

[Use the theorem of Art. 92, Ex. 2.] 

t.c., multiples s/S^jriy v^/rj, N/^/rg of the displacements T^Ti, 
T^T^ ... are proportional to the sides of the polygon ; therefore, etc. 
fiowesman.] 



CHAPTER IX. 
Section L 

Two SiMiLAE Figures. 
96. Two figures similar and similarly placed are said 
to be HoTnothetic, and their homologous parts are called 
Corresponding Points, lAnea, etc. It is plain, if a line of 
either figure is displaced through an angle 6, that every 
line of it is displaced through the same angle. For let 
AB be dUplaoed to A'F. It follows (Euc. III. 21, 22), 
since B=B', that the angle between BG and SU m equal 
tod. 




Also, since corresponding lines meet at equal aisles, a 
variable pair of corresponding lines passing through a 
pair of correspondiug points A and A' intersect on the 
circumference of a circle described on AA' containing an 
sne/e <?; and conversely. 

204 
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Corresponding lines are made up of corresponding 
points; and the point of intersection of any two lines of 
either figure is the correspondent of the points of inter- 
section of the corresponding lines of the other. 

97. We have seen how to find a point S which, with 
the extremities of two linear segments AB and A'R, 
forms similar triangles (Art. 25), and that it possesses the 
properties. 

a. A variable line XX' dividing the segments similarly 
AX :BX=A'X':B'X' subtends a constant angle at it; 
and 

13"^, Its distances from the lines are proportional to their 
lengths (Eua VI. 19). 

Now, if similar polygons be similarly described on AB 
and A'R, it follows, as in Euc. VI. 20, that— 

1"*. The distances of S from each pair of corresponding 
lines are proportional to these lines. 

2"*. All pairs of corresponding points P and P' of the 
polygons subtend the same angle at it, and with it form 
a triangle of constant species. 

3"". The polygons can be made homothetio by the 
revolution of either around it (2*^. 

For this reason it is called the Homothetic Centre of 
the Polygons, or their Centre of SvmUitude. 

The ratio of 8P to SP* is the Batio of SvmUitvde of 
the figures. 

98. Since to each point P of one figure corresponds a 
point P' of the other such that PSP' is a triangle ot ^as^- 
stent species, if P coincides witti S, F «Aao wa^ssARR^^^^^^ 
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it ; and therefore S taken as a point of either figure is its 
own correspondent in the other. 

Hence it is a Double Point of the polygons. 

99. From these considerations we make the following 
inferences :— 

I. If upon the lines joining a fixed point 8 to the ver- 
tices of any polygon J\ similar and similarly situated 
triangles are constructed, their vertices form a polygon F^ 
similar to the given one, and S is their double point 

II. If the lines joining corresponding points of two 
directly similar figures are divided in the same ratio, the 
points of section form a polygon similar to the given ones 
(H. Van Aubel). 

III. If the vertices of a polygon, constant in species, 
move on curves of any nature, to each position of it there 
is a corresponding centre of similitude. 

This is called the InatantaTieous Centre for the position, 
and is such that the lines drawn from it to all points A, 
B, (7 ... X of the figure make equal angles with the tan- 
gents at these points to their respective loci. 

[This is seen by taking two indefinitely near positions 
of the polygon.] 

IV. Reciprocally : — If the lines X, Jf, N of the figure, 
moving as in the previous case, envelope curves, the lines 
joining the contacts of any position to S make equal 
angles with i, Jf, N. 

[For the points of contact are the intersections of two 
consecutive positions of the moveable figure and are 
therefore corresponding points.] 



THREE SIMILAR FIGURES. 



Three Similar Figures. 

100. Let J",, F^ F^ be any "Jiree directly similar figures ; 
Sj the doable point of F^ and F^; S, and S, the double 
points of the remaining pairs F„ J", and F^, F^ ; a,, o^ a, 
the lengths of corresponding lines d,, d^d^; a,, Oy a, the 
angles of the triangle DfiJ)^ whose sides are d^, d^ d^ 

Then, by Art 96, 

1°. The variable triangle BfiJ)^ formed by any three 
corresponding lines, is constant in species. 

2°. The distajices of iS, from d^ and d^ are proportional 
to a, and a^ and similarly for S, and 8, (Art. 97 i^)); 
therefore, the lines joining 8^, S„ S, to the corresponding 
vertices of D^DJ)^ divide the angles D,, />,, D, each into 
constant parts, and are concurrent (Art 65). 




Hence the triangle S,S^^ whose vertices are, thA «-■»*««» 
of similitude of F^, F„ F^ talcm m pai-Ta V3;TV«a<j>* o^ 
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Similitude) f is in 'perspective with all homologous triangles 
DJ)J)^, etc. ; and the centre of perspective iT is a point 
such that its distances from any triad of homologous lines 
are ia the ratios a,: a,: a.. 

S''. Since the base angles of each of the triangles 
DfiJC, Dfi^K, DJ)^ are constant (Art. 100, 2°) as 2),. 
Dj, 2)3 vary, the angles subtended by the sides of SJS^^ 
at K are each constant, and the locus of K is therefore 
the circum-circle ; hence, 

Any triangle formed by three homologous lines is in 
perspective with S^S^S^ at a point on the circum-circle of 
the latter; or the locus of the centre of perspective of 
iSj/SjSj and any triangle formed hy three homologous 
lines is the circum-circle of the former. This is called 
the Circle of Similitude of F^, F^ F^. 

4°. The chords KP^, KP^, KP^ drawn parallel to d,, d^ 
d^ are homologous lines, for they intersect at angles 
a» )8, y> and their distances from d^, d^, d^ are in the 
ratios a^ : a^ : a,.* Moreover, they meet the circle in fixed 
points, since the angle SJi^P^ is constant and S^ a fixed 
point ; therefore Pj is fixed, and similarly P^ and P, are 
fixed points. 

They are termed the Invariable Points^ and P^P^P^ 
the Invariable Triangle, of P,, F^ F^ 

4"*. May be enunciated as follows : — 

AU concurrent triads of homologous lines pa^ss through 
the invariable points and intersect on the circle of simili- 
tude; and reciprocally: — ^the lines joining P^, Pj, P, to any 
three homologous points B^, B^ B^ meet in a point on the 

* These lines are therefore the sides of an evanescent triangle DiDJ}^ 
0/ constant speoiea. 
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circle of similitude ; and all triangles whose vertices are 
three homologous points are in perspective with P^PJP^ 
and the locus of their centre of perspective is the circle 
of similitude, 

101. Theorem. — The triangle of svmilitvde and the 
invariable triangle are in perspective ; and the distances 
of the centre of perspective E from the sides of the latter 
are inversely, as the ratios a^\a^\ a,. 

Since &^ is its own correspondent with respect to F^ and 
F^ PjSj and P^j are homologous lines and lengths of 
these figures, therefore 

S^P,:8,P,=a,:a^ (1) 

but (Euc. III. 22) /8f,P, : S.P, as the distances of S^ from 
P^P^ and PJP^=a^:a^ by (1), with similar relations for 
the points 8^ and /S, ; therefore, etc., Art. 65. 

102. Theorem. — The invariable triangle is inversely 
similar to DJ)JD^. 

Follows by Euc. III. 22. 

103. Adjoint Points.* — Let 8( be the point of P^ which 
corresponds to /S^ of the figures F^ and P,. 

Then S^S^S^ is a particular case of a triangle formed by 
three homologous points, and is therefore (Art. 100, 4°) 
in perspective with PJPJP^ at a point on the circle of 
similitude ; hence the lines P^S^, P^v -^A *^® concurrent. 
Their common point is therefore S^ ; that is to say, P^S^ 
passes through E and S^ (Art. 101); hence, 

The lin^ /Sf^/Sf/, S^^\ 8^^' meet each other in E and the 
circle of similitude at the invariable points, 

* The theorems contained in Arts. 100-103 oc^ dxxa \j<i '^l^st^. 
McUhesis, 1882, p. 72. 

o 
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Defs. The point E is called ihQ Director Point, and 
fif/, /Sf/, S; the Adjoint Points of J*,, F,, F^. 

104. Theorems.^ — In any three similar figures there 
exists an infinite number of triads of homx)logous poi/nts 
Cj, 0,, C3 which are collinear. 2°. The loci of these points 
are circles passing through E. 3"*. The variable Une 
GfijO^ turns around E, Neuberg. 

The triangles S^GJJ^, ^%GJO^, ^z^fi^ are constant in 
species (Art. 97, 2°) ; hence the angles Sfi^S^, 8fi^^, Sfi^^ 
are given, and therefore the loci of the points are circles 
passing through each pair of double points. 

Again, since SJJfi^ is a constant angle, the variable 
line OjOg meets the locus of C^ in a fixed point, and 
similarly it meets the loci of O^ and C, in fixed points. 
Therefore the fixed points are coincident ; that is to say, 
the circular loci have a point in common. 

In the particular case of the collinear triads S^^S^S^^ 
fif^/S,, /Sf^^; it has been proved (Art. 103) that their 
lines of collinearity pass through E; therefore, etc. The 
points /S/, S/, S^' are on the corresponding circles. 

105. Particular Oases.— Let the three similar figures 
J\, jPj, jPj be described on the sides of a triangle ABG, It 
has been shown that the middle points of the symmedian 
chords of the circum-circle f are the common vertices of 
directly similar triangles described on the sides, taken 
in pairs (Art. 25, Ex. 2), and they are therefore the three 
double points. Hence, 

1°. Brocard's second triangle is the triangle ofsimUi- 



*Math&ii8, 1882, pp. 76-8. 

/ The middle points of the symmedian chords of the circum-circle are 
ehe vertices of the triangle known as Brocard?8 Second Trvxurjte, 
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tude, and the Brocard circle the circle of similitude, 
of three directly simUar figures described on the sides of 
a triangle. 

2"". Brocard's first triangle is their invariable triangle. 
Art. 29, Ex. 3. 

3^ Brocard's second triangle and the given one are in 
perspective at a point on the circum-circle of the former 
whose distances from the sides of ABC are in the ratios 
of their lengths (Art. 100, 2^). See also Art. 16, Ex. 2. 

4°. The centre of perspective is the symmedian point 
ofJ.BG 

5°. The locus of the intersection of concurrent triads of 
homologous lines is the Brocard Circle, Art. 100, 4*. 

6°. Brocard's firat and second triangles are in perspec- 
tive (Art. 101), and their centre of perspective E, or 
director points, is the centroid of ABC. (Art. 53, Ex. 6.) 

7"*. All coUinear triads of homologous points lie on a 
variable line passing through E, and each point describes 
a circle passing through two vertices of Brocard's second 
triangle and the centroid of ABC. 

M'Cay's Circles. 

106. The loci in 7"* of the previous Article are fully 
described by M'Cay in his memoir "On Three Circles 
related to a Triangle.*'* Amongst many other properties 
they possess those given in this and the following Article. 

The notation employed is as follows: — ABG is the 
given triangle ; A^Bfi^, ^J^J^i Brocard's first and second 
triangles ; E centroid ; A\ E, C three homologous col- 
linear points ; M middle point of AB ; H circum-centre ; 

* Transactions of the Royal Irish Academy ^ "voV. xxNm. — ^\casja. 
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^i, Sp C^ the homologues of A^ B„ (7, respectively as 
double points of J",, F^ F^. P„ the c correspondent of 
P regarded as an a point, and Lac and Lai, the c and h 






correspondents of any line L regarded as an et line ; the 
circular loci the "A," "B" and "C" circles of the triangle. 

1°. The mean centre of any three colHnear homologous 
points is at E (Art. 53, Ex. 6). 

2°. If one of them C coincides with E, A'R is a tangent 
to the "C" circle and EA'=EF or EE„ = EEa,; simi- 
larly we have EEab = EEae and EEbc=EEi^ 

3°. If one of them coincides with a double point A^ 
the line of collinearity is A^A^A^ (Art. 103) and 
EA^=2EA^ 

Similarly the lines B^B^B, and GjC,C^ each pass through 
E, which is the common point of trisection of the segments 
A^p B^,. Ofi^ 

4°. The circles cut each other at angles A, B, and C 

h". Their centres are oq the perpendicular bisectors of 
the sides. 
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This is proved for the " G" circle as follows : — 
On the sides of ABC construct three directly similar 
triangles BOA', OAB, ABC, each inversely similar to 




ABC. Their centres of gravity are therefore correspond- 
ing points. But they lie on a parallel through E to AB; 
hence ^, the centroid of jlBCf, is on the"C"circle and 
E and E are reflexions with respect to the perpendicular 
bisector of AB. 

107. Problem.— To JiTid the Centres and Radii of 
M'Cay'a Circles. 

This is done by finding where the circles again cut the 
corresponding medians. We take, for example, the "C" 
circle and require to find C Let L denote the median 
CM, and take it an a line. Since it makes an angle 
BCM with the side a, we draw the corresponding b 
and c lines by making angles CAB" and ABC equal 
bo BCM. 

From similar triangles MBC and MCB we have 
MC.MC=MB^ = MC.MI; hence MC= MI. This also 
follows, since the triangles j4B/ and BAC are similar. 

Again, the triangle CBO^ is inversely similar to ABC, 
but it is (hyp.) directly similar to BAC^ Hence BAO.^ 
and ABC are inversely Bimilas-, fticwVatfe Q' Ns. "^Ior 
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reBexion of C, with respect to the perpendicular hisector 
of the base. 

The conneGtion between three coUinear points A', W, CT 
on the median to the eide c of the given triangle and 
Cp C,. C, has thus been established. 




The triangles BOA', CAR, ABC are similar to one 
another, and to GBO^, ACC^, and BAG^; and therefore 
A', C, ; F,G^; G', C, are reflexions of oue another with 
respect to the corresponding perpendicular bisectors of 
the sides of ABG. 

It follows that if the median and symmedian cut the 
circum-circle in /and /, and these points be joined to M, 
the lines MI and MJ produced through M pass through (T 
and 0, respectively ; MJ=MG, and MI=M(j, or O and 
(7j are the refi-eaions of I and J with respect to the 
base AS. 

Let d be the distance of the centre of the "0" circle 
from AB, m the median, and 6 the angle it makes with the 
base, t the tangent from M to the circle. Then 

" ..(1) 
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Again, 2c«sin0=J/^+Jf(7=^+~=^^^^^^^ 

by (1); whence d=\cQoiw, and the radius of the "0" 
circle is given by the equation 

p = s/W^^ = \Cs/Qoi^w - 3 (cf. Art. 28, Ex. 19). 
Also, since the highest and lowest points of the circle 
are distant from the base p+d and p— <S, these quantities 
are the roots of the quadratic equation 

12A2_4ccotft).A+c2=:0; (3) 

or, putting A= |c tan 0, 

3tan20-2cotft).tan0+l = O, (4) 

an equation which reduces by an easy transformation to 

sin (ft) + 20) = 2 sin ft) (5) 

The forms (4) and (5) are remarkable inasmuch as they 
express ^ as a symmetric function of the angles ; hence, 

Three simUar isosceles triangles may be constructed on 
the sides of ABC, whose vertices are a triad of collinear 
homologous points. 

Let P, Q, i2 be the vertices of these triangles. Since 

gii=gilf-itfii = iicos^-|atan0 = ^^^^^^"'"^l 

^ ^ COS0 

with similar values for HP and HQ\ also, from the 
coUinearity of P, Q, JB we have 2 r/p =0- 

By substitution, we obtain 

sin^ sin 5 sin (7 _^ .^. 

cos(^+0)"^cos(i?+0)"*'cosCa+0)"" ' ^^ 

an equation which is therefore identical with the forms 
(4) and (5). 

Let \ and \ be the roots of (3), then 

1 1 ^ 4cotft) _ 2 2. 

^1 K" ^ "" ^c taxv w"" MCy' 
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where (7 is the vertex of Brocard's first triangle ; there- 
fore 

The vertices of Bvocard/s first triangle and the cor- 
responding sides of ABC are pole and polar with 
respect to the "^," "JB," and " C' circles. 

Many other beautiful properties of these circles are 
given in the memoir from which the preceding are 
extracts. 

108. If A\ B\ C be the feet of the perpendiculars of 
ABC, the triangles AB'C, ABC, and A'FG are similar, 
and may therefore be taken as portions of three directly 
similar figures F^, F^, F^ whose double points are A\ R, (7, 
homologous lines in the ratios cos A : cos B : cos C, the 
middle points of the segments of the perpendiculars 
towards the angles A"", E\ (f, the invariable points 
A''\ R'\ (y'\ points of concurrence of homologous lines 
middle points of sides, and the nine-points-circle the 
circle of similitude (Neuberg). 

Examples. 

1. If similar figures /\, ^2, -^s be described on the perpendiculars 
AA\ BB^ CC of a triangle, their circle of similitude is the ortho- 
centroidal circle. 

[For the ortbocentre being the point of concurrence of three 
corresponding lines is on the circle of similitude (Art. 100, 4'). 
Also the parallels through the centroid E to the sides of the 
triangle trisect the perpendiculars at right angles, and are therefore 
also corresponding lines ; therefore, etc. 

We note that the parallels meet the corresponding perpendiculars 
in P, §, i?, the invariable points of /*!, ^2, F^\ 

2. The lines joining the in- and circum-centres of the copedal 
triangles BC'Ay CA'B, A'BC meet at the point of contact of the 

niue-pointa and in-circle of ABC, 
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[By Art. 108, the three triangles being porta of rimilar figures 
have the nine -points- circle of ABC for circle of eimilitude, and the 
middle points of the segmenta of the perpendiculars for invariable 
points ; hence (Art. 100, 4°), if /„ /j, /, and 0,, Oj, Oj denote the in- 
and circum -centres of the triaugles, the lines IjOi, IsOi, hOt 
correspond, and are concurrent on the circle of similitude. 

Dr. Casey * proves the remainder of the property, which includes 
Feuerback't Theorem, aa follows :— 

Let v-V be the nine-ppiuts-centre ; then A'ft=ifl. Draw IP 
parallel to SOy Now, if P7 is proved to be equal to the radius of 
the in-circle, the line hO^ is the join of parallel radii, and therefore 
passes through & centre of similitude of the circles ; similarly for 
AO, and hOi. 




Since COl and CO-th a>^ corresponding parts of similar figures, 
they are similar; therefore the angle /iyt)=//,r, and 0D1 = 0CI 
= CIP, since JVO, is parallel to OC. Hence the triangles ODl and 
PII% are similar, and 

IP_Ih- Ih.IC _'i^{ r\ 
R iD iRr 2«A Rr 
since CIICT,= 1I<x>bC, the ratio of similitude of ABC and A'ffC 
(Art. 108).] 

3. If A aud A ', corresponding points of two similar figores, are 
conjugate points with respect to a fixed circle, required to find 
their loci. 

* Cbwy's Seqtttl lo Euclid, fittb oaaUom'^. ^»L. 
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[Take S the double point, M the middle point of AA\ Then 
8AA' is a triangle of constant species ; therefore SMjMA is a 
constant ratio. But MA=tf the tangent from M to the given 
circle (Art. 73, 2°). Hence SM/t is constant and if describes a circle 
(Art. 72, Ex. 3) ; therefore also A and A' describe circles.] 

4 If XiX^Xz be a triangle formed by joining a triad of corre- 
sponding points of three similar figures such that XiX^ : XiXz 
= const., the locus of each vertex is a circle. 

[The triangle S^XiX^ is constant in species. Art. 97 ; similarly for 
S^XiXz'i hence SzXijXiX2 and S^XijXiXi are constant ratios. 
Dividing one by the other, we have the base SA and ratio of 
sides of the triangle S^SzXi ; therefore, etc. 

It is to be noted that as the ratio S^XijSzXi varies in magnitude 
the vertex Xi describes a coaxal system of which ^2 and ^Ss are the 
limiting points.] 

5. If the area of XiX^Xz is given, each vertex describes a circle. 
[For -^1X2 . XiXi sin Xi varies as 8%Xi . S^Xi sin(jri - ff) ; there- 
fore, etc. (Art. 23, Ex. 3). X^ and Xz similarly describe circles.] 

6. If a side or an angle of ^1X2X3 is given, its vertices describe 
circles. 

7. If the area of a variable triangle formed by three correspond- 
ing lines be given, its sides envelope circles whose centres are the 
invariable points of /i, ^2, /» 

Tliese and many other excellent illustrations of the theory of 
three directly similar figures are to be found in Casey's Sequel 
to Euclid, to which the student is referred. See fifth edition, 
Miscellaneous Examples, pp. 231-248. 



CHAPTER X. 

Section I. 

Centres of Similitude. 

109. If A, r^ ; 5, r^ be any two non-intersecting circles, 
P and Q the points of intersection of the direct and 
transverse common tangents, it is easily proved that 
A,B,P,Q are coUinear, and that APjBP = A Q/BQ = rjr^ ; 
hence the centres of similitude of two circles are the 
points of intersection of the direct and transverse 
common tangents* 

In the case of intersecting circles, if (7 be a point of 
intersection, we infer from these equations that the 
bisectors of the angle between the circles meet the line 
of centres in P and Q (Euc. VI. 3). 

For the in- and ex-circles of a triangle taken in pairs 
the twelve centres of similitude are the vertices and the 
points where the bisectors of the angles meet the opposite 
sides. 

The centres of similitude of a line L and circle A are 
the extremities of the diameter perpendicular to X. 

For the common tangents to the circle and line are 

* Therefore the common tangents, real or loiSk^vck^T^ ^ Vi "ms^ ^s^^ 
cirdea always intersect in real pointa. 

219 
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parallel to the latter, and the Hue of centres is the 
diameter at right angles to L ; therefore, etc. 

110. It has been Been as a particular case of a general 
property of coaxal circles (Art. 93) that any line A^A^-^B^ 
through C, a, cuts the circles at equal angles and, /3', that 
the intercepted chords A-^A^aw^ ^i^t ^''^ ^^ ^^ ratio of 
the radii. These aie obvioua by the following method ; — 




Join AA^ and BB^. Since CAjGB = r^r^ = AAJBB^ the 
triangles CAA-^ and CBB-^ are similar (Euc. VI. 7) ; there- 
fore AA^ is parallel to BB^, and similarly AA^ to BB^ 
Hence the isosceles triangles AA^A^ and BB^B^ are 
similar, whence, a, the angles A^AA:^ and B^BB^ are 
equal, and, ^. A^A^B,B^ = rJr^. 

Definitions. A^ and £, are termed Homologous Points; 
andsince the radii A^ J and S£j through them are parallel, 
the tangents at humologov^ foints on the cwclea are 
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parallel. Thus the tangents at A^ and B^ are parallel. 
More generally any two points An and Bn which connect 
through C such that CAn/CBn^rJr^ are homologous. 
A^ and B^ are termed Antihomologoua PointSy and since 
the radii AA^^ and BB^ through them make equal angles 
with their line of connexion, the tangents at antihomo- 
logoua povata meet on the radical axis. 

Let a second transversal through C meet the circles in 
A^^BJB^. The chords A-^A^ and B^B^ joining pairs of 
homologous points are termed Homologous Lines, and 
those joining pairs of antihomologous points Antihomo- 
logous Lines. Thus A^^ B^B^ and A-^A^ ^2^4 ^^ 
pairs of antihomologous lines. 

111. Theorem. — Homologous chords (A^A^, BJB^ of 
any two circles are parallel. 

For it has^ been shown that AA^ and BB^, AA^ and 
BB2 are pairs of parallel lines; hence the two isosceles 
triangles AA^A^ and BB^B^ have equal vertical angles, 
and are therefore similar (Euc. VI. 6). 

Note. — Since any line through G meets homologous 
lines A^A^ and B^B^ in homologous points An and Bn, 
therefore Am Bn are in general the corresponding inter- 
sections of pairs of homologous lines. The two points 
Aj^A^, A^^ and B-^B^y ^2^^ ^^® homologous. 

112. Theorem. — Antihomologous chords (A^^, B^B^) 
of any two circles meet on their radical axis. 

By Art. Ill, we have CAJGA^^CBJCB^, but (Eua 
III. 36) CAJCA^^GAJGA^] hence CBJCB^ = CAJCA^ 
or CA2 . CB^ = CA^ , CB^ ; thus : — any two points are 
coney die with the corresponding pair of antiJiomoloqouA 
points; therefore, etc. (Art. 88, "Ex.. ft^. 
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Products of Antisimilitude. 

113. By the previous Article, we have from the cyclic 
quadrilateral A^^B^B^ 

We may therefore infer that tlve rectangle under the 
distances of either centre of similitude from a pair of 
antihomologo^LS points is constant 

If the circles A, r^ ; JB, r^ be regarded as portions of 
two geometrical figures, any point A^ of one is antihomo- 
logous to Bn of the other when the line -4„J5n passes 
through a centre of similitude (7, and GAn . GBn is equal 
to the above constant, which is termed the Prod/iict of 
Antisimilitude (External or Internal). 

To find the values of the products, we take the 
extreme positions of the variable line CA^B^ which for 
real intersections are the common tangents. 

We have therefore 

CA^ . CB^=CT^ . GT^ (1) 

Again, since T^T^ subtends a right angle at each of the 
limiting points M and N (Art. 88, Cor. 3), 

CT^.CT^^CM.GN (2) 

These constant values which may be expressed in terms 
of the distance {S) between the centres of the given circles 
and their radii (r^ and r^ are of importance in the theory 
of coaxal circles, and will frequentiy be made use of in 
the next chapter. 

Join AT^ and BT^. Let ACT^ = 0. 

Then CT^ . GT^ = r^r^ cot^e = r^r^ . (^^^^ 
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Similarly the internal product of antisimilitude is found 
to be equal to 

(-^K^>+^«)^-^] W 

Note. — It should be noticed when the two circles lie wholly out- 
side each other 8>ri+r2, if they intersect 8<ri+r2 and >ri^ri 
(Euc. I. 20X and when one lies completely within the other 
8<ri fw r2 (Euc. III. 12) ; hence it follows from (3) that the external 
product of antisimilitude is negative only when one circle lies wholly 
within the other. Also from (4) the internal product is negative 
when the circles are external to one another and positive in every 
other case. In the case where both products are positive 8>ri**ri 
and <ri+r2 ; therefore 8, n, r^ form a triangle (Euc. I. 20^ or the 
circles mtersect in a pair of real points. 

Examples. 

1. If a variable circle touch two circles with contacts of similar 
species, its points of contact are antihomologous points. 

[By Art. 112, if .4.42 and BBi be produced to meet in X, 

» 

XBi=XA2» In the case of internal contact the points of contact 
are -4i, i?2'] 

2. Describe a circle passing through a given point (P) and 
touching two fixed circles (.4, r-ii (By rg). 

[By Art. 110, the required circle passes through an antihomo- 
logous point P', and the problem thus reduces to " describe a circle 
passing through two fixed points arid touching a given cirde."'\ 

3. The polars of the external centre of similitude with respect to 
two circles are equidistant from the radical axis, and therefore also 
from the limiting points. 

4. The line at infinity is an axis of perspective of two circles. 
[Begard the circles as similar polygons of an infinite number of 

sides, and join their corresponding vertices (ue, the homologous 
points). Thus the ex-centre of similitude is a Centre of Perspective 
of the circles. Again, the corresponding sides (i.€. l\oT!CL'cAft^<2^i&\>siss^ 
intersect on the axis of perspective. In tYiVa caaa VXi«^ %2c^\«cs^<2v- 
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Hence the line at infirdty is the axis of perspective of evert/ two cirdes, 
(a. Art. 87).] 

5. The radical axis is also an axis of perspective of two circles. 
[For since antihomologous points Biy A^ connect through a 

centre of similitude C, the circles may be regarded as polygons of 
an infinite number of sides whose corresponding vertices are 
antihomologous points and whose corresponding sides are therefore 
antihomologous lines ; but these latter intersect on the radical axis 
(Art. 112), which is therefore the axis of perspective.* 

6. The poles A^ Bn of the chords AiA^ and BiB^ are homologous 
points. 

[For they are the intersections of pairs of homologous lines, viz. 
the tangents at -4i, A3 and i?i, B2 respectively.] 

7. In Ex. 6 the lines AiBi and AnBn are conjugate with respect 
to both circles. 

8. If C, C denote the centres of similitude of two circles which cut 
orthogonally at X ; the inverse {C") of the point C with respect to 
the circle A is the inverse of C with respect to the circle B, 

[Since C and C are inverse points, AC''X=AXC'=i5'' ; hence 
AC"X=BXC, therefore CBIBX^BX\BC\ therefore etc. 

9. A variable circle touches two equal circles with contacts of 
opposite species : show that the product of the intercepts on their 
transverse common tangents made by the perpendiculars from the 
centre and measured from their point of intersection is constant. 

10. The centres of similitude, the centre of the circle of similitude, 
and the centre of either circle B are pairs of inverse points with 
respect to a circle concentric with A . 

* Two circles are thus shown to be doubly in perspective to each 
centre of similitude ; the two axes of perspective forming the coaxal 
circle whose radius is infinitely great, viz., the radical axis and the 
line at infinity. It follows that '* for every two circles in the same 
plane, however circumstanced as to magnitude and position, the 
radical axis and the line at infinity, being both axes of perspective, are 
both chords of intersection ; the corresponding points of intersection, 
real or imaginary, according to circumstances in the case of the former, 
"being oi course from the nature of the figures always imaginary in the 
case of the latter, " (Townsend,) 
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11. Thepolea^i, 5iof the radical aiis of two circles (A, r,! B,T^ 
ire inverse points witti respect to their circle of similitude. 




[For since JJ, . AL = t^\ angle APL^AAiP; 
also Hince 5B, . BL^r^, angle BPL^BB^P. 

By addition APB = PAiB,JrPBiAi = Tr- A^PB^. 
Thus Ai, Bi anil A, B, etnce they subtend similar nngles at P, are 
pairs of inverse points with respect to the circle of similitude (Art. 
72, Cor. 8).] 

12. If a variable circle V cut two circles A and B at constant 
angles, show that the centre of similitude of any two positions F| 
and Fg is on L the radical axis of ,1 and B. 

[For Fi and Fj meet the line L at equal angles (Art. 88, Ex. 7) ; 
therefore it passes through their ex-centre of sirailitude.] 

12a. Hence show that if the circles A and B each cut three fixed 
circles F], Fg, V, at the same angles a, /3, y, an axis of similitade of 
the three is the radical axis of the two. 

13. Coiwtruct a quadrilateral, having given the four sides, and 
that two adjacent angles are equal. {Mathesii, 1831.) 

14 Fenerbach's Theorem. To prove by an elementary 
method that the nine-points- circle touches the in-circle. 

Draw C'X the fourth common tangent to the in- and ex-circlea to 
the side e of the triangle ABC. We shall prove that the line 
joining M, the middle point of the baee, to the point of contact X 
passei through the point of contact V of the in- and nine-pointa- 

Let T be the point of contact of the in-circU, P ttialim^.tS.'CBS. 
perpeadicular, and C the foot of tbe mteTtia.\\Aae<ft«t <A C 
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By Art. 71, Ex. 3, MP.Mf=iia~hY= MT»= MX. MY. Hence 
ZTPC ia a cyclic quadrilateral and angle MC'X=MYP; but 




MC'X=MG'C- XC-C=A -B ; hence MTP=A~B, aud therefore 
T is on. the nine-poinU-drde, aince the latter ciila the base AB 
at this angle. Therefore the circleB cut or touch at F. But the 
tHUgents at M and X to the circles are parallel, Hince they both 
meet the ba«e at the same angle A ~B. il and X are thns homo- 
logous points. 

15. The straight lines joining the points of coutact of the fourth 
common tangents to the in- and three ex-circles to the middle 
points of the correapouding sides are concurrent. (Z>aWm Univ. 
Exam. Papers.) 

[By Ex. 14, the point of concurrence is where the nine-punts- 
tonches the in-cirde.] 

16. A right line A HCD is drawn across two circles cutting 
them at angles a and (i respectively ; show that if a variable circle 
cntsthegivenonesat the same angles in the points ii'jff, C',iy,AA\ 
BB, CC, DU are concurrent i and find the locus of their jioint of 



[The giren circles meet the line ABCD and circle A'BG'P/ at 
tqatd angles; hence A A' etc. are antihomologous points with respect 
to the external centre of similitude of the latter. Therefore A A' 
etc. meet ou the circle ABC'O at a point (/') the tangent at which 
ia J3sni]]d to ABCD. The locus of /' is the radical axis of the fixed 
circlea by Ex. 12.] 
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Section II. 

Circles of Antisimilitude. 

Definitions. The circle described with either centre 
of similitude of two given circles as centre, the square of 
whose radius is equal to the corresponding product (Art. 
113) of antisimilitude, is known as a Circle ofAntisimilu 
tude. 

Thus there are two circles of antisimilitude, External 
and Internal, according as the centre coincides with the 
external or internal centre of similitude of the given circlef^. 

From the definition it is evident that all pairs of 
antihomologous points are inverse points with respect to 
the circle of antisimilitude, or, more generally, that 
each of the two given circles is the inverse of the other 
mth respect to either circle of antisimilitude. 

In the next chapter this latter circle, from this funda- 
mental property, will be otherwise known as the Circle 
of Inversion of the two given ones. 

114. The following theorems are of importance in the 
geometry of these circles. 

V, Any two circles A and B and their circles of anti- 
similitude are coaxal. 

For the constant product CMg . O-Bj (Art. 113) has 
been proved equal to CM . CN; hence M and N are a 
common pair of inverse points to the four circles. 

2®. The squares of the tangents t^ and ^g from any 
point of either circle of antisimilitude to A and R ^\^ v^v 
the ratio of the radii ; or t-^ : t^ - r^ -. r^ 
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Since the circKa are coaxal, 

t^ : t^ = CA:CB'^r^: r^ (Art. 88, Cor. 2.) 

3°. The external circle of anti similitude cuts ortho- 
gonally all circles cutting A and B at equal angles. 

Since AA^ and BB^ are equally inclined to the line 
.4jBj, if they are produced to meet in X, then XBjAg is 
an isosceles triangle, and X is therefore the centre of a 
circle cutting A and B at equal angles. 




Thus any circle cutting A and B at equal angles passes 
through a pair of inverse points A^ and B^ with respect 
to the ex-circle of antisimilitude ; therefore, etc. 

See also the method of Art. 93, Cors. 3, 4. 

4°. Any circle intersecting A and B at supplemental 
angles is orthogonal to the internal circle of antisimili- 
tude. 

[Proof similar to 3°.] 

5°. Any circle intersecting A and B orthogonally is 
orthogonal to both their circles of antisimilitude. 

For in this particular case A and B are cut at angles 
which are at once both equal and supplemental ; there 
fore, etc. by 3° and 1° combined. 
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Examples. 

1. A variable circle passing through a fixed point and cutting 
two given ones at equal angles passes through a second fixed point. 

[In every position it passes through the inverse of the fixed 
point with respect to the ex-circle of antisimilitude.] 

2. A variable circle passing through a fixed point and cutting 
two fixed circles at supplemental angles passes through a second 
fixed point. 

[The inverse of the given one with respect to the in-circle of 
antisimilitude.] 

3. Two circles X, Y intersecting two others A and B at equal 
angles have for radical axis a line passing through the centre C of 
the ex-circle of antisimilitude of A and B, 

[For if X and Y intersect in a point P, each must pass through 
the inverse of P with respect to (7.] 

3a. If the angles are supplemental, the radical axis of X and Y 
l>asses through the in-centre of antisimilitude. 

4. If three circles A', Y^ Z meet two others A and B at equal 
or supplemental angles, the radical centre of the three coincides 
with the external or internal centre of similitude C or €' of the 
two. 

[For by Ex. 3 the radical axes of Y^ Z \ Z^ X \ X, Y each pass 
through C or C according as the angles of section are equal or 
supplemental ; therefore, etc.] 

Note. — In this example it may be noticed that in the first case 
the circles A and B each cut X, F, and Z at equal angles ; therefore 
they cut the ex-circles of antisimilitude of Y, Z ; Zy X ; Xy i^at 
right angles (Art. 114). But the ex-circles of antisimilitude are 
coaxal ; hence a variable circle A cutting three others JT, F, Z at 
equal angles describes a coaxal system^ the conjugate of thatfoiined by 
the circles of antisimilitude of X^ Yy Z taken two and two. More 
generally, a variable circle cutting three others JT, Y, Z at similar 
angles describes four coaxal systems whose radical axes are th& 
four axes of similitude of Xy Yy Z, - A\&o, ftVuce V\i'ft <5«tKEDLQfB. ot'Ocka- 
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gonal circle of the three cuts ttieiu at once at equal and supple- 
mental angles, it belongs to each of the four coaxal ajBtents. 

5. If two circles A and B touch with siniilar contacts three 
others X, Y, Z, the radical axis of .1 aiid B is the line joining the 
ex-centres of similitude of X, Y, Z taken in pairs. 

[A particular case of the foregoing.] 

6. The eight circles that can be described to touch three given 
ones arrange themselves in pairs coaxal with the four axes of 
similitude of the given ones. 

7. In Ex. 6 the chords of the three circles joining the poiutu of 
contact with the two meet at the in-centre of similitude of A and B, 
and therefore at the radical centre of X, Y, Z. 

8. The chords of contact pass through the poles of the radical 
axis of A and B with respect to each of the circles X, Y, Z. 

[For the tangents at the extremities of the chord of contact of 
J being equal intersect ou the radical axis of A and 5.] 




NoTi!. — Gergoune deduces by means of the foregoing properties 
a simple geoawtricul coiititructioii for the ei^ht circles of contact of 
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three given ones JT, F, Z. The circles having similar contacts are 
found as follows : — Find the ex-centres of similitude of -Y, F, Z 
taken in pairs ; the line L joining them is the radical axis of the 
required circles A and B, Next find C the centre of the common 
orthogonal circle of the given ones. C is the in-centre of simili- 
tude of A and B. Now obtain the inverses X*^ Y\ Z' of L with 
respect to X, F, Z respectively. Join C'X\ C'T, and C'Z' \ 
these lines meet the given circles at the required points of 
contact ; therefore, etc. The remaining circles may be similarly 
found. 

Otherwise, thus : — By Casey's relation in Art. 7, if we number 
the given circles 1 , 2, 3 and let 4 be the required point of contact 
with 1, we have the ratio of the tangents from 4 to 2 and 3, a given 
quantity k. Similarly for the second circle which has the similar 
contacts with the three given ones, the ratio of the tangents from 
its point of contact (5) to 2 and 3= the same ratio h\ therefore, 
etc. (Art. 88, Cor. 1). 

9. Let AiA^i B1B2 be the extremities of the common diameter of 
two circles ; M, N their limiting points ; prove that the circles on 
.^1^1, AiB-zt i/iV as diameters are coaxal. 

[For their centres are coUinear, and they each cut the internal 
circle of antisimilitude orthogonally (Art. 114, 4°) ; therefore, 
etc.] 

10. A variable circle cutting three given ones at equal angles 
passes through two fixed points, real or imaginary. 

[For it cuts the external circles of antisimilitude of the given 
ones taken two and two orthogonally, and these (Art. 88, Ex. 13. 2°) 
are coaxal ; therefore the variable circle passes through their limit- 
ing points, real or imaginary.] 

11. Two variable circles X and i^ touch externally two fixed 
circles A^ Vi and B^ r^ at four points ^1, A2 and A^, A in a right 
line ; prove that 

a*. The line joining their centres passes through a fixed 
point. 

)8**. The sum of their radii is constant. 

y'. The foot of their radical axia deacT\V>e^ ^ c«<^^. 
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[a°. Since the diagonals of a parallelogram bisect each other, XT 
bisects and is bisected at the middle point Zoi AB. 




{3'. Let i be theradicaJaaiaof <i,ri,aiid£,ri ; tben.i'i/p— J'i;pi 

=.c«iist. (Art. 88, Ex. 7), and therefore ---- f - ^ = const., but the 

P+Pi 
numerator is constant by a" ( = 2iri) ; therefore, etc. 

y°. The circle on CZ ia evidently the locus.] 

IS. Circles are described touching twu fixed circles (as iu Fig. of 
Ex. 8) ; find the locus of the limiting points of these circles taken in 

[The internal circle of auti similitude of the two given circles 
(Art. 114, 3°).] 

12a, Circles are described touching oue another, and each touch- 
ing two given circles ; find the locus of their points of contact. 

frhe points of contact are the coincident limiting points of the 
touching circles ! hence the required locus is the internal circle of 
antisimilitude of the two given ones] 

13. If » points be taken on a circle, prove tbat (1) tlie mean 
centra of the n s^vstems of n — Ipointa {ornwd Vjj omitting each 
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point in succession, lie on a circle Sn ; (2) if anothtr point be taken 
on the original circle, the centres of the n-\-\ circles (iS„) obtained by 
omitting each point in succession lie on an equal circle ; and so on 
adinfiiutum, {St, Clair,)* 

[Let G be the mean centre of the system of n points. Produce 
J 6^ to a, making AG : Ga—n -1:1; then a is the mean centre of 
the n - 1 points formed by excluding A, In the same manner we 
get BG : (?6=n-l : 1, etc. ; hence the points a, 6, ... lie on a 
circle ; and 6? is a centre of similitude of the locus circle and the 
given one. 



* EdticationcU Times, February, 1891. 



CHAPTER XI. 

INVERSION. 
Section I. 

Introductory. 

115. It has been seen (Art. 74) that the inverse of 
every point on a line with respect to a circle lies on a 
circle described on the line joining the centre of the given 
circle with the pole of the line. 

This circle is said to be the inverse of the line with 
respect to the given circle ; and it may be generally 
inferred that the inverse of a line is a circle passing 
through the centre of the given circle ; and conversely. 
This latter is named the Circle of Inversion^ and its 
centre the OHgin or Centre of Inversion. 

We shall now proceed to discuss the inveraion of a 
system of points which are not coUinear. Take the 
simplest case — the vertices of a triangle ABC. Let their 
inverses with respect to a circle of inversion 0, r be 
respectively A\ B", C\ 

It is obvious that the three quadrilaterals BCRC\ 
CAC'A\ ABA'R are cyclic ; hence we have the angular 
relations : — 

^W=^OAG,FG'0^0BG,^\j^. (Eai^, IIL 22), 
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and thence by addition, 

AOB=C-\-C' (1) 




Similarly, BOC^A+A' (2) 

and GOA=B-\-B^ (3) 

If the base AB and origin are fixed, and G given in 
mt^nitude, C is also given in magnitude by (1) ; hence : 
— // a variable point {C) describes a circle (circum-circle 
of ABC), the locua of its inverse (C) is a circle (A'B'C).* 

Two circles or, more generally, any two curves so 
related that every point of one has a CoiTesponding 
Point on the other inverse to it with respect to a given 
circle, are Inve^'se Figures with respect to the circle of 
inversion. 

It has thus been proved that in general a line or circle 

♦ This Btatement ia equivalent to the following :— 

J/a variai/le line OPP' is dravm from ajixtd poini to a givtn eirtU 
aiid diaded al X aaek that OP . OX^coml. ; the locui ((fX ia a circle, 
which may lie thus prcived indepeodeiitly. Since OP . OP' and 
OP . OX are both constant, OX : OP'^contt. Through X draw JC 
parallel to GP\ From Bimilar triangles OX : OP' = OC : 00 
=.C'X : CP' — con&i. Henco C iaa. fixed point, and C'X is of constant 
length. The locna of X ia therefore a known circle ; and the circle of 
is obviously a circle at antisimilitnde of the ([;ivetv tsiA vcA'^;^ 
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inverts into a circle ; and in the particular case when 
the origin is on the circle, its inverse is a line. 

116. Species of A'FG\ Let the points A, B, C be 
fixed. Since AOB^G+C, C may have any value de- 
pending on the position of the point 0. The following 
particular cases are worthy of notice, and may be readily 
inferred: — 

1°. If is the circum-centre of ABG, 

A^A\B = B\ C=G\ 

2°. If is the right (or positive) Brocard point of 
ABG, A0B^G+G'=^7r-B; 

hence (7' = ^. 

Similarly A' = B and JS' = G. 

3°. If is the left (or negative) Brocard point* ABG 
and A'B!G' are again similar. 

4°. If is one of the vertices (G^ of Brocard's second 
triangle, A0B^1G^G^G\ therefore G^G'\ and also 
jB = ^'and^ = £'. 

Hence the triangles are similar when the centre of 
inversion coincides with any of the six points 0, Q, Q', 
^2» -Sg, Cg, or their inverses. (Art. 72, Ex. 22.) 

5°. If is on the circum-circle, (7' = 0°, and the points 
A\ B\ G' are coUinear. 

6°. Let BOG, GO A and AOB be equal respectively to 
60°+^, 60'+£, 60° + (7. Then u4' = £' = (?' =60"; there- 
fore the vertices of any triangle may be inverted into 
those of an equilateral; or one of any given species. 

117. In the preceding figure the point has been 
taken inside the triangle. It is easy to verify the 
analogous angular relations when the centre of inversion 

IS outside ABO. 
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It will be observed from the relations of Art. 116 that, 
if a variable triangle of the species of J.' J?'(7' be inscribed 
in the given one, the fixed point in connexion with the 
figure determined by the method of Art. 19 coincides 
with the centre of inversion. 

118. Relations between the sides otABC and A'RG\ 

From similar triangles AOB and A'OR^ 
AB^/A'B^ = OA . OB/OA' . OR ; 
but OA ' - T^jOA Bind OR = i^jOB, 

therefore by substitution 

ABjA'R = OA . 05/7-2, 
or cjc' = OA . OJS/rl 

By dividing the similar relations a/a' = OB . OC/r^ and 
hlb'^OG.OA/r^ we have 

a la OB 

Hence : — If the base and ratio of sides of a triangle 
are given, the base and ratio of sides after inversion are 
also known. In each case the locus of the vertex is a 
circle having the extremities of the base for a pair of in- 
verse points (Art. 70); and since the loci are inverse 
figures, we have the following important theorem : — 

Every circle and a pair of inverse points invert into a 
circle and a pair of inverse points ; and more generally, 
A circle and a pair of figures each the inverse of the 
other with respect to it^ retain this relation after inversion 
from any origin. 

119. Theorem. — Any circle X, its inverse X' and the 
circle of inversion are coaxal, i.e. hdve, a •^'I'v o^ 
coTYimon points, real or amagiuar'y. 



Let P and Q be the common pair of inverse points of 
the circles and X. It is manifest that they are inverse 
points to X'. For X, P, Q invert respectively into 
■^T', Q, P, which by the last Article are a circle and pair 
of inverse points ; therefore, etc, 

The theorem requires no proof when the ioterBections 
of the circles are real, as the conxal system is of the 
common point species. 

Cor. 1. The circle of antisimilituile is the circle of 
inversion of either of two given ones with respect to the 
other; hence, Ttvo circles and their circles of antisimili- 
tude are coaxal. 

COr, 2. The inverses of the vertices of any triangle 
with respect to the polar circle, real or imaginary, are the 
vertices of the pedal triangle; hence, Tlie circiim- wnd 
nine-points-circles are inverse Jigure-s wiih 'respect to thr. 
polar circle of the triangle; and the three circles are 
coaxal. 

120. InTersion of a System of Four Points. Let 
A, B, G, D and A', B', C, I/he any four points and their 
inverses with respect to a given circle of inversion 0, r. 




The quadrilaterals BGFC. CDC'iy,... are cyclic. Hence 
ibe angular relations : — 

O^'iy = ODA, OC'Df = OliC, 
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from which we obtain 

A0G'\-D'\-U=2ir (1) 

Also AOG=B+B' ; therefore by substituting in (1), 

B+R+D+iy=2'jr; (2) 

similarly, A+A'+G+C'=^ 27r, 

or the sums of corresponding pairs of opposite angl^ of 

the two quadrilaterals are together equal to four right 

angles. 

The following particular cases are noticed : — 

l^ I{ B+D^TT, then also R+iy=7r; i.e., a cyclic 

system of 'points inverts into a cyclic system. Cf. Art.115. 
2". If £'=i)' and A'=C' simultaneously. A' ECU is a 

parallelogram, and its angles are given by the equatiotis 

and A + G^ 2(7r - A') = 2(7r - C). 

Note. — The centres of inversion in this case are easily 
found; for AOC^B+R^B+ir-^iB+D), and BOD 
similarly equals A + Tr^\{B+D)\ hence there are two 
centres of inversion from which the vertices of any 
quadrilateral invert into the vertices of a parallelogram 
in an assigned order, viz., the intersections of the known 
circles GOA and BOD. Four other points might be 
similarly found from the intersections of pairs of circles 
BOG, AOD, and AOB, COD. 

3®. A cyclic system of four points may be inverted 
into the vertices of a rectangle. 

121. Relations between the sides of ABGD and 

A'RG'D\— By Art. 118, BC/RG'^OB . OG/i^ and 

ADJA'U^OA.ODjr^. Multiplying these relations 

we have 

BG.AD ^ OA .OB.OG.OD . 

RU'.A'R 0^ ^ 
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. ., , CA.BD OA.OB.OG.OD 
similarly, g^^/ ^jy = ^^4— > (2) 

etc. etc. ; hence 

BC.ADiCA.BDiAB.CD 
= RG' . A'D' : (7'.!' . jB'J?' : A'R . O'i)' (3) 

Cor. 1. If ^, B, (7, Z) be a harmonic system of points 
on a circle; A\ B', C\ U are also a harmonic cyclic 
system. 

For if the ratios on the left side of (3) are equal, those 
on the right are also equal. 

Cor. 2. Combining 3® of the last Article with the 
previous corollary, it follows that a harmonic aysteiYi of 
cyclic points may he inverted into the vertices of a 
square. 

Examples. 

1. Any two triangles may be placed such that the vertices of the 
one may be inverses of those of the other taken in any assigned 
order. 

2. Any four points may be inverted into an orthocentric system. 
[For the latter quadrilateral has the following angles : — 

A\ 90-^', 180+^', 90-^'; hence since BOD=A+A\ COA 
=i?+90'-J', and ^+C+-4'+7r+^'=180° ; the centres of inver- 
sion are the intersections of two known circles BOD and COA."] 

3. Each side of a triangle divided by the perpendicular on it 
from any origin remains unchanged by inversion. 

3a. If the origin is the symmedian point of the one triangle, it is 
also the symmedian point of the other. 

4. If a, p, y denote the perpendiculars from any point on a 
circle, on the sides of an inscribed triangle, then 

Py sin A+ya sin B+a/3 sin (7=0. 
[For let A'B'C be any three points on a line Z, and the origin ; 

OL ' 
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after inversion is on the inverse circle V and 

— + -3-+ — =0, or -+^+-=0; 
a )8 y a fS y 

therefore, etc.] 

6. Prove generally for any cyclic polygon that 

2(a/a)=0. (Casey.) 

6. The inverse of a figure with respect to a line is its reflexion 
with respect to the line, and is equal in every respect to the given 
one. 

7. The inverses A\ E^C'.„ of the points of intersection -4, J?, 
(7, D of any two figures are the corresponding points of inter- 
section of the inverse figures ; and the lines AA\ BB\ CC',,, are 
concurrent at the centre of inversion. 

7a. If two curves touch at A^ their inverses touch at A' the 
inverse of A, 

8. A circle coincides with its inverse when the circle of inversion 
is orthogonal to it. 

9. A variable chord AB of a circle, the inverse C of a fixed 
point C on it and the centre are concyclic. 

[Since the points A^ B, (7, 00 are coUinear ; their inverses with 
respect to the given circle are concyclic ; t.e., ABC'O is a cyclic 
quadrilateral.] 

10. From any point P on the circum-circle a line is drawn 
through the symmedian point K^ cutting the sides of the triangle 
ABC in A\ B\ C\ prove the relation H/PA'=3IPK. 

[Employ the properties of Ex. 4 and Art. 15, Ex. 1 (3).] 

122. Theorem. The inverse of the circuTn-circle of a 
Mangle ABC with respect to the in-circle is the nine- 
points-circle of the triangle PQR formed by joining the 
points of contact 

Let X, F, Z be the middle points of the sides of PQK 
From similar triangles we get 

OA . OX=OB . OY^OC . OZ=^r^ ; 

therefore, etc 
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Mr. Piers C. Ward haa applied this property in the 
following elegant proof of Mannhevm'a Theorem : — 

Inverting with respect to the in-circle, the circnm- 
circle inverts into X YZ, that is, a circle passing through 




a fixed point Z and of constant radius ( = ^r). It there- 
fore envelopes a circle concentric with Z whose radins is 
equal to the diameter of XYZ ; therefore, etc., hy Art 
121, Ex. 7a. 



1. A variable triangle ABO is inscribed to one and escribed to 
another circle ; prove that the meau centre of the points of contaekn 
P, §, J is a fixed point. 

[This particular case of Weitl'i Theorem (Art. 63, Ex, 12) is euilt)^-. 
seen. For the mean centre of P, Q, Ris the point of trisectnm of. 
the line joining its circuni- and nine-points-centres, both of wliiA 
are fixed ; therefore, etc.] 

2, If a quadrilateral A BCD be inscribed to one circle and cinmin- 
scribed to another ; prove that the mean centre of its point* of 
contact P, Q, R, S with the inner circle ia a fixed point. 

[Let IT, X, r, 7be the middle points of the sides of the cyclic 
quadrilateral P, ft R, S. Then I"', X, T, Z m & cyclic parallelo- 
gram, and ia therefore a rectangle. The mean centre of P,Q,R,S 
18 evidently that of the system ir. A', )', Z, or the centre of the 
circle inverse toABCDwith respect to tivc(jrtiMgi\eMiitiA!fe,\ 
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S. The four nine-poiDts-circles of the four triangles formed by 
taking the vertices of & cyclic quadrilateral in threes pasB through 
a point. 

[For the nine- points-circles iuvert into the circum-circleB of the 
triangles formed by drawing tangents to the circle at the vertices 
of the quadrilateral ; therefore, etc The more general property 
for any quadrilatend hae been independently demonatrated. 
Art 79, Ex. 15.1 



Angles of Intersection of Figures and of theib 
Inverses. 
123. The general relatioTis existing between the centres 
and radii of a circle, its inverse, and the circle of inver- 
sion are a-s follows : — 




Let C, C", be the centres of the three circles ; AB, 
A'R, MN the extremities of their common diameter ; 
S8' and TT the direct common tangents interaectiB% vsi. 
0. SainSTaadiS'T. 
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Since AB and A'R are inverse segments with respect 
to the circle of inversion, the three circles are coaxal. 
(Art. 114, Ex. 9.) 

Let I and F denote the points of intersection of ST 
and S'T with the line of centres ; by comparing equal 
triangles OIS and OIT, etc., it follows that ST and S'T 
are both perpendicular to AB, The quadrilateral GSS'T 
is therefore cyclic; hence the inverse of C is T; and 
similarly the inverse of G' is / with respect to the circle 
of inversion, and therefore :— 

ITie centre G of any circle inverts into the inverse T of 
the centre of inversion with respect to the inverse circle 
G'; and 

The inverse I of the centre of inversion with respect 
to any circle G inverts into the centre G of the circle 
inverse to the circle G* 

In the particular case when the inverse circle is a line, 
the inverse of the centre of a given circle is the rejkadvn 
of the origin tvith respect to the line. 

The inverse of ST is the circle on 0(7 as diameter. 

Again, by similar triangles OG/OG'==OS!OS = GS/CS. 
or, say d/d' = t/f=rlr .,., (1) 

To find d\ t\ and r\ we have 

d'/d=^tf/t^ = Ii^/(d^-r''), 
where R is the radius of inversion. 

Hence "^^^d^"^ ^^^ 

a relation which gives the position of the centre (7 of the 
inverse circle. 

♦Townsend, Modem Oeomttry of the Pointy Line, and Circle, 1863, 
p, 373. 
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From (1) we have therefore generally 

d r <p~r^' 

from which the position of the centre and magnitude of 
the radius of the inverse circle may be determined. 

CoR. If the centre of inversion is on the ciide ; d = r 
and r'=x, thus verifying that the inverse of a circle 
from any origin on its circumference is a right line. 

124. Problem. — To invert two circles such that the 
ratio of the radii of their inverses may be a given 
qvuntity k. 

Let r^, rg be the radii of the given circles ; cZ^, cZg ^^^ 
distances of their centres from the origin 0; R the 
radius of inversion ; t^y ^g ^^^ tangents, real or imaginary, 
from to the given circles. Then if p^, p^ denote the 
radii of the inverse circles, we have, by Art. 123, 

p^^^R'rJt^^ sJHd p^^Rh^Jt^K 

Dividing these equations, 

The centre of inversion is therefore on a locus such 
that tangents drawn from any point on it to the given 
circles have a constant ratio; i,e, a circle coaxal ivith 
them. 

Cor. Any two circles may be inverted into equal 
circles ; and the locus of the centre of inversion is either 
circle of antisimilitude. 

For when Pi = p2 5 ^iV^2^='^i/^2' therefore, etc. (Art. 
114, 2°.) 

Otherwise thus: — Since a circle and two inverse figures 
invert into a circle and two inverse ft^t^^-^ M ^^ ot^s^ss. 
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be taken on either circle of antisimilitude this circle 
inverts into a line. Therefore any two figures the inverse 
of each other with respect to a circle invert into reflexions 
of each other with respect to a line, (Art. 121, Ex. 6.) 

Examples. 

1. Show how to invert any three circles into equal circles. 

[The centres of inversion are the points of section of the circles 
of antisimilitude of the given ones taken in pairs.] 

2. How many centres of inversion are there in the solution 
of Ex. 1 ? 

[The three external circles of antisimilitude are coaxal (Art. 88, 
Ex. 13), and therefore meet in two real or imaginary points. 
Also since every two internal and one external circles of anti- 
similitude are coaxal, there are in all eight centres of inversion real 
or imaginary.] 

3. Any three circles are unaltered by inversion with respect to 
their common orthogonal circle. For this reason the latter has 
been named the Circle of Self- Inversion of the given ones. 

4. To invert the sides of a triangle into 

a". Three equal circles. 

j8°. Three circles whose radii have any given ratios p\q:r, 
\a. The centres of the in- and ex-circles are the four origins. 
jS*. The distances of the origin from the sides are in the inverse 
ratios piqi n] 

125. Theorem. — The tangents at corresponding points 
A and A' of two inverse figures make equal angles with 
thei/r line of connexion AA\ 

For take the corresponding points B and B on the 
curves which are consecutive to A and A'. Join AA' 
and BB' ; they each pass through 0, 

The lines AB and A'R joining consecutive points may 
be regarded as tangents to tt\e Tes^^e.Uv^ curves ; also 
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since ABA'S is a cyclic quadrilateral and the angle at 
indefinitely small, we have (Euc. Ill, 22) 
BAO = OB'A'=AA'B'; 
therefore TAA' ia an isosceles triangle. 




126. Theorem.— r/te avgle of intersection of two curves 
ia similar* to that of titeir inverses at the corresponding 
point. 

For the angle between any two curves is the angle 
between the tangents at their points of intersection. 

But the tangents determine two isosceles triangles 
(Art. 125) on the line AA'; therefore, etc. 

If the centre of inversion i» external or internal to both 
circles the angle remains unaltered; if on the other hand it 
is external to either and internal to the other, the angles of 
intersection before and after inversion are supplemental. 



* " The angle of interBection of two circles undergoes as a Jigure no 
chsj^ of form under the procesa of inyerBion, but often does as a 
TRagmtude, change into its supplement, under that proceia. 

" In the application of the theory of inversion to the geometry of the 
circle, this circumatanoe must always be attended to. 

"The two cases of contact, external and internal, come of course 
under it aa particular caseti ; and in bnt one case alone, that of 
orthogonal intei'sectiou, which presents no ambiguity, can the pre- 
caution over be entirely dispensed with. " Townsend's Modem Oeometry 
q/" the Point, Line, and Cirdt, Art. 401 ■ 
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127. Amongst the various results which follow from 
the preceding Articles, we note 

V. Any two circles meeting at an angle a invert from 
either point of intersection into two lines incUned 
at the same angle, e.g. two orthogonal circles into 
two lines at right angles. 

2°. Three mutually orthogonal circles, e.g. the three 
real polar circles of the triangles formed from 
an orthocentric system of points, invert from any 
of their points of intersection into a circle and 
two perpendicular diameters. 

3*. Any three circles invert from any centre on their 
common orthogonal circle into three others whose 
centres are collinear ; the line of coUinearity being 
the inverse of the common orthogonal circle. 

4**. A system of circles having more than one ortho- 
gonal circle inverts into a system having more 
than one orthogonal line. 

5°. In 4° the intersections of the common orthogonal 
circles are evidently the limiting points of the 
given system which is coaxal. (Art. 86.) 
Hence for any centre of inversion : — 
a°. A coaxal system inverts into a coaxal system ; or 
b®. A circle and a pair of inverse points invert i/nto a 
circle and a pair of inverse points ; 
and for a centre of inversion at either of the limiting 
points :— 
c**. A coaxal system inverts into a concentric system, 
the common centre being the inverse of the second 
limiting point with respect to the circle of inver- 
sion. 
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6". A system of concurrent lines inverts into a coaxal 
system of the common point species, the common 
points being the centre of inversion and the in- 
verse of the point of concurrence. 

7°. An angle and its bisectors invert into two circles 
and their circles of antisimilitude. (Art. 109.) 

S"". If two circles, concentric with the extremities of 
the third diagonal of a cyclic quadrilateral, are 
described cutting the given one orthogonally; they 
are mutually orthogonal, and their points of inter- 
section Oi and Og are therefore inverse points with 
respect to the given circle. Hence if we take 0^ 
and Og as centres of inversion we arrive at the 
following results : — The three circles invert into a 
circle and two rectangular diameters ; the vertices 
of the quadrilateral, which are inverse points with 
respect to the circles, invert into inverse points in 
the same order with respect to the lines, i,e. form 
the vertices of a rectangle. Thus the vertices of 
any cyclic quadrilateral may be inverted into 
those of a rectangle, and the centres of inversion 
are inverse points with respect to the circle, 

9°. A circle may invert into a circle having its centre 
at a given point A, 

For let A' the inverse of J. be the centre, and 
AA' the radius of inversion. Then the given 
circle and pair of points A and A' inverse to it, 
invert into a circle and a pair of inverse points ; 
but the inverse of the centre of inversion -4' is at 
infinity ; therefore A is the centre of the inverse 
. circle. 
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10°. Two parallel lines invert into two circles touching 
externally if the origin is between the lines ; and 
internally if the lines are on the same side of the 
origin. 

11"*. If a quadrilateral A BCD inverts into a parallelo- 
gram from an origin ; the pairs of circles J50C, 
AOD and CO A, BOD touch at 0* 



Section III. 

Anharmonic Ratios unaltered by Inversion. 

128. Theorem. — If -4, £, (7, D he any fowr cancydic 
points and A\ W, C\ Df their inverses wiffi respect to way 
circle of inversion, then 
BG.AD:CA.BD:AB.CD^BC\A'U:CA\Rn:A'ff.Ciy. 

This property has been shown to hold for any four 
points and their inverses, and is therefore true in the 
particular case when they lie on a circle ; hence the an- 
harmonic ratios of four concyclic points are equal to the 
anharmonic ratios of their inverses with respect to any 
circle of inversion. Particular cases have been noticed in 
Art. 121, Cors. 1, 2. 

129. ProblenL — To invert a regular cyclic polygon 
ABC... from any origin P. 

The circumcircle ABC... inverts into a circle a)8y...; 
the diameters AA\ BR, CG\ . . into circles passing through 
the origin P and cutting a^y. . . orthogonally in aa , /SjO*, 

yy-- 

* Hence a construction ior tUfe vet^vxYc^Oi c^^xAix^ ol mvemioa. 
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They therefore paas through Q the inveriie of P with 
respect to the inverse circle and thus form a coasal 
system of the common point species. (Art. 127, 6°.) 
Also the chords aa, j9/3', yy'.-. meet in a point K on 
PQ (Art. 72, Ex. 6). 




On the primitive figure any aide BC of the polygon 
and any diameter AA' meet the circle in a harmonic row 
of points ; therefore (Art. 1 28) on the inverse figure ySyaa' 
is an harmonic row; hence |Sa/ya = ^a'/yo', or, by Euc 
III. 22, the diagonal aa of the quadrilateral is the locus 
of a point such that its distances from either pairs of 
sides which meet at its extremities are proportional to the 
lengths of the sides; similarly for the quadrilaterals 
yS^^, etc Therefore tiie distances of the point K from, 
the sides of the polygon a^y... are proportional to the 
sides. 

For an Harmonic QuadrilatercU, K ia evidently at the 
intersection of the dit^onals ; and the inverse of the 
regular polygon possessing, as \»Ba 'been, ^o-wti., ». «»s«^ 
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spending and more general property has been termed by- 
Casey an Harmonic Polygon, 

Definitions. — The point K is called the Symmedian 
Point of the Polygon ; and if the ratio of any perpen- 
dicular from K to half the side on which it falls is tan o), 
then CO is the Brocard An^le of the Polygon, 

For the properties of harmonic polygons the reader is 
referred to Casey's Sequel to Euclid, Supplementary 
Chapter, Section VI. 

130. Cosjrmmedian Triangles.— Let ABC he b, tri- 
angle K, its symmediau point, and let the lines AK^ BK, 
OK meet the circum-circle again in A\ R, C\ If the 
circle of inveraion be if, p where 

KA,KA'=KB.KR = KC.KC'^^p\ 

the vertices of ABC invert into A\ R, C\ 

Also since BOA A' is a harmonic quadrilateral, therefore 
RCA' A is harmonic, or A' A is a symmedian of the 
triangle A'RC ; similarly the other symmedians are RB 
and GV. 

It appears thus that the two triangles have the same 
symmedian lines» symmedian point, Brocard Circle, 
Brocard Angle, Brocard Points, etc. On account of these 
relations they have been termed Gosymmedian Tri- 
angles,* 



* Their properties were first stated by Casey before the Royal Irish 
Academy in December, 1885. A further account of them M'ill be found 
in Milne's Companion, 



1. li ABC he & ttiaagle md itacentroii; AA',BB',CC'cboTi3 

of the circum-circle passing through ; the Hymmedian point of 
A'ffC is on the diameter which containB Tarry's point. (Vigari6.) 




[Let the circle be Belt-inverted from O as origin and the points A, 
B, C invert into A', B", C respectively. Let AA", BB', CC be the 
symniedian chords meeting in K. 

If a circle CGC" meet GK in ihe point L then 
KO.KL=KC.KC" ; 
and similar relations hold for the circles AOA' &aA BOB" ; there- 
fore these three circles meet in a second common point £, which is 
the inverse of K', the symmedian point of A'BC. 

Let J be the inverse of K with respect to the circum-cirole 
A BC, and it follows that KO . KJ=K<i . A'i= the power of K with 
respect to the ciroum-circle. Hence OGJL is a cyclic figure, tiwA 
the angle OOK=L. 

It has been shown (Art. 67, Ex. 18) that Tarry's point on the 
cii-cnm- circle corresponds to the circiim-centre on the Brocard 
Circle with respect to ABC and Brocard's first triangle, and 
that O is their common centroid i hence angle ONO^GOK and 
GRO=GEO=GF'0. Therefore OGKF' is a cyclic quadrilateral, 
and (Euc III. 21) the pointt F, K, F' are colli-aear. There- 
fore EO.KJ=:KG.KL=KF.KF' or F, /, Z are collinear, the 
line being the inverse of the circle OOKF' with reuj«A^ Vi K. ■•». 
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Now the circum-circles of ABC and OFL cut each other 
orthogonally since the angle OFG—L ; hence the inverse of the 
latter from Q is the diameter NR^ and therefore L inverts into a 
point K' on it ; therefore, etc. 

This solution is due to M*Cay.*] 

Miscellaneous Examples. 

1. The six circles that can be described to touch three given 
ones A^ B, C, two externally and one internally and two intemaUy 
and one externally, are in pairs the inverses of one another with 
respect to the common orthogonal circle of -4, 5, (7. 

[Invert with respect to the common orthogonal circle of A^ B, C, 
and since A, B, C remain unaltered after inversion, three of the 
circles of contact invert into the remaining three ; therefore, etc.] 

2. The eight circles of contact with A, B^C have a common circle 
of antisimilitude. 

[As in Ex. 1 they are in pairs the inverses of each other with 
respect to the common orthogonal circle of A, B, and (7.] 

3. Three circles are described touching the ex-circles of a triangle, 
two externally and one internally ; prove that they each pass 
through the centre of Taylor's Circle. 

[Invert with respect to Taylor's Circle and the circles in question 
invert into the remaining circles of contact, which in this case are 
the sides of the triangle ; and since the circles invert into lines they 
each pass through the centre of inversion.] 

4. If ABC be a triangle ; 0^ p k circle of inversion, A' and B' 
the inverses of A and B ; to prove that 

2« = p2 8in C/r^ 

where / is the radius of the in-circle of A'B'C 

[We have AC^p^jA'C, BC^p'^jBC and AB/A'B^p^/AV.BC, 
hence by addition 



#//] 



'Mathematical Questions with their Solutions/' from the EditcatiomU 
Times, vol UL, p. 73* 
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5. Maimheiin*8 Theorem.^ Having given this vertical angle C 
and radius r' of the in-circle of a triangle A'BC ; the envelope of 
the circnm-circle is a fixed circle. 

[From Ex. 4 by inverting from the vertex with respect to a circle 
of inversion (7, p, the inverse of the circum-circle is the base AB of 
a triangle of known perimeter ; and since the inverse envelopes 
a circle, viz., the ex-circle of the triangle ABC \ therefore, etc.] 

6. A variable circle touches the base of an isosceles triangle at its 
middle point ; prove that the chords of intersection with the sides 
that meet within the circle envelope a fixed circle. (M*Vicker.) 

[See the property of Art. 61, Ex. 1.] 

6a. By inverting from the vertex derive MannheirrCs Tkewem, 

7. Two circles meet at an angle co, and are such that 

2 cos ti}=iJrfR ; prove that a triangle may be inscribed to one and 
circumscribed to the other. Hence find the locus of a point from 
which two circles may be inverted into two others, so that a triangle 
may be inscribed to one and circumscribed to the other. 

8. A variable chord XX' of a circle 0, r passes through a fixed 
point Q ; to prove that the circum-circles of the triangles QOX and 
QOX' envelope coaxal systems. 

[Let P be the inverse of Q with respect to the given circle. The 
circles in question invert into the right lines PX and PA'', which 
by Art. 72, Cor. 5, touch each of two concentric systems, viz., the 
in- and ex-circles of the triangle PXX\] 

9. Prove that the vertices of a triangle and the reflexions 
^1) ^2> ^3 of any point with respect to the sides may be inverted 
into the vertices of a triangle and three coUinear points on the 
sides. (Eussell.) 

[The circle BCO^.CA 0^ ABO^ meet in a point P (Art. 79, Ex. 15), 
which is seen from Euc. Til. 22 to be on the circum-circle of 
OxOfi^ Inverting from P ; therefore, etc.] 



* This well-known property is thus seen to be the inverse of : — ffatfing 
ffiven the vertical angU C and eMier of the quantities « or s - c ; tVA vicq^Vat^ 
o/tJie hose is a circle. 



10. Any triangle ABC and & Siniaon line XYZ may be inverted 
from the foU of the lint into a triangle X'Y'^ aiad Simaon line 
A'BC. 

11. If four circles be mutimlly orthogonal, and if any figure be 
inverted with respect to each in succession ; the fourth inreraion 
will coincide with the original figure. 

[The following proof has been given by ItfCay : — Invert the four 
orthogonal circles from a point of intersection of any two of them. 
Hie latter invert into rectangular lines ; a third circle becomes one 
p, cutting these lines at right angles ; and the fourth after inver- 
sion {p"), since it cuts the third at right angles and is concentric 
with it, satisfies the relation p' + p''=0 or p'= —p"^. 




Let Pi, Ps, P, denote the successive inversions of the point P on 
the inverse figure ; since OP,.OI\^p^ and 0P,= -OP, therefore 
OP. OPi= -p\ or the inverse of P, with respect to the imaginary 
circle of radius tp, whose centre is at 0, coincides with P ; there- 
fore, etc.] 

12. " The centres of the four circles circumscribed about the four 
triangles formed by four right lines »re concycHc." Prove this 
theorem by inversion firom the point P common to the four circnm- 
circles, an<l show that the circle passes through P. 

[It is evident that, 1°, the four lines invert into four circles 
passing through P ; 2°, the four circles into lines joining the 
remtuning pairs of intersections of the circles in 1° ; 3°, the centres 
of the foitr circles into the refleriona oi P w\ftv t«k^«i^ te ^^lft fenr 
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lines on the inverse figure by Art. 123 ; but theae are coUinear ; 
therefore, etc.] 

13. Let 7" be a common tangent to two circles, ( and C the 
tangents to them from any point ; if the circles are inverted 
from as origin prove that T'/tf is unaltered. 

14. The vertex C of a given angle A CB is fixed ; required to find 
the envelope of the circle ACB where A and B are points on a 
given line. 

15. A chord AB of a circle passes through a fixed point P ; find 
the locus of the point of intersection of the circles passing through 
P and touching the given one at A and B. 

16. If two circles be inverted into any two others ; for each pair 
the square of the common tangent divided by the product of the 
diameters are equal. 

[Compare Art, 126 and Art. 4, footnote.] 

17. Prove Casey's relation among the common tangents to four 
circles all of which are touched by a fifth (Art. 7) by the inversion 
of a system of four circles tonching a line. 

18. Draw two parallel lines and describe a number of circles 
touching the lines and each other in succession. Invert this 
system from a point on a diameter of any circle perpendicular to 
the lines and deduce the following theorem : — 




A, B, C are three collinear points, and circles X, V, Z are 
described on the segments BC, CA, AB respectively. A system of 
circles is drawn as in figure to touch each other and the given ones, 
if C„, p denote the nth circle to prove that the distance of ita 
centre from AB= 2n/>. (Ptippne.) 
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19. If three circles Ar^^ Br^ Cr^ touch one another in pairs ; 
prove by inversion that the radii of the circles which touch them 
with contacts of similar species are 

2>ir2±2A 

where 2A is the area of the triangle ABC, 

[Invert from the point of contact of Br^ Cr^ with a radius equal 
to the tangent to ilr^ ; etc.] 

20. The rectangle under the distances of the ex-centre of simili- 
tude of two circles from their radical axis and in-centre of simili- 
tude is equal to the constant product of antisimilitude. 

[The circle of similitude inverts from either centre of similitude 
into the radical axis of the given circles. 

20a. Prove that the poles of the radical axis of two circles with 
respect to the circles are harmonic conjugates with respect to the 
centres of similitude. 

[This is the inverse of the theorem : — The polars of either centre of 
similitude vdth respect to two circles are equidistant from their radical 
axis ; the circle of antisimilitude being taken as circle of inversion.] 

21. A variable circle ABCD touching two fixed circles externally 
meets their radical axis in L and and the pair of transverse 
common tangents in A^ C and B^ D respectively ; prove the follow- 
ing properties of the figure : — 

1**. The limiting points M and N of the circles are the middle 
points of the parallel sides of the quadrilateral PQRS, 

2**. The lines AB and CD move pai-allel to the direct common 
tangents PQ and RS respectively. 

3°. The vertices of ABCD lie on the lines joining and L to the 
limiting points. 

4". BC and AD envelope circles concentric with M and N respec- 
tively. 

To prove V, Since the four common tangents to the two given 
circles form a common escribed quadrilateral, the diagonals of 
which are concurrent with the diagonals of the corre!»ponding 
inscribed quadrilaterals ; tliereioxe, fe\«. ^e^^ k\\..^1,Cor. 6. 
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2°. Let the points A and B and the given circles be numbered 
1, 2, 3, 4 Apply Casey's relation connecting the common tangents 
to four circles all touched by a fifth and reduce, it follows that 
AZ+BZ X AB. Hence AB is constant in direction and PQ is a 
particular position of it, therefore AB and FQ are parallel ; 
similarly CD and RS are parallel. 




3°. To prove that the poiuta 2), Z, N are colliuear. Invert the 
figure from D as origin. The circles, their radical axis and pair of 
inverse points invert into three coaxal circles, one of which passes 
through the origin, and their limiting points ; also the circle 
ABCD inverts into the direct common tangent of the latter system. 
It follows easily (Art. 93, Ex. D) that the inverses of Jf and Z pass 
through D : therefore, eta 

4°. J?if bisects eitemally the base angle B at the triangle ZBC, 
since LO bisects internally the vertical angle of the isosceles 
triangle LMN; similarly CM bisects externally the other base 
ar^le, therefore M is the ex-centre of BCZ. 

Note. — This property, communicated by Mr. Charles M'Vicker, 
is a manifest extension of Mannheim's Theorem. For if either of 
the circles ta reduced to a point Z, we liave of the triangle BCZ 
the vertical angle Z fixed in magnitude and position and the 
ex-circle ; since the variable circum-circle BCZ (ie. ABCD) 
envelopes a circle to which the vertex and centre of the ex-cvcdv, 
are a pair of inverse points ; therefore, ete. 
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22. Prove the converse of Camfz Theorem (Art *l\ showing 
the relation which holds between the common tangents to four 
circles, all of which are touched by a fifth. 

[Invert the circles 1, 2, 3 into equal circles (Art 124) -4, r ; J5, r; C, r; 
and find the inverse Z), r^ of 4 with respect to the same circle of 
inversion. The relation 223. 14=0 holds for the four circles after 
inversion (Art 126) ; also the tangents 23, 31, 12 are equal to the 
sides of the triangle ABC formed by joining the centres of the 
equal circles. Now describe a circle concentric with D and a 
radius equal to r^r^^ and the tangents from Aj By C to it are 
respectively equal to 14, 24, 34. Hence the general relation has 
been reduced to the corresponding one for three points and a circle. 
It is easy to see that the circum-circle of ABC touches i), r «* ri ; for 
by the converse of Ptolemy's Theorem the limiting points of the 
two circles are on ABC ; therefore, etc. Fry.] 

Note. — The method of inversion so useful in Modem Geometry 
was discovered by the Rev. Dr. Stubbs of Trinity College, Dublin, in 
the year 1843. His valuable memoir on* the subject is to be found 
in the Philosophical Magazine^ Nov., 1843, p. 338. About the same 
time. Dr. Ingram published his researches in the Transactione of the 
Dublin Philosophical Society. See vol. i., p. 145. 



CHAPTER XIL 

(JENERAL THEORY OF ANHARMONIC SECTION. 

Section I. 

Anharmonic Section. 

131. Definitions. — Let a line AB be divided by two 
variable points C and D such that AC/BC-r-AD/BD is a 
constant ratio (=/c). The value of /c is thus 

-CA.BD/BG.AD, 

and is termed the Anharmonic Ratio in which the seg- 
ment AB is divided by the points C and D, Similarly 
the anharmonic ratio of CD divided at A and B is 

GA/DA -. GB/DB or - 0^ . BD/BG . AD, 

The points G and D are Gonjugate or Gorreaponding 
Points in the Row A, B, 0, D, and AB and GD are 
Gonjugate Segments, It is obvious that conjugate seg- 
ments divide each other Equianharmonically, i,e, the 
anharmonic ratio oi AB divided at G and D is equal to 
that of GD divided at A and B. 

132. Let the four points A, B, G, D be divided into 

three pairs of opposite segments BG, AD; GA, BD; 

AB, GD ; then the anharmonic ratios of 

261 
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BO divided in A and D^BAjCA ^BDIGD=^\ (1) 

CA divided in 5 and i) = CBjAB ^ CD I AD = m, (2) 

and AB divided in G and D = AC/BC^AD/BD^v, (3) 

or their reciprocals ; since a segment divided in A and D 
is divided in the reciprocal anharmonic ratio by D and A. 
These three fractions X, jul, v and their reciprocals are 
the six anharmonic ratios of the four points A^ B, C, D. 

NoTB. — Let a line AB be divided internally in a variable point 
X and externally in Z' such that AX/BX^^k, AX'/BX'. As X 
approaches By AXjBX increases ; therefore the conjugate point X* 
approaches B simultaneously. For let AX'=a and BX'=b and 
we have 



a-x 



> or < ^ according as a > or < 6. 



b-a; h 

but a>hy thus it follows that as X' moves towards B the ratio 
A X'/BX' continually increases, and becomes infinitely great when 
the variable point coincides with B, Here also it coincides with 
its conjugate Xy and the point B is thus a Double Point of the 
systems described by the variables A" and X\ Similarly il is a 
double point. 

Again, as X' recedes from B on the line produced, X approaches 
M the middle point of AB. In the limit when X' is at infinity and 
AX'jBX' therefore equal to unity, its conjugate X{=^P) divides the 
line in the simple ratio APIPB=h. Similarly when X moves to 
infinity, its conjugate X'{ = Q) gives the relation AQjBQ^ljk ; and 
the two points whose conjugates are at infinity are isotomic conju- 
gates with respect to AB, 

We may note here, and we shall see presently, that when the 
corresponding points of the two systems move in the same direction 
the double points are imaginary, 

133. Problem. — To express all the Anharmonic Batios 
ofABGD in terms of any one of them (X). 

Since BC. AD+CA . BD+AB . CD=^0; 
dividing by AB . CD, we have 
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AB . CD'^ AB . CD'^ ' 
whence on substituting from Art. 132 

-/i-l/\+l = 0. 
Thus generally it follows, by dividing the above equa- 
tion by each of its terms, that 

M+1/X = l; i/+1/m = 1; X+1/i/=1. 
The six ratios are therefore 

X, 1/X, (X-l)/X, X/(X-1), 1-X, 1/(1 -X). 

These may be expressed as trigonometrical functions of an angle. 
For let A=sec^^. Then the ratios taken in the above order reduce 
to the following : — 

sec^^, cos*^, sin*^, cosec*^, - tan^^, - cot^ft 

7/ two of the ratios are equaly e,g, A = (X - 1)/X, then X^ - A+ 1 =0 
and X=c«> or w*, the imaginary cube roots of unity. In this case 
the three pairs of ratios have the values w and (a\ 

If A= - 1 the points form an harmonic row, and the remaining 

ratios are - 1 , - 2, - 1/2, 2, 1/2. 

In speaking of the anharmonic ratio of four points on 
a line the order in which the points are taken is to be 
understood. Dr. Salmon introduced the convenient nota- 
tion [AB(JD\ to denote the ratio into which AB is divided 
by C and D. [ABGD] is equivalent to AG/BG^AD/BD, 
and [ABGD].[ABDG] = h 

Examples. 

1. To prove that [ABCD] = [BABCf] = [DOB A] = [CDAB] ; 
and hence when any two constituents of four points are inter- 
changed, the anharmonic ratio of the system remains unaltered, 
provided the remaining pair be likewise interchanged. 

2. If [ABCD]==[ABDC]=K ; find the value of k. 

[It is plain that k is equal to its reciprocal, and is therefore unity. 
The four points form in this case an Yiarmowv^ «^%Nfc\si\ 
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3. To prove for any collinear system of points Ay B, C, By B ,.. 
that [ABCE]/[ABCJ)]=[ABDE]. 

[Expanding the ratios on the left side and reducing ; therefore, 
etc.] 

4. For any two collinear systems of points A, B, C, 2>, E ,„ 
A\ B, C\ D\ ^' ... having given [ABCDI-^lA'BC'Lri and 
[ABCE] = [A'BC'E'\ to prove that 
[BCI)E]=[BV'D'E'l [CADE]=^[0'A'iyE'], [ABDE]=[A'BiyE1 

[By Ex. 3.] 

5. If [ABCI)]=[ABC'iyi prove that [ABCC']=[ABDiyi 
[Expanding the ratios the required result follows by alternation.] 

6. If in Ex. 4 [ABCD]=-[A'BC'iyii, [ABCE]==[A'BC'E1 
[ABCF]==[A'BC'F'], etc., etc. ; prove that 

[ADEF]=[A'iyE'ri [BBEF]=[BI)'E'F% etc (1) 

and [DFFG ... ]=[BE'F'G' ... ]. 

7. If a segment MN is divided equianharmonically by pairs of 
points A, A\ By B, C, C\ etc. ; to prove that 

r. [MABC ... ]=[MA'BC' ... ] and {NABC ... ]=[NA'BC'\ 

2\ [ABCD . . . ] = [A' BCD . . . ]. 

[Since [MNAA']=[MNBB']=^[MNCC']=- ... etc., by Ex. 6. 
[MNAB] = [MNA'B'] ; [MNA C] = [MNA VI etc. Hence by division 
we have [MABC]=[MA'BC'l etc. ... 

To prove 2^ We have by V [MABC]=[MA'BC'] and 
[MABI)]=[MA'BD']y therefore by division [ABCB]=[A'BC'iy], 

8. If a segment MN is divided harmonically by points A and A\ 
B and B, C and (7' ; to prove that the anharmonic ratio of four of 
the six points taken in any order is equal to that of their four 
conjugates, [ABCC']=[A'BC'C]. 

[By Ex. 7. [MABC]=^[MA'Ba'] ; but (hyp.) C and C are inter- 
changeable, therefore [MABC']=[MA'BC] ; dividing these equa- 
tions, therefore, etc., as in Ex. 4] 

9. To prove the converse of Ex. 8, i,€.y for any six collinear points 
AyByCy A! y By C'y H thc auharmomc ratio of any four is equal to 
that of their four conjugates \CABA'^-^\C'A'BA'\ then 

I \ The anharmonic ratio of every four is equal to that of their 
/our conjugsitea. 
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2**. The segments AA\ Bff^ CC have a common segment of har- 
monic section. 

[To prove T. By hyp. since \CABA''\=^\C'A'BA'\ ; on rean-anging, 
by Ex. 1, we get \AA'BC]^[a'ABC']-:^[AA'C'B\ Therefore by 
alternation (Ex. 5) [AA'BC']=[AA'CBr\^[A'AC'E\ ; similarly for 
all other combinations. To prove 2°. Let MN divide the segments 
AA' and BB harmonically, it divides CC also harmonically. For 
[MABA']^[MA'BA'\ (by Ex. 7) and {NABA']=[NA'BA'\ ; also by 
r [CABA']^\C'A'BA'\ and [C'ABA'^=\C'A'BA\ hence (Ex. 6) 
\MJffCC']=^\MNC(r\ ; therefore, etc. (Ex. 2)]. 

10. Show generally for two equianharmonic systems if any two 
conjugates A and ^'are interchangeable, e.g.,, if {ABCD'\^[A'BC'If\ 
and {A'BCD\^[ABC'iy] that 

1°. Every four are equianharmonic with their four opposites ; 

2°. The segments AA\ BBy CC\ DH have a common segment 
of harmonic section. 

[By the method of Ex. 9.] 



Section II. 

Anharmonic Section of an Angle. 

134. It has been explained in Ari 3 that the anhar- 
monic ratio of four points A^ B^ C, D is equal to that 
of the pencil . ABCD formed by joining them to any 
point 0. It follows then that all the properties of four 
collinear points stated in the previous section involve 
correlative properties of a pencil of rays, and that the 
latter are immediately derived from the former by aid of 
the equation 
BG.ADiCA.BDiAB.CD 

sssin BC. sin AJ) : sin CA . sin BD : sin AB . sin VD, 
Also by describing a circle tlvtoxx^ ^3t\fe n^t\«i- O ^ *^^ 
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pencil O.ABCD, and denoting by A, B,G, D the points 
where it meets the legs of the pencil again; since the 
sines of the angles at are in the ratios of the chords 
opposite to them we may further obtain from the anhar- 
monic properties of collinear points corresponding relations 
amongst points which lie on a circle. 

135. The following properties will appear evident : — 
1°. All transversals to a pencil of rays are cut equian- 
harmonically. 

2°. A transversal to a pencil drawn parallel to one of 
its rajs D is divided by the remaining three in the 
simple ratio AGjBC; which is the anharmonic ratio of 
the pencil. 




3°. In 2°, if the pencil is harmonic, any transversal 
A'FC parallel to i) is such that A'B'^B'C. 

4°. For any two equianharmonic rows of points A, B, 
CD, ... and A', R, (7, D', ..., if the lines A A', BB', and 
CC are concurrent at ; BJy and all other lines joining 
corresponding points of the given systems pass through O. 

[This important property is the converse of 1° and 
follows easily by an indirect Tpiool.^ 
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136. Theorem. — If two tinea he divided equianhar- 
■monicaUy sw^ that a •pair of corresponding points 
amicide at their intersection [OABC...] = [OA'B'G'...] 
the systems are in perspective ; and reciprocally if two 
equiaiiJiamioiiio pencils are stich that a pair of corre- 
sponding rays coincide on the lines joining their vertices 
they are in perspective. 

Let AA' and BR meet in P. Join PC, and if possible 
let PC cut the other axis in G". Then 

[OABC} = [OA'B'Cr'], 
since the rows are in perspective, But 

[OABO] = [OA'RC] (hyp.) ; 
therefore [OA-RC^ = [OA'B'G"l i.e. O and C" coincide. 
Reciprocally for any two pencils P. ABC, ... and 
P*. A'B'C, ... if the rays .d, .d' and B, 5' intersect respec- 




tively in X and ¥, it follows that C and C meet on the 
line XT. 

Otherwise thus:— The rows [XTZW] and [XYZ'W} are equi- 
anharmonic ; therefore Z and Z' coincide. 

CoE. 1. If two pencils are equianharmonic, any two 
rows passing through the intersection of a pair of corre- 
sponding rays are in perspective. 
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COE. 2. Through a given point P a line may be drawn 
across a triangle ABC, cutting its sides in the points Q, 
R, 8, such that [PQjB/S]=a given anharmonic ratio. 

[For the pencil {A . PQRS) formed with the row at 
any vertex A of the triangle is given, and since three of 
its rays are given the fourth is known.] 

Def. Lines divided equianharmonically are also said 
to be divided Homographically. The term homographic 
is applied in general to the equianharmonic division of 
figures of the same kind, e.g, lines, circles, etc., etc. 

Examples. 

1. Every tangent to a circle is cut harmonically by the sides of 
the escribed square. 

[In the limiting position when the. variable tangent coincides 
with a side of the square the row of points determined on it are 
harmonic ; therefore, etc.. Art. 81, Ex. 3.] 

2. To express the anharmonic ratios in which a variable tangent 
is divided by four fixed tangents, in terms of the chords of contact 
of the tangents. 

[Let Fj Qy Hy S denote the points of contact of the sides of tlie 
escribed quadrilateral, which meet the variable tangent at in 
A, ByC, D; 0' the centre of the circle. Then ABGD^O ,ABCD 
= 0,PQRSy since O'Ay OP ; GBy OQ ,., are four pairs of perpendi- 
cular lines ; therefore the required expressions are 

QR.PS:RP,QS:PQ,RS,] 

3. For any quadrilateral escribed to a circle at the points 
Py Qy Ry Sy cach pair of diagonals and a corresponding pair of 
opposite connectors of the inscribed quadrilateral PQRS are con- 
current. (See Art. 67, Cor. 8.) 

[To prove that the sets of lines 

QRy PSy YY'y ZZ' 

RPy QSy ZZ'y XX' 

PQy RSy XX' y TY' 

are each concurrent. 



EXAMPLES. 269 

Consider each of the four tangents at the points P, Qy R, S sl 
transversal to the quadrilateral XX'YY'ZZ', Since consecutive 
tangents meet on the circle, the tangents at P and Q are cut in the 
same order at the points P, Z^ F, X' and Z^ Q, X, Y' ; therefore 
[PZYX']^[ZQXY']^IQZTX\ Hence PQ, YT, ZZ'are concur- 
rent. Similarly RS^ YY' and XX' are concurrent ; therefore, etc.] 

Note. — As the above properties are more generally true for the 
Conic, we consider an interesting case which arises in the parabola 
when the fourth tangent is at infinity (Art. 81). Let tangents AC 
and BC be drawn to a parabola at the points A and B^ and a third 
tangent ZF meeting BC and CA in X and Y respectively. Then 
the equianharmonic relations easily reduce to BXjCX^^ CYjA Y ; or 
a variable tangent divides two fixed tangents in the same ratio. It 
also subtends a constant angle at the focus. Therefore the foci of 
the three parabolas described to touch each pair of sides (6, c, etc) of a 
triangle ABC at the extremities of the third side {BC) are the vertices 
of Brocard^s second triangle, 

4. If a circle touch four others the anharmonic ratios of the 
points of contact are equal to 

23.14:31.^:12.34. 
[By Art. 7.] 

5. The anharmonic ratios of the points of contact of the nine- 
points-circle with the in- and three ex-circles of the triangle ABC 

are 

a^-6^ 6^-0^ c2-«2 

a^^(^ ft2-a» c2-62- 
[As in Ex. 4.] 

6. If the anharmonic ratios of four points A^By (7, /) on a circle 
(or conic) be denoted by A, ft, v, etc., to prove that the anharmonic 
ratios of the pencil P, ABCD are A^, fj?^ v^, etc., where P is the pole 
of the line AB, 

[Let PC, PD meet the conic again in C, Uy and AB in EyO\ 
then (7Z)', DCy and AB are concurrent at F ; and since 
C ABCD^U, ABCDy [ABCD'\^lABEF]=^[ABFG'\^\ (say); 

therefore _^_=_^_ = K, 
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But [ABEa\^P. ABEG=P. ABOD ; therefore, etc.] 

137. DirectlTe Axis. — For any two homographic rows 
of points jIBC.., A'ffC ... on different axesZ andX', if 
any pair of corre.'iponding points A and A' be each joined 
to all the points on the other axis, the two pencils 
A . A'B'C ...,A'ABO... are in perspective (Art 136), i.e. 
the intersections of the pairs of lines AB',A'B{C"); AC, 
A'G {B"); Aiy,A'D,etc, are collinear. We are thus enabled 
to find a point P' on the line L' correapondin^ to a given 
point P on L. 




For having obtained the line F'C, join A'P and let it 
meet B"G" in P"; then jIP" meets the axis L' in the 
required point. 

An important point arises out of the consideration of 
the correspondents to the intersections 0, P, and P" of 
the axes L, L', L" taken in pairs. By means of the 
general method given above we find that P on the axis 
L corresponds to on the axis L', and that P* on the axis 
L' corresponds to on the axis L. This shows that the 
axis Z"of perspective of the pencils 

A.A'FCr.,.. A'. ABC..., 
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whose vertices A and A' were arbitrarily chosen as aay 
pair of correspondents of the given homographic systems, 
i's a jixed Une, gince it meets each axis m a point cor- 
respondiTig to i^eir intersection regarded as a point 
on the other. Hence : all pairs of corresponding connec- 
tors (XT', X'Y) of pairs of non-corresponding points lie 
on a line. This line ia called the Directive Axis of the 
given homographic systems. 

Otherwise thus : Take the two homographic pencils at 'A" and L 
and L' aa trauaveraals to them respectively, then 

[BCPO]=[C'B-P'0]: 
similarly for the vertex 3" it follows that [CAPO'j^lA'CPO]. 
therefore liy division (Art. 133, Ex. 3) IABP0} = IB'AT-01 i.e. the 
liuea AB", A'B, PP axe concurrent 

The same proof applies to the more general case of two Bjatems 
of points on a conic 

138. Directive Centre.— The following property of 
two homr^aphic pencils is derived from Art. 137 hy 




reciprocation : — For any two homographic pencHa of rays 
0. ABC ... and (/.A'SG... tfte liuea jovavitg 'po.w* o^ wf- 
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responding intersections (AR, A'B) ofn^m-correspanding 
rays (A, R and A\ B) are concurrent 

The point of concurrence is termed the Directive Centre 
of the systems, and its property just stated may be 
proved by methods analogous to either of those given in 
Art. 137 for the directive axis. These are left as useful 
exercises for the student. 

139. Problem. — To find a point X on either axis L 
whose correspondent on the other is at infinity (oo'). 

Since the lines joining A, x' and A\ X meet on the 
directive axis, we have the following construction: — 
through A draw a parallel to L\ join A' to its point of 
intersection with the directive axis ; this line meets L in 
the required point. 

Examples. 

1. Having given two homographic penqjls of rajs at different 

vertices ; to find a ray of either corresponding to a given one of the 

other. 

[By means of their directive centre.] 

2. If two homographic rows of points are such that the points oo, 
cx)' at infinity on the axis correspond, the lines are divided similarly. 

[For [ABC<xi'\=[A'BC'^']y hence AB.BC=A'BiBC'; there- 
fore, etc.] 

3. Having given the vertical angle in magnitiide and position of 
a triangle of constant species, the extremities of the base divide the 
sides homographically. 

4. If the lines AA\ BB\ CC connecting the corresponding ver- 
tices of two triangles ABC and A'BC are concurrent at a point 0, 
the intersections Xy F, Z of the pairs of sides BC, BCy etc., are 
coUinear (cf. Art. 66). 

[Join XY and let it meet the lines AA', BB, CC in X^ F, Z 
respectively. Then 

X. OBTB^X. OCZ'C = Y. OCZ'C'= Y. OAX'A'; 



therefore [pBY'B']=\pA^'A''], and aince the point U commoD to 
both rowa the pairs of connectors AB, X'T', A'B are concurrent. 




Therefore also the centre anH azia of perspective L of the two 
triangles divide the corresponding segments AA', BS, CC" equian- 
luirmonically.] 

G. A variable triangle moves with its vertices on three concurrent 
lines such that two of ita sides pass through fixed points Xaitd Y\ 
then the third side passes through a fixed point on the line XY. 
[By Ei. 4.] 

8. The lines joining pairs of corresponding points of any two 
figures in perspective are cut homographically by the centre and 
axis of perspective. 

7. Any line paaaing through either centre of perspective of two 
circles is cut in a constant anbarmonic ratio by their radical axis. 

8. Every four of tbe aii points X, Y, Z, X', T, Z in Ex. 4 are 
equianharmonic with their fonr oppoaiteo. 
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9. In the figure of Art. 137 prove the relations 

1'. [BCPOI^lBfC'OF] =[BV"FPl 
[CAFO]=[C'A'OF] =[C'A"FPl 

2^ [ABCF]=-[A'BC'0] ^[A''B'C"F\, 
[ABCai^^lA'BCP^ =[A"BrC''P']. 

Note. — It will be seen that the triangle ABC" is inscribed to 
A'BCdJi^ escribed to BC'A^^ and more generally that of this system 
of three triaiigles each U inscribed to one and escribed to the other of 
the remaining two. 

The vertex A and opposite side BVoi the triangle A'B'C'iorTa 
with the extremities B and C of the corresponding side of A'BC to 
which it is inscribed a row of points B, C, Ay P, Similarly the 
vertex A' and opposite side BC of A'BC form with the correspond- 
ing side BC of the triangle A'BC to which it is inscribed a 
row By C, A'y 0. But these rows are equianharmonic (Ex. 8, 2") ; 
hence for such a system of triangles the vertex and the opposite side 
of each divide homographically the corresponding side of the triangle 
to which it is inscribed. 

Again, B'C'PF is the row of points formed by the extremities 
of the base B'C" and its intersections with the corresponding sides 
BC and BC of the remaining triangles. But 

B'C'PP^-BCFO^BCOP ; 
hence the sides of each are cut homographically by the correspojiding 
sides of the other two. 

Let the point C vary along the axis L'. Then the lines A C and 
BC turn around the fixed points A and B ; A" and B' move on the 
lines A'G and BC, and the directive axis passes through the fixed 
point C". In this case A" B'C is a variable triangle inscribed to 
A'BC and escribed to ABC", both of which are fixed. Hence for a 
variable triangle A' B'C inscribed to a given one A'BC^ if ttoo of its 
sides pass through the vertices A and B of a triangle escribed to the 
latter, its third side parses through the third vertex C". 

Let us now consider two positions of the variable triangle A^B'C*, 
Since its sides pass through the fixed points A, B, C respectively, 
ABC" is a common inscribed triangle. Hence when two triangles are 
each inscribed to a third A'BC, if the sides A'B', etc., and opposite ver- 
ti'ces C, etc, divide the corresponding side A'B of A'BC in a constant 
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anharmonic ratio [A!BC'P\ the intersections of their corresponding 
sides detennine a common inscribed triangle ABC" which is escribed ' 
to A EC, 

And the vertex C" and opposite side AB cut the corresponding 
sides B'C'y etc., in the above constant anharmonic ratio. 

140. Theorem. — For any two homographic rows of 
points ABG...X and A'EG\.. X\ if X and X' be the 
points whose co-respondents co' and x are at infinity ; 
to p^'ove the relations 

AX.AX'=BX.RX=GX.CrX=etQ, 

Since A, A'; B, R; X, oo'; oo, X' are four pairs of cor- 
responding points [ABXoo] = [A'RooX'], Expanding and 
reducing, this relation becomes AX/BX = l-r- AX'/BX'; 
therefore AX . AX'=BX . BfX\ etc., etc. ; or : — If vari- 
able points A and A' be taken on Jioced lines L and L' 
respectively such that the rectangle under the distances 
fram two fixed points X and X' on the lines is constant, 
they describe homographic systems. 

Cor. 1. When the vertical angle of a triangle of con- 
stant area is given in magnitude and position, the 
extremities of the base divide the sides homographically. 

In this case the points X and X\ whose correspondents 
are x'and oo, are supposed to coincide at the intersection 
of the axes. 

By Art. 81, Ex. 3, we see that the envelope of the base 
is a conic ; and by Ex. 29 of the same article the curve is 
a hyperbola whose asymptotes are the given axes. 

Cor. 2. Any two homographic rows of points may be 
so placed that the corresponding segments A A\ BB, etc., 
may have a common segment of harmonic section. 

Place the systems so that ttve axib^ L «b\A 11 «xA *^^ 



276 ANHARMONIC SECTION. 

points X and X' are coincident. The equations of the 
article are then written 

XA.XA'^XB.XE=XG.X(y=±p\ 

Describe a circle with X as centre having A, A'; B, B"; 
etc., pairs of inverse points, and let it cut the axis in M 
and N. MN is the common segment of harmonic section 
by Art. 70, but it is imaginary when A and A' lie in 
opposite directions from X 

Def. Two homographic systems of points on any axis 
which have a common segment of harmonic section are 
said to be in Involution, and the corresponding points 
A^A^\ B, B'; etc., are Conjugate Points of the Involution. 
We have seen in Cor. 2 that there always exists a pair of 
points, real or imaginary, each of which regarded as 
belonging to either system is coincident with its corre- 
spondent of the other. These are the Double Points 
(if, N) of the involution, and are connected with the 
systems by the equations 

[MNBG] = [MNE(T[, [MNCD] = [MNCTiy], etc., etc., 

[MABG...] = [MA'RCr...] and [NABG...] = [NA'RC\..]. 

See Art. 133, Ex. 7. 

Cor. 3. In any two homographic rows of points on a 
common axis the double points M and N are found from 
the equations * 

XA.rA'=XB.X'R...=XM,TM=XN.X'N; 
they are therefore equidistant from X and X\ 



* If the distances 0-4, OA' from any point on the axis be ar, x^, 
it follows that (a? - OX){x' - 0Z') = const., a result of the form 



PROBLEM 277 

141. For wiy two homographic rows ot points we have 
seen how to find the correspondent P" of any point P, a", 
by means of the directive axis, Art. 137, and ^ hy the 
formula XP. ZT'=const. It will now he proved that 
two given homographic rows can be generated by the 
revolution of either of two determinate angles around 
fixed vertices, the positions of the latter and the mag- 
nitude of the angles depending on the equal values 
[ABCD. ..] and [A'FC'iy. . .] and the positions of the axes. 

142. "BroXAam.— If ABG ... and A'SU... be any /wo 
homographic rows ofpovnta; to find two poi/nta such that 
the angles avbtended at them by the aegmemts AA', BR, 
etc., joining paAre of corresponding points are equal. 




Let E and F be the required points ; X, X' the corre- 
spondents of co' and oo (Art 139). Since AEA' is a 
constant angle, if any point P on X coincides with X, 
EP" is parallel to the axis L'. Similarly it Qf and X' 
coincide, EQ is parallel to L. Hence the lines EX and 
£^'are equally inclined to L and £', or the angles AXE 
and A'X'E are equal 
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Again, the angles subtended at E by any two points A 
and X and their correspondents A' and x' are equal 
(hyp.) ; therefore in the two triangles AEX and EA'X' 
we also have the angles AEX and EA'X' equals and the 
triangles are similar. Hence (Euc. VI. 4) 

AX\XE=ET\XA' 

and ^Z. £^Z'=^X. il'Z' = const. (Art. 140). 

Now in the triangle XEX' we are given the base XX' 
fixed, the difference of base angles and rectangle under 
the sides ; therefore the vertex E is one or other of two 
fixed points E or F, which are obviously the opposite 
vertices of a parallelogram with XX' as diagonal. 

Cor. 1. The angles AEA\ AXF, and J. 'XT are equal. 

For if A' and X' coincide, EA is parallel to L ; there- 
fore AEA' is equal to the angle between EX' ^xA L or 
between FX and Z, since EX' and FX are parallel. 

Cor. 2. The triangles AEA', AXF, and EX' A' are 
similar. 

[For by similar triangles AEX and EA'X' we have 
AX I AE^ EX' IE A', but EX' = FX, hence 

AXIAE=FX/EA', 

or by alternation AX/XF=AE/EA' ; therefore, etc. 
(Euc. VI. 6).] 

Cor. 3. If denote the point of intersection of the 
axes L and L', the points E and F are isogonaJ conjugates 
with respect to the variable triangle OAA', 

[By Cor. 2, FAX = EAA'B.nd FAX'=EA'A; there- 
fore, eta] 
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OoB. 4.* The product of the peTpeudiculars p and p' 
from E and F on the variable line AA' is constant 
{^'=1?). [By Cor. 3.] 

OoR. 5." The locus of the intersection of every two 
rectangular positions of AA' is a circle the square of 
whose radius {p) is given by the equation /i*=2ft*+^, 
where 1S=EF. 

Cob. 6. A variable line cutting two fixed lines homo* 
graphically cuts all positions of itself in a system of 
points A'B'C... such that 

[ABOD . . .] = [A'S-CD'. ..] = [A''£''G"iy'. . .]. 




Draw the directive axis XYZ ... of the system as in 
figure. Then OX and OA", divide the angle LOL' of the 
q uadrilateral PXP'O harmonically (Art. 68). Similarly for 
OFandOS".... Hence we have [O.XF...] = [0.4"5'...] 
Art. 133, Ex. 7. But 

[0. XY. ..-\ = {P.XY. ..-] = [?. A'R...\ 
Therefore [A'B'C'...-\ = iA"BrG"...\ 

* These properties respectively may be otherwise stated ;— A rariable 
line AA' cutting two fixed axes homographically envelopes a conic of 
which E anii F ore the foci. The locus of intersection of recta.n;;gi!«c. 
tangents ia a circle (the DitMtoi Cicol«V 
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Cob. 7. If a variable line meet two fixed circles in a 
harmonic row of points, it intersects all positions of itself 
homographically. 

[For the rectangle under its distances from the centres 
of the circles is constant, Art. 78, Ex. 12 ; therefore, etc., 
Cor. 4.] 

Cor. 8. A variable line meeting two fixed circles such 
that the chords intercepted by them are in a fixed ratio 
cuts all positions of itself homographicaUy. 

[By Art. 90, Ex. 8.] 

143. If the distances of any point from four points 
A, By G, D ona, line L passing through it be denoted by 
a, 13, y, oj, and the distances of any point 0' measured 
along another line L' to A\ B, (J, U be similarly a\ ^, 
y\ x\ the two systems of points are homographic if 

{P-y){a-x) _ (l3'-y')(a'-x') 
{y-a){^-x) (y'-aX^'-x) 

which when multiplied out is of the form 

Axx'+Bx+Gx'+D=0, (1) 

an equation which enables us to determine the position 
of any point of either system corresponding to a given 
one in the other. (See Art. 140, Cor. 3.) 

We have seen that the lines joining corresponding 
points envelopes a conic touching L and L', In the par- 
ticular case when aj=oo in (1) the simultaneous value of 
cc' is also 00, and the corresponding conic is therefore 
touched by the line at infinity. It follows obviously that 
when -4 = in the above equation the conic is a parabola. 

Thus if a variable li'ae be draaum cuttiug the aides a 
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and h of a tricmgle ABC in X and Y such (hat 

I A F+ mBX = const, 

it envelopes a parabola to which the two sides of the 
triangle are tangents, 

B the axes L and L' are coincident and £= in (1), x 
and x' are interchangeable in the equation and, as will be 
more fully explained in the next chapter, the two systems 
are in Involution. 

The double points of two systems on a common axis 
are found from (1) by putting x^x\ in which case the 
equation reduces to the form Ax^+(B+G)x+D = 0. 

Examples. 

1. If the distances of two pairs of collinear points Ay B and A\ B' 
from an origin on the line be denoted by the roots of the equa- 
tions ax^-\-2hx-\-c=0 and a'x^'\-^h'x'\-if^Oy they form a harmonic 
row if oc' +a'c- 266' =0. 

2. Having given two of the anharmonic ratios of four collinear 
points equal, prove that 

(i8-r)'(a-6)»+(y-a«i8-8)«+(a-)8)«(7-8)«=0. 
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INVOLUTION. 



144. When of two systems of points A, B, C, ...; A\ 
jB', (7, ... on any line or circle any three pairs A, A'; 
B,R; C, (j which correspond are connected by a relation 
of the form IBGAA'^^^^BCA'AX it has been proved in 
Art. 133, Ex. 9, 1°. that every four and their four oppo- 
sites are equianharmonic ; 2°. that AA\ BB^ CC\ ... have 
a common segment of harmonic section. 

By Art. 140, Def , we may therefore regard either of 
these properties as a criterion of points in Involution. 

Now since [BCA'F] = [RG'ABl by expanding and 
reducing we get 

BA' GR AG' . 

GA' AS ' BG" ^^^ 

a result previously arrived at in Art. 64, where it was 
shown by the application of Ceva's Theorem that a 
straight line drawn across a quadrilateral is cut in involu- 
tion; the conjugate points A, -4.', etc., being the intersections 
of the line with the pairs of opposite connectors of the 
figure. 

Again, if a pencil of six rays be taken and a circle 

described through the vertex cutting the rays in points 

282 
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A, A'l B, ff; Of G\ they form a system in involution if 

sin BOA' sin OOR sin A 00' .^. 

sinOOA' ' sin AOR ' sinBOO'" ^^ 

The criteria (1) and (2) are called Equations oflnvolvr 
tion, 

145. It has been noticed in Art. 134, Ex. 10, that when 
any two conjugates A and A' of two homographic systems 
are interchangeable, every two are interchangeable, and 
AA', BR, 00' ... have a common segment or angle of 
harmonic section. 

It follows that " when any one point on an axis, or ray 
through a vertex, has the same correspondent to which- 
ever system it be regarded as belonging, then every point 
on the axis or ray through the vertex possesses the same 
property." * 

In illustration of this theorem, let the correspondents 
be joined in pairs to any point (A") on the directive axis 
of the systems (Art. 137). 

Then the corresponding rays -4 "5, -^"jB'are interchange- 
able, their productions through A" being A^'O', A"0\ 
therefore 

The locvs of a point at which two homographic rows 
subtend a pencil in imvolution is their directive axis; 
and similarly, or by reciprocation, a variable lins meeting 
two homographic pencils at a system of points in involu" 
tion passes through their directive centre. 

146. A system of points in involution on a line is com- 
pletely determined when two pairs of its conjugates 
A, A'; B, R are given ; and the conjugate 0' oi any point 

♦ Townsend, Modem (Geometry, nq\, yl, ^, ^^ 
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G is its inverse with respect to the circle described with 
AB and A'R as a pair of inverse segments. 

If the radius of the circle is indefinitely great, one of 
the double points {N) is at infinity, and therefore (Art 72, 
Cor. 3) MA=MA\ MB=MF, etc., etc. ; that is, if one of 
the double poi/nts of a system in involution is at infinity, 
the segments AA', BR, CC\,, have a common centre, viz,, 
the other dovMe point. 

Also a variable segment AA'oi constant length moving 
along a given axis determines two systems of points in 
involution the double points of which are imaginary. 

147. Theorem. — If two chords AA', BR of a circle 
meet in 0, any line through G which m^ts (he circle in 
and 0' determines a system of points A, A'] B, R; 
0, 0' in involution. 

Let AB and 00' meet in Z (Art. 64, iv. fig.). Then 
the pencil B, AROO' is equianharmonic with the row of 
points ZGOO' it determines on the transversal to it 
through G. For a similar reason 

[ZGOO'] = A . BA' 00' =^[A BOVl 

from which relation it follows that every four of the six 
cyclic points and their four opposites are equianharmonic. 

The concurrency of the chords AA\ BB\ 00', being 
involved in this relation, furnishes a geometrical explana- 
tion of the theorem of Art. 133, Ex. 9 (1). 

The following generalized statement is a direct inference 
of the preceding : — 

If through any point P, inside or outside a circle {or 

conic) a number of chords be drawn to cut the curve in 

A, A'; B, R\ C, G', ..., t/ie tm systems ABO ..., A'RG'... 
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are in involution, arid (Art. 64, III.) the 'polar of P 
meets the circle in the double points, real or imaginary* 

EXAMPLB& 

1. A v^ariable line passing through either centre of similitude of 
two circles cuts them in four equianliarmonic systems of points. 

2. A variable circle cutting two given ones at equal or supple- 
mental angles divides them equiauharmonically. 

3. If two circles Fi, V^ cut two others at the same angles a and p 
in the points A, B,C, D and A\ B, C\ U, prove that 

\ABCD'\^\A!BC'iy\'^ 
\AA\ BB, CC, DU are concurrent at the external centre of 
similitude of Fi, V^ Cf. Art. 113, Ex. 12.] 

4. More generally for any number of circles Vi, F2, ... V„, prove 
that [AA'A". . .] = [BBB'. . .] = [CC'C\ . .] = {DUir, . .]. 

5. In Ex. 3, if the angles a and P are right, the anharmonic 
ratio of the four points of intersection of the variable circle is equal 
to that of the four points on their common diameter. 

6. If two triangles ABC, A'BC inscribed in the same circle are 
in perspective at 0, and from any point P on the circle lines PA\ 
PB^ PC are drawn meeting the sides of ABC in X, T, Z, the points 
^V, F, Z, are coUinear. 

[The Pascal hexagons PBBACC, PG'CBAA!, PA'ACBB have 
YOZ, ZOX, XOFas Pascal lines ; therefore, etc.] 

7. If P denote the point on the circle corresponding to P in the 
perspective, and the lines PA, FB, PC meet the sides of A'BC in 
X', r, Z', r. X', T, Z' are collinear with X, T, Z and the six 
points are in involution ; 2°. [XrZO]=[Z'rZ'0]. 

(Townsend, vol. ii. p. 208.) 

* When the point is outside its polar cuts the circle in real points M 
and JV which divide AA\ BB\ CC\.. harmonically, and are therefore 
the double points of the involution ABC ..., A'BC .... 

t It follows directly that the anharmonic ratio of four points on a 
circle is tmaltered by inversion; the circle of inversion in this case 
being either circle of antisimilitude oi F^Mi^ Y^ 
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8. A vxrkble circle cuttiug three tixed circles at equal or similar 
angles determines six homographic systems of points on the circles. 

[Take two positions of the variable circles cutting the given ones 
at equal angles a and jS respectively ; then e&ch of the given ones 
cuts a. coaxal aystem (Art. 114, Ex. 10) at the same angles a and /3; 
therefore, etc. It is evident that the three pairs of double points 
of the homographic systems on each circle are the points of contact 
of the correspoudiug circles of contact.] 

9. Describe a circle touching three given ones with contacts of 
assigned species. [Bj Ex. 7.] 

10. Describe a circle passing through a fixed point and cutting 
two given arcs on each of two circles equianharmonically. 

11. Describe a circle cutting three pairs of arcs on three given 
circles equian harmonically. 

12. The line joining the centres of perspective of any two chords 
of a circle is divided harmonically both by the circle and the 
chords. 

13. Equal arcs of a circle are divided equianharraonically by the 
two circular points at infinity. 

DESAKGtTES' THEOREM. 
148, Any transversal to a cyclic quadrilateral ABCD 
meets the three pairs of opposite connectors BO and A D, 




etc., etc., in X, X'; Y, Y'; Z, Z' and the circle in W and 
W in eight points in involutioTi. 
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For the pencils S.4Z>TFTF' and C. J D IT IT' are equal, 
and therefore [ZY'WW'] = [YZ'WW'] = iZ'7W'W\, or 
the two triads Y, Z, W; Y', Z", W are in involution. 

Again, because C.BDWW'= A .BDWW it foUows 
similarly that Z, X, W and Z', X', W are in involution ; 
and since A .CD'WW' = B .CDWW\ X, Y, IT and Z', Y', 
IT' are in involution ; therefore, etc, Art. 144'. 

Cor. 1. By reciprocation with respect to the given 
circle we obtain the correlative theorem : — 

F(yr any escribed quadrilateral the lines joining any 
point P to the three pairs of opposite intersections X, X'; 
Y, Y'; Z, Z- and the pair of tangents PW, PW are in 
involution. 

Cob. 2, By reciprocation from any origin it followa 
that the theorem and Cor. 1 are more generally true for a 
quadrilateral inscribed or escribed to conic. 

Cor. 3. In the particular case when a pair of opposite 
sides of a cyclic quadrilateral, or one inscribed in a conic, 
coincide, the remaining pair become tangents, and the 




transversal (L) meets their chord of contact in a double 
point 
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Also the line {M) passing throngh their point of- inter- 
section, which is therefore a double point, is divided 
harmonically ; i.e. A variable chord of a conic passing 
through a fixed pomt is divided harmonically by the 
point an^ its polar. 

Cor i. When the transversal (JV) is a tangent to the 
conic, the points of contact (WW) and {YT') are the 
double points. 

Cor. 5. As a particular case of Cor. 4, let the transversal 
be parallel to the chord of contact. Then one of the 
double points (YY') in at infinity, and the other is there- 




fore the middle point oiXX', hence we have the following 
property : — 

The chord of contact of two parallel tangents (i.e. a 
diameter) bisects every parallel chord of the conic, or the 
locus of ike middle points of paralld chords of a conic is 
a right line. 

Cor. 6. Since a parabola touches the line at infinity 
(Art. 81) and the chord of contact of any tangent and the 
line at infinity is a diameter, any chord (WW) of a para- 
bola meets a tangent at a point X, which is the centric. 
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and the diameter through its point of contact at a double 
point {YY') of the involution. Hence aUo 
XW.XW'^XT-. 




or by drawing the ordinates WP, WP", 
OP.OF^OYK 

Cor. 7. Since the asymptotes of a hyperbola and the 
line at infinity are a particular case of a quadrilateral 
inscribed in a conic, wny tra/nsvereal WW is divided 




eimUarly at X and X', because one of the dovMe povnto 
(YY") ia at infinity. The other double point is therefore 
the middle point of WW, and the iniereepta WX and 
WX' between the ewrve and the asymptotes are equal. 

Also, the portion of a/ny ta/ngent to a hyperbola inter- 
cepted by the a»ympU>tea is bisected at tKe povnA, oj <xn&f3t^ 
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Cor. 8. If the point P in Cor. 1 is such that two pairs 
of opposite connectors PX, PX'\ PY, PY' are at right 
angles, the tangents from P to the circle are likewise at 
right angles. But the circle reciprocates from P as origin 
into an equilateral hyperbola ; therefore if an equilateral 
hyperbola he drcumsa^ibed to a triangle, it passes 
through the orthocentre. 

More generally, if an equilateral hyperbola be described 
about a quadrilateral, it passes through the oHhocentre of 
the four ti'iangles formed by taking the vertices in triads. 

The property of Art. 68, Ex. 8, will now appear obvious. 

It follows also that the locus of the centres of equilateral 
hyperbolas descHbed about a tmangle is its nine-points- 
circle. 

Cor. 9. If the sides of the quadrilateral be numbered 
1, 2, 3, 4, and the perpendiculars from TTand TF'on them 
be denoted by p^, p^ p^, p^ ; q^, q^, q^, q^ since 

[WW'XX']==[WWYY']=[WW'ZZ'l 

,,, n WX WZ WZ WX' , . 
and theretore -^^ - 1^^.= ^^ • ^jp etc, etc., 

we have P2P3^PiP^; 

Ms Ml 

hence PzPjPiP^ ^s of constant value for all points on the 
conic, or the locus of a point such that the products of the 
perpendiculars from it to the three pairs of opposite sides 
of a quadmlateral have constant ratios is a conic passing 
through its vertices ; and by reciprocation we derive the 
correlative theorem: — If a quadrilateral is circumscribed 
to a conic, the rectangles under the distances of the pairs 
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of opposite vertices froTrt a variable tangent have are to 
each other in constant ratios,* 

Cor. 10. If either asymptote of a hyperbola be taken 
as a transversal to an inscribed quadrilateral, the double 
points of the involution are both at infinity, and the seg- 
ments XX \ YY\ ZZ have a common middle point; 
therefore the lines joining a variahle point on a hyper- 
bola to a pair of fixed points on it intercept segments of 
constant length on each of the asymptotes. 

This property is thus stated in Townsend*s Modeim 
Geometi% Art. 340 : — 

" For every two homographic pencils of rays through 
different vertices there exist two lines, real or imaginary, 
on each of which the several pairs of corresponding rays 
intercept equal segments." 

Examples. 

1. A pencil whose rays are parallel to the three pairs of opposite 
connectors of a quadrilateral determines a system in involution. 

[Since the line at infinity is a transversal cut in involution by the 
sides of the quadrilateral ; therefore, etc.] 

2. The three pairs of parallels drawn through the vertices and 
the extremities of the third diagonal of a quadrilateral cut any 
transversal in a system of points in involution. 

3. If the fourth vertex D of the quadrilateral ABCD is the ortho- 
centre of ABGy prove the following particular case of the general 
theorem of Art. 148 : — For any pencil of rays in involution^ if two 
pairs of conjugates are at right angles, then all pairs of conjugates are 
at right angles, 

4. Hence deduce ^^The circles on the diagonals of a complete 
quadrilateral are coaxaV^ 



* Chasles, Sectiones coniques, Art. 26. 
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5. Any line or circle intersects 2^ coaxal system at points : 
involution. 

6. The parallels through any point to the sides of a triangle at 
the lines connecting that point to the vertices form an involution 

7. Every two circles and their two centres of perspective subtei 
at any point a pencil in involution. 

8. For every two self-reciprocal triangles with respect to tl 
same circle any two vertices connect equianhamionically with tl 
remaining four. 



1-^ 



CHAPTER XIV. 



DOUBLE POINTS. 



149. The solutions of a large number of problems of 
every variety in Geometry are frequently made to depend 
on the finding of the double points of two homographic 
systems. On account of the great importance of these 
points various constructions have been given for them. 
Thus in the last corollary they are easily found when we 
have obtained the points whose conjugates are at infinity 
on the axis by the equations 

XA . X'A'==XM,X'M=XN, X'N. 

We give in the following article two additional construc- 
tions for homographic rows on an axis and append a 
sufficient number of examples, some of which have 
apparently no connexion with our present subject, to 
enable the student to form an idea of their extensive 
applications. 

150. For any two systems of points on a circle (Art. 67, 
Ex. 6) the pairs of lines BC, RG; CA\ CA ; AB\ A'B 
intersect respectively in points X, F, Z, which are col- 
linear; and the line of coUinearity meets the circle in 
points Jlf and N, real or imaginary, given by the equations 

\ABGM] = [A'FCM^ and \;ABCNA=\A:BCI^S\ 

293 
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But since the anharmonic ratios are unaltered by 
inversion, if the origin be taken on the circle, the cyclic 
system inverts into points lying on a line and the double 
points of the former invert into the double points of the 
latter system. 

Hence the following construction for the double points 
of two homographic systems ABG ,,. and A'RG\.. on a 
line. 

Take any arbitrary point and describe the circles 
BOG\ BVG meeting again in X; GOA\ GVA in F; and 
AOB\ AVB in Z. Then 0, X, F, Z lie on a circle which 
meets the axis in the required points M and JV, real or 
imaginary. (Chasles.) 

Otherwise thus:— Since [BGAM]=^[RG'A'Ml we have 

BA IBM FA' IB'M 



ri.9 



GA/ CM" C A' I CM 

which gives on reduction the ratios MB . MC/MR. MG, a 
known quantity. 

But the numerator and denominator are respectively 
the squares of the tangents from M to the circles described 
on the segments BG' and B'G as diameters ; therefore, et<;., 
by Art. 88, Cor. 2. 

It should be noticed that two homographic sj'-stems 
wJiose double points are imaginary may be generated by 
the revolution of a constant angle about either of two 
fixed vertices which are reflexions of one another with 
respect to the axis. For if AA\ BE, and GG' subtend 
equal angles at a point P (Art 72, Cor. 8), then 

i)P2)' = ^P^'=etc., 
since [A BCD . . .] = [A'B'C D' , . ."\. 
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Examples. 

1. Through a given point P draw a line meeting two given lines 
L and L' divided homographically in corresponding points X, X", 

[Join PA , PB, PC, and let these lines meet the axis L in A\ B", C% 
then ABC...=A"E'C",,, since the systems are in perspective at P, 
therefore A"B'C",,,=A'EC'...y and if any point of either coincides 
with its correspondents of the other, what is required is done ; 
hence lines joining P to the double points of these systems give the 
two solutions of the problem.] 

2. Draw a line through a point P cutting four lines Xi, L^, Zs, L^ 
in a row of points Ay B, C, D having a given anharmonic ratio k, 

p?ake points ^i, A^, Az, ... on the axis X^, and draw lines cutting 
the remaining axes in systems of points such that 

A\ii\L'\lJ\ . . . ^ A2B2t/2J^2 • . . ^ Azo^Ozi^s • • • 
The angle L1L2 is thus divided homographically by the pairs of rays 
through (7i, A ; C2, A ; C3, A ••., etc., and the systems CxC^Cz ..., 
DiD^Dz,., are therefore equianharmonic* Join P(7i, P(72, PC's, ..., 
and let the joining lines meet Z4 in Di', D^, Dz, .... It follows, as 
in Ex. 1, that A^2A-..=A'/VA'.-> and the lines joining their 
double points to P are those required.] 

3. Draw a line intersecting five lines such that the anharmonic 
ratio of any four of the points of intersection is equal to that of any 
other four. 

4. Given two homographic pencils, find the pairs of corresponding 
rays which intersect on a given line L, 

[Let the line meet the pencils in points ABCyA'BC'\ the required 
rays therefore pass through the double points of the homographic 
rows so determined.] 

5. In Ex. 4 find the pair of corresponding rays which intersect 
at a given angle. 

[Join the vertices and O of the pencils, and on OO' describe a 
segment of a circle containing the given angle ; let this circle cut 
the pencils in the points ABC ,.,, A'B'C',,., and find the double 
points of these homographic systems ; therefore, etc.] 

* This is otherwise evident as a\\ the ^e!& \aw!c^ V>cl^ ^ajoss^ qa^^na^ 
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6. Find the direction of* the parallel rays ; and hence draw a 
transversal to two homographic pencils which shall be divided 
similarly by them. 

7. Find two points on a given line which shall be isogonal conju- 
gates with respect to a given triangle. 

8. Construct a triangle with its sides passing through given 
points and its vertices on given lines, or on a circle. 

9. Let the line L joining the vertices of two homographic pencils 
regarded as a ray of each system have for conjugates Xi and Zg ; 
prove that any transversal through the point ZiZg is cut in involu- 
tion (cf. Art. 146). 

10. Through a given point Pdraw a line intersecting five lines in 
the points AyA'\ByE',Fm say assigned order foiming with F an 
involution. 

[Let the lines containing A, B meet in ; those containing A\B 
in a. Since (hyp.) . ABPP'^ a. A'BP'P^ O, FA'PP' and the 
pairs of rays which correspond OjB, OB; OB, O^A' are fixed; 
therefore the variable rays OP* and OP' divide the fifth line L 
homographically and the double points give the required solutions.] 

11. Find a point on a given line such that if joined to five given 
points any two pairs of connectors shall be in involution with the 
line and fifth. 

12. Describe a circle touching three circles with coutacts of 
assigned species. 
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APPLICATIONS OF ELLIPTIC FUNCTIONS, By the same, 

[/n the Press. 

INTRODUCTION TO QUATERNIONS, with numerous examples. 
By P. Kelland and P. G. Tait, Professors in the Department of 
Mathematics in the University of Edinburgh. 2d Ed. Cr. 8vo. 7s. 6d. 

HO IV TO DRA W A STRAIGHT LINE: a Lecture on Linkages. 
By A. B. Kempe. Illustrated. Cr. 8vo. Is. 6d. 

DIFFERENTIAL CALCULUS FOR BEGINNERS, By Alexander 
Knox. Fcap. 8vo. 3s. 6d. 

THE THEORY OF DETERMINANTS IN THE HISTORICAL 
ORDER OF ITS DEVELOPMENT, Part L Determinants in 
General. Leibnitz (1693) to Cayley (1841). By Thomas Muir, 
Mathematical Master in the High School of Glasgow. 8vo. 10s. 6d. 

AN ELEMENTARY, TREATISE ON THE DIFFERENTIAL 
CALCULUS, Founded on the Method of Rates or Fluxions. By 
J. M. Rice, Professor of Mathematics in the United States Navy, 
and W. W. Johnson, Professor of Mathematics in the United States 
Naval Academy. 3d Ed., revised and corrected. 8vo. ISs. 
Abridged Ed. 98. 

WORKS BY ISAAC TODHUNTER, F.R.S. 

AN ELEMENTARY TREATISE ON THE THEORY OF 
EQUATIONS, Cr.Svo. 78. 6d. 

A TREATISE ON THE DIFFERENTIAL CALCULUS, Cr. 8vo. 
10s.6d. KBY. Ci\ 8vo. lOs. 6d. 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS, Cr. 8vo. 78. 6d. KEY. Cr. 8vo. lOs. 6d. 

AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S 
AND BESSEVS FUNCTIONS. Cr. 8vo. lOs. 6d. 

MACMILLAN & CO., l/m\iQ^- 



TRIGONOMETRY. 

AN ELEMENTARY TREATISE ON PLANE TRIGONO- 
METR Y, With Examples. By R. D. Beasley, M. A. 9th Ed., 
revised and enlarged. Gr. 8vo. 3s. 6d. 

FOUR-FIGURE MATHEMATICAL TABLES. Comprising 
Logarithmic and Trigonometrical Tables, and Tables of Squares, Square 
Roots, and Reciprocal^. By J. T. Bottomley, M.A., Lecturer in Natural 
Philosophy in the University of Glasgow. 8vo. 2s. 6d. 

THE ALGEBRA OF CO-PLANAR VECTORS AND TRIGON- 
OMETRY. By R. B. Hay ward, M.A., F.R.S., Assistant 
Master at Harrow. [/n prepat-ation. 

A TREATISE ON TRIGONOMETRY, By W. B. Johnson, 
M.A., late Scholar and Assistant Mathematical Lecturer at King's (College, 
Cambridge. Cr. 8vo. 8s. 6d. 

ELEMENTS OF TRIGONOMETRY, By Rawdon Levett and 
A. F. Davison, Assistant Masters at King Edward's School, Birmingham. 
Cr. 8vo. [/n tht Preu, 

A TREATISE ON SPHERICAL TRIGONOMETRY, With 
applications to Spherical Geometry and numerous Examples. By W. J. 
McClelland, M.A, Principal of the Incorporated Society's School, Santry, 
Dublin, and T. Preston, M.A. Cr. Svo. 8s. 6d., or ; Part L To the End of 
Solution of Triangles, 4s. 6d. Part II., 58. 

MANUAL OF LOGARITHMS, By G. F. Matthews, B.A. Svo. 
5s. nett. 

TEXT-BOOK OF PRACTICAL LOGARITHMS AND TRIGON- 
OMETRY, By J. H. Palmer, Headmaster, R.N., H.M.S. 
Camhridge, Devonport. Gl. Svo. 4s. 6d. 

EXAMPLES FOR PRACTICE IN THE USE OF SEVEN- 
FIGURE LOGARITHMS. By Joseph Wolslienholme, D.Sc, 
late Professor of Mathematics in the Royal Indian Engineering College, 
Cooper's Hill. 8vo. 6s. 

THE ELEMENTS OF PLANE AND SPHERICAL TRIGON- 
OMETRY, By J. 0. Snowball. 14th Ed. Cr. Svo. 7s. 6d. 

WORKS BY REV. J. B. LOCK, M.A., 

Senior Fellow and Bursar of Gonville and Caius College, Cambridge. 

THE TRIGONOMETRY OF ONE ANGLE, Gl. Svo. 2s. 6d. 
TRIGONOMETRY FOR BEGINNERS, as far as the Solution of 

Triangles. 3d Ed. Gl. 8vo. 2s. 6d. EET. Cr. Svo. 6s. 6d. 
ELEMENTARY TRIGONOMETRY, 6th Ed. (in this edition 

the chapter on logarithms has been carefully Kvised). GL Svo. 4s. 6d. 

KEY. Cr. Svo. Ss. 6d. 

HIGHER TRIGONOMETRY, 5th Ed. Gl. Svo. 4s. 6d. Both 

Parts complete in One Volume. Gl. Svo. 7s. 6d. 

WORKS BY ISAAC TODHUNTER, F.R.S. 

TRIGONOME TR Y FOR BEGINNERS. ISmo. 2s. 6d. KEY. 

Cr. Svo. Ss. 6d. 
PLANE TRIGONOMETRY. Cr. Svo. 5s. A New Edition 

revised by R. W. Hogg, M.A. Cr. Svo. 5s. KEY. Cr. Svo. 10s. 6d. 
A TREATISE ON SPHERICAL TRIGONOMETRY, Cr. Svo. 

4s. 6d. 

MACMILLAN & CO., LONDON. 
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CLASSICS. 

Elementary Glassies ; Olasslcal Series ; Olassical Libraiy, (1) Texts, (2) Trans- 
lations; Grammar, Gompositlon, and Philology; ikntiqnlties^ Andeiit 
History, and Philosophy. 

^ELEMENTARY OLASSIOS. 

18mo, Eighteenpence each. 

The following contain Introductions, Notes, and VocabularieB, and 
in some cases Ezercises. 

ACGIDENOE, LATIN, AND EXEBOISES ARRANGED FOR BEGINNERS.~B7 
W. Welch, M.A., and C. G. Duffibld, M.A. 

AESCHYLUS.— PROMETHEUS VINOTUS. By Rev. H. M. Stephenson, M.A. 
ARRIAN.— SELECTIONS. With Exercises. By Rev. John Bond, M.A., and 

Rev. A. S. Walpole, M.A. 
AULUS GELLIUS, STORIES FROM.— Adapted for Beginners. With Exercises. 

By Rev. G. H. Nall, M.A, Assistant Master at Westminster. 
0-ffiSAR.— THE HELVETIAN WAR. Being Selections from Book I. of The 
Gallic War. Adapted for Beginners. With Exercises. By W. Welch, M.A., 
and C. G. Dutfield, M.A 
THE INVASION OF BRITAIN. Being Selections fh)m Books IV. and V. of The 
Gallic War. Adapted for Beginners. With Exercises. By W. Welch, M.A, 
and C. G. Duffield, M.A. 
SCENES FROM BOOKS V. and VI. By C. Colbeck, M.A. 
THE GALLIC WAR. BOOK I. By Rev. A. S. Walpole, M.A 
BOOKS II. AND III. By the Rev. W. G. Rutherford, M.A., LL.D. 
BOOK IV. By Clement Brtans, M. A., Assistant Master at Dulwich College. 
BOOK V. By C. Colbeck, M.A., Assistant Master at Harrow. 
BOOK VI. By the same Editor. 

BOOK VII. By Rev. J. Bond, M.A, and Rev. A. S. Walpole, M.A. 
THE CIVIL WAR BOOK I. By M. Montgomery, M.A. [In the Press, 

OIOERC— DE SENECTUTB. By E. S. Shuokburgh, M.A. 
DE AMICITIA. By the same Editor. 

STORIES OF ROMAN HISTORY. Adapted for Beginners. With Exercises. 
By Rev. G. E. Jeans, M.A, and A. V. Jones, M.A. 
EURIPIDES.— ALCBSTIS. By Rev. M. A. Bayfield, M.A. 
MEDEA By A. W. Verrall, LittD., and Rev. M. A. Bayfield, M.A. 

[In tfie Press. 
HECUBA. By Rev. J. Bond, M.A, and Rev. A. S. Walpole, M.A. 

EUTROPIUS.— Adapted for Beginners. With Exercises. By W, Welch, M.A., 

and C. G. Duffield, M.A. 

HERODOTUS. TALES PROM HERODOTUS. Atticised hy G. S. Farnell, 

M.A. [In the Press. 

HOMER.— ILIAD. BOOK L By Rev, J. Bond, M. A., and Rev. A. S. Walpole, M.A. 

BOOK XVIIL By S. R. James, M.A., Assistant Master at Eton. 

ODYSSEY. BOOK I. By Rev. J. Bond, M.A., and Rev. A. S. Walpole, M.A. 



ELEMENTARY CLASSICS 3 

HORACE.— ODES. BOOKS I. -IV. By T. E. Paqb, M.A., Assistant Master 

at the Charterhouse. Each Is. 6d. 
LIVT.— BOOK I. By H. M. Stephenson, M.A. 
BOOK XXI. Adapted from Mr. Capes's Edition. By J. E. Melhuish, M.A. 
BOOK XXII. By the same. 
THE HANNIBALIAN WAR. Being part of the XXL and XXII. BOOKS OF 

LIVY adapted for Beginners. By G. C. Maoaulat, M.A- 
THB SIEGE OP SYRACUSE. Being part of the XXIV. and XXV. BOOKS OP 

LIVY, adapted for Beginners. With Exercises. By G. Richards, M.A., and 

Rev. A- S. Walpole, M.A. 
LEGENDS OP ANCIENT ROME. Adapted for Beginners. With Exercises. 

By H. Wilkinson, M.A. 
LUOIAN.— EXTRACTS PROM LUCIAN. With Exercises. By Rev. J. Bond, M.A., 

and Rev. A. S. Walpole, M.A. 
NEPOS.— SELECTIONS ILLUSTRATIVE OP GREEK AND ROMAN HISTORY. 

Witii Exercises. By G. S. Farnell, M.A. 
OVID.— SELECTIONS. By B. 8. Shuckburgh, M.A. 
EASY SELECTIONS PROM OVID IN ELEGIAC VERSE. With Exercises. By 

H. Wilkinson, M.A. 
STORIES PROM THE METAMORPHOSES. With Exercises. By Rev. J. Bond, 

M.A., and Rev. A. S. Walpole, M.A. 
PHiBDRUS.— SELECT FABLES. Adapted for Beginners. With Exercises. 

By Rev. A. S. Walpole, M.A. 
THUOYDIDBS.-THE RISE OP THE ATHENIAN EMPIRE. BOOK I. Cna 

89-117 and 228-288. With Exercises. By P. H. Colson, M.A. 
VIRGIL.— SELECTIONS. By E. S. Shuckburgh, M.A. 
BUCOLICS. By T. E. Page, M.A. 
GEORGICS. BOOK L By the same Editor. 
BOOK IL By Rev. J. H. Skrike, M.A. 
iBNEID. BOOK I. By Rev. A. S. Walpole, M.A 
BOOK II. By T. E. Page, M.A. 
BOOK III. By the same Editor. 
BOOK IV. By Rev. H. M. Stephenson, M.A. 
BOOK V. By Rev. A. Calvert, M.A. 
BOOK VI. By T. E. Page, M.A. 
BOOK VII. By Rev. A. Calvert, M.A. 
BOOK VIII. By the same Editor. 
BOOK IX. By Rev. H. M. Stephenson, M.A. 
BOOK X. By S. G. Owen, M.A. 
XENOPHON.— ANABASIS. Selections, adapted for Beginners. With Exercises. 

"By W. Welch, M.A., and C. G. Duffield, M.A. 
BOOK I. With Exercises. By E. A. Wells, M.A. 
BOOK I. By Rev. A. S. Walpole, M.A. 
BOOK II. By the same Editor. 
BOOK III. By Rev. G. H. Nall, M.A. 
BOOK IV. By Rev. E. D. Stone, M.A. 

SELECTIONS PROM BOOK IV. With Exercises. By the same Editor. 
SELECTIONS FROM THE CYROP^DIA. With Exercises. By A. H. Cooke, 

M. A., Fellow and Lecturer of Sling's College, Cambridge. 

The following contain Introductions and Notes, but no Vocabu- 
lary :— 

OIOERC— SELECT LETTERS. By Rev. G. E. Jeans, M.A. 
HERODOTUS.— SELECTIONS FROM BOOKS VIL and VIII. THE EXPEDI- 
TION OP XERXES. By A. H. Cooke, M.A. 
HORACE.— SELECTIONS PROM THE SATIRES AND EPISTLES. By Rev. W. 
J. V. Baker, M.A. 
SELECT EPODBS AND ARS POETICA. By H. A. Dalton, M.A., Assistant 
Master at Winchester. 
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PLATO.— BUTHTPHRO AND MENBXENUS. By 0. E. Graves, M. A. 
TERENCE.— SCENES FROM THE ANDRIA. By F. W. Cornish, M. A. , Assistant 
Master at Eton. 

THE GREEK ELEGIAC POETS.— FROM CALLINUS TO CALLIMACHUS. 

Selected by Rev. Herbert Kynaston, D.D. 
THUCYDIDES.— BOOK IV. Chs. 1-41. THE CAPTURE OF SPHACTERIA. By 

C. E. Graves, M.A. 

CLASSICAL SERIES 
FOR OOLLEG-ES AND SCHOOLS. 

Fcap. 8vo. 

iESCHINES.— IN CTBSIPHONTA. By Rev. T. Gwatkhst, M.A., and B. S. 

Shxtgkbuboh, M.A. 5s. 
fSCHTLUS.— PERS^. By A. O. Prickabd, M.A., Fellow and Tutor of New 
College, Oxford. With Map. 2s. 6d. 
SEVEN AGAINST THEBES. SCHOOL EDITION. By A. W. Verraix, Litt.D., 
Fellow of Trinity College, Cambridge, and M. A. Bayfield, M.A., Head- 
master of Christ's College, Brecon. 2s. 6d. 
ANDOOIDES.— DB MYSTBRIIS. By W. J. Hickib, M.A. 2s. 6d. 
ATTIC ORATORS.— Selections fh)m ANTIPHON, ANDOOIDES, tYSIAS, ISO- 
CRATES, and ISAEUS. By R. C. Jebb, Litt.D., Regius Professor of Greek 
in the University of Cambridge. 5s. 
*O^SAR.— THE GALLIC WAR. By Rev. John Bond, M.A., and Rev. A. S. 

Walpole, M.A. With Maps. 4s. 6d. 
OATULLtrS.— SELECT POEMS. Edited by F. P. Simpson, B. A. 8s. 6d. The Text 

of this Edition is carefully expurgated for School use. 
•CICERO.— THE CATILINE ORATIONS. By A. S. Wilkins, Litt.D., Professor of 
Latin in the Owens College, Victoria University, Manchester. 2s. 6d. 
PRO LEGE MANILIA. By Prof. A. S. Wilkin8, Litt.D. 28. 6d. 
THE SECOND PHILIPPIC ORATION. By John E. B. Mayor, M. A. , Professor 

of Latin in the University of Cambridge. 8s. 6d. 
PRO ROSCIO AMBRINO. By B. H. Donkin, M.A. 2s. 6d. 
PRO P. SESTIO. By Rev. H. A. Holden, Litt.D. 8s. 6d. 
SELECT LETTERS. Edited by R. Y. Tyrrell, M.A. [In the Press. 

DEMOSTHENES.— DB CORONA. By B. Drake, M.A. 7th Edition, revised by 
B. S. Shuckburgh, M.A. 8s. 6d. 
AD VERSUS LBPTINEM. By Rev. J. R. King, M. A., Fellow and Tutor of Oriel 

College, Oxford. 2s. 6d. 
THE FIRST PHILIPPIC. By Rev. T. Gwatkin, M.A. 2s. 6d. 
IN MIDI AM. By Prof. A. S. Wilkins, LittD., and Herman Hager, Ph.D., of 
the Owens College, Victoria University, Mancnester. [In preparation. 

EURIPIDES.— HIPPOLYTUS. By Rev. J. P. Mahaffy, D.D., Fellow of Trinity 
College, and Professor of Ancient History in the University of Dublin, and J. 
B. Bury, M.A., Fellow of Trinity College, Dublin. 2s. 6d. 
MEDEA. By A. W. Verrall, Litt.D., Fellow of Trinity College, Cambridge. 

2s. 6d. 
IPHIGBNIA IN TAURIS. By B. B. England, M.A. 8s. 
ION. By M. A. Bayfield, M. A. , Headmaster of Christ's College, Brecon. 28. 6d. 
BACCHAE. By R. Y. Tyrrell, M. A., Regius Professor of Greek in the University 
of Dublin. [In prtparation, 

HERODOTUS.— BOOK III. By G. C. Macaulay, M.A. 2s. 6d. 
BOOK V. By J. Strachan, M.A., Professor of Greek in the Owens College, 
Victoria University, Manchester. [In preparation, 

BOOK VI. By the same. 3s. 6d. 
BOOK VII. By Mrs. A. F. Butler. 8s. 6d. 
HESIOD.— THE WORKS AND DAYS. By W. T. Lendrum, M.A., Assistant 
Master at Dulwich College. [In preparation. 



CLASSICAL SERIES 6 

HOMER.— ILIAD. BOOKS I., IX., XI., XVI.-XXIV. THE STORY OF 
ACHILLES. By the late J. H. Pratt, M.A., and Walter Leaf, LittD., 
Fellows of Trinity College, Cambridge. 5s. 
ODYSSEY. BOOK IX. By Prof. Johh B. B. Mayor. 28. 6d. 
ODYSSEY. BOOKS XXI.-XXIV. THE TRIUMPH OF ODYSSEUS. By S. 
G. Hamilton, B.A., Fellow of Hertford College, Oxford. 2s. 6d. 
HORACE.— *THE ODES. By T. E. Page, M.A., Assistant Master at the Charter- 
house. 5s. (BOOKS I., II., III., and IV. separately, 2s. each.) 
THE SATIRES. By Arthitr Palmer, M. A. , Professor of Latin in the University 

of Dublin. 5s. 
THE EPISTLES AND ARS POETICA. By A. S. Wilkins, Litt.D., Professor 
of Latin in the Owens College, Victoria Uniyersity, Manchester. 58. 
ISAEOS.— THE ORATIONS. By Willlam Ridoewat, M.A., Professor of Greek 
in Queen's College, Cork. [In prepomUion. 

JUVENAL.— *THIRTEEN SATIRES. By E. G. Hardy, M.A. 5s. The Text is 
carefully expurgated for School use. 
SELECT SATIRES. By Prof. John E. B. Mayor. X. and XI. 3s. 6d. 
XIL-XVI. 4s. 6d. 
LTVY.- *BOOKS IL and HI. By Rev. H. M. Stephenson, M.A. 8s. 6d. 
*BOOKS XXL and XXIL By Rev. W. W. Capes, M.A. With Maps. 4s. 6d. 
*BOOKS XXIII. and XXIV. By G. C. Macaulay, M.A. With Maps. Ss. 6d. 
*THE LAST TWO KINGS OF MACEDON. EXTRACTS FROM THE FOURTH 
AND FIFTH DECADES OF LIVY. By F. H. Rawlins, M.A., Assistant 
Master at Eton. With Maps. 2s. 6d. 
THE SUBJUGATION OF ITALY. SELECTIONS FROM THE FIRST DECADE. 
By G. E. Marindin, M.A. [In preparation. 

LUPRETIUS.— BOOKS I.-IIL By J. H. Warburton Lee, M.A., Assistant 

Master at Rossall. 3s. 6d. 
LYSIAS.— SELECT ORATIONS. By E. S. Shuckbttrgh, M.A. 5s. 
MARTIAL.— SELECT EPIGRAMS. By Rev. H. M. Stephenson, M.A. 58. 
*OVn).— FASTI. By G. H. Hallam, M.A., Assistant Master at Harrow. With 

Maps. 8s. 6d. 
*HEROIDUM EPISTULiB XIII. By E. S. Shuckbtjrqh, M.A. 8s. 6d. 
METAMORPHOSES. BOOKS I.-IIL By C. Simmons, M.A. [In preparation, 
BOOKS XUI. and XIV. By the same Editor. 8s. 6d. 
PLATO.— LACHES. By M. T. Tatham, M.A. 2s. 6d. 
THE REPUBLIC. BOOKS I.-V. By T. H. Warren, M.A., President of 
Magdalen College, Oxford. 5s. 
PLAUTUS.— MILES GLOBIOSUS. By R. Y. Tyrrell, M. A., Regius Professor of 
Greek in the University of Dublin. 2d Ed., revised. 3s. 6d. 
AMPHITRUO. By Arthur Palmer, M.A., Professor of Latin in the University 

of Dublin. 8s. 6d. 
CAPTIVI. By A. Rhys-^mith, M.A. [In the Press. 

PUNY.— LETTERS. BOOKS I. and IL By J. Cowan, M.A., Assistant Master 
at the Manchester Grammar School. 8s. 
LETTERS. BOOK IIL By Prof. John B. B. Mayor. With Life of Pliny by 
G. H. Rendall, M.A. 8s. 6d. 
PLUTARCH.— LIFE OP THEMISTOKLES. By Rev. H. A. Holden, Litt.D. 3s. 6d. 
LIVES OF GALBA AND OTHO. By E. G. Hardy, M.A. 5s. 

POLYBIUS.— THE HISTORY OF THE ACHAEAN LEAGUE AS CONTAINED IN 

THE REMAINS OF POLYBIUS. By W. W. Capes, M.A. 5s. 
PROPERTIUS.— SELECT POEMS. By Prof. J. P. Postgate, Litt.D., Fellow of 

Trinity College, Cambridge. 2d Ed., revised. 5s. 
SALLUST.— *CATILINA and JUGURTHA. By C. Merivalb, D.D., Dean of Ely. 

8s. 6d. Or separately, 2s. each. 
*BELLUM CATULIN^. By A. M. Cook, M.A., Assistant Master at St Paul's 
School. 2s. 6d. 
JUGURTHA. By the same Editor. [In prqpanUion. 
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TACITUS.— THE ANNALS. BOOKS I. and II. By J. S. Reid, LittD. [In prep. 
THE ANNALS. BOOK VL By A. J. Church, M.A., and W. J. Brodeibb, 

M.A. 2s. 
THE HISTORIES. BOOKS L and II. By A. D. Godley, M.A., Fellow of 

Magdalen College, Oxford. Ss. 6d. BOOKS III.-V. By the same. 8s. 6d. 
AGRICOLA and GERMANIA. By A. J. Church, M.A., and W. J. Brodribb, 

M.A. 8s. 6d. Or separately, 2s. each. 
TEBENOB.— HAUTON TIMORDMENOS. By B. S. Shuckburqh, M.A. 2s. 6d. 

With Translation. 8s. 6d. 
PHORMIO. By Rev. John Bond, M.A., and Rev. A. S. Walpole, M.A. 2s. 6d. 
THUOTDIDES.— BOOK L By C. Bryanb, M.A. [In preparation. 

BOOK II. By E. C. Marohant, M.A. , Assistant Master at St. Paul's. [In ihe Press. 
BOOK III. By C. Bryans, M.A. [In pr&paration. 

BOOK IV. By C. E. Graves, M.A., Classical Lecturer at St John's College, 

Cambridge. Ss. 6d. 
BOOK V. By the same Editor. [In the Press. 

BOOKS VI. AND VII. THE SICILIAN EXPEDITION. By Rev. Pbrcival 

Frost, M.A. With Map. Ss. 6d. 
BOOK VIII. By Prof. T. G. Tucker, Litt.D. [In the Press. 

TIBULLUS.— SELECT POEMS. By Prof. J. P. Postoate, Litt.D. [In preparation. 
VIRGIL.— ^NEID. BOOKS II. and III. THE NARRATIVE OP JJNEAS. 

By £. W. HowsoN, M.A., Assistant Master at Harrow. 2s. 
XENOPHON.— *THE ANABASIS. BOOKS I.-IV. By Profs. W. W. Goodwin 

and J. W. White. Adapted to Goodwin's Greek Grammar. With Map. Ss. 6d. 
HBLLENICA. BOOKS I. and IL By H. Hailstone, B.A. With Map. 28. 6d. 
CYROPiBDIA- BOOKS VII. and VIIL By A. Goodwin, M.A., Professor of 

Classics in University College, London. 2s. 6d. 
MEMORABILIA SOCRATIS. By A. R. CLnER,B. A., BaUiol College, Oxford. 6s. 
HIERO. By Rev. H. A. Holden, LittD., LL.D. 2s. 6d. 
OECONOMICUS. By the same. With Lexicon. 58. 

OLASSIOAL LIBRARY. 

Texts, Edited with Introductions and Notes, for the use of 
Advanced Students ; Commentaxies and Translations. 

iESOHYLUS.— THE SUPPLICES. A Revised Text, with Translation. By T. 

G. Tucker, Litt.D., Professor of Classical Philology in the University of Mel- 
bourne. Svo. 10s. 6d. 
THE SEVEN AGAINST THEBES. With Translation. By A. W. Verrall, 

LittD., Fellow of Trinity College, Cambridge. Svo. 7s. 6d. 
AGAMEMNON. With Translation. By A. W. Verrall, Litt.D. Svo. 12s. 
AGAMEMNON, CHOEPHORCE, AND BUMENIDBS. By A. O. Priokard, 

M.A., Fellow and Tutor of New College, Oxford. Svo. [In preparation. 

THE EUMENIDES. With Verse Translation. By Bernard Drake, M.A. 

Svo. 6s. 
ANTONINUS, MAEOUS AUREUUS.— BOOK IV. OF THE MEDITATIONS. 

With Translation. By Hastings Crosslet, M.A. Svo. 6s. 
ARISTOTLE.— THE METAPHYSICS. BOOK I. Translated by a Cambridge 

Graduate. Svo. 5s. 
THE POLITICS. By R. D. Hicks, M.A., Fellow of Trinity College, Cambridge. 

Svo. [In the Press. 

THE POLITICS. Translated by Rev. J. B. C. Welldon, M.A., Headmaster of 

Harrow. Cr. Svo. lOs. 6d. 
THE RHETORIC. Translated by the same. Cr. Svo. 78. 6d. 
AN INTRODUCTION TO ARISTOTLE'S RHETORIC. With Analysis, Notes, 

and Appendices. By E. M. Cope, Fellow and late Tutor of Trinity College, 

Cambridge. Svo. 148. 
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THE ETHICS. Translated by Rev. J. B. C. Wblldon, M.A. Cr. 8vo. [In prep, 
THE SOPHISTICI BLENCHI. With Translation. By E. Poste, M.A., Fellow 

of Oriel CJollege, Oxford. 8vo. 8s. 6d. 
ON THE CONSTITUTION OP ATHENS. Edited by J. E. Sandys, Litt.D. 
ON THE CONSTITUTION OF ATHENS. Translated by B. Poste, M.A. Cr. 

8vo. 3s. 6d. 
ON THE ART OF POETRY. A Lecture. By A. 0. Pkiokard, M.A., 

Fellow and Tutor of New College, Oxford. Cr. 8vo. 3s. 6d. 

ARISTOPHANES.— THE BIRDS. Translated into English Verse. By B. H. 

Kennedy, D.D. Cr. 8vo. 6s. Help Notes to the Same, for the Use of 

Students. Is. 6d. 
ATnO ORATORS.— FROM ANTIPHON TO ISABOS. By R. C. Jebb, LittD., 

Regius Professor of Greek in the University of Cambridge. 2 vols. 8vo. 

25s. 
BABRIUS.— With Lexicon. By Rev. W. G. Rutherford, M.A., LL.D., Head- 
master of Westminster. 8vo. 12s. 6d. 
GIOERO.— THE ACADEMICA. By J. S. Reid, LittD., Fellow of Caius College, 

Cambridge. 8yo. 15s. 
THE ACADEMICS. Translated by the same. 8vo. 5s. 6d. 
SELECT LETTERS. After the Edition of Albert Watson, M.A. Translated 

by G. E. Jeans, M.A., Fellow of Hertford College, Oxford. Cr. 8vo. 10s. 6d. 

EURIPIDES.— MEDEA. Edited by A. W. Verrall, Litt.D. 8vo. 7s. 6d. 
IPHIGENEIA AT AULIS. Edited by E. B. England, M.A. 8vo. 7s. 6d. 
♦INTRODUCTION TO THE STUDY OF EURIPIDES. By Professor J. P. 
Mahatfy. Fcap. 8vo. Is. 6d. (Classical Writers.) 

HERODOTUS.— BOOKS I.-IIL THE ANCIENT EMPIRES OF THE EAST. 

Edited by A. H. Sayce, Deputy-Professor of Comparative Philology, Oxford. 

8vo. 16s. 
BOOKS IV.-IX. Edited by R. W. Macan, M.A., Reader In Ancient History in 

the University of Oxford. 8vo. [In prepartUion. 

THE HISTORY. Translated by G. C. Macaulay, M.A. 2 vols. Cr. 8vo. 18s. 

HOMER.— THE ILIAD. By Walter Leaf, LittD. 8vo. Books L-XIL 14s. 
Books XIIL-XXIV. 148. 
THE ILIAD. Translated into English Prose by Andrew Lano, M.A., Walter 
Leaf, LittD., and Ernest Myers, M.A. Cr. 8vo. 12s. 6d. 

THE ODYSSEY. Done into English by S. H. Butcher, M.A., Professor of 

Greek in the University of Edinburgh, and Andrew Lano, M.A. Cr. 8vo. 6s. 

•INTRODUCTION TO THE STUDY OF HOMER. By the Right Hon. W. E. 

Gladstone. 18mo. Is. (Literature Primers.) 
HOMERIC DICTIONARY. Translated fix>m the German of Dr. G. Autenrieth 
by R. P. Keep, Ph.D. Illustrated. Cr. 8vo. 6s. 
HORACE.- Translated by J. Lonsdale, M.A., and S. Lee, M.A. Gl. 8vo. 3s. 6d. 

STUDIES, LITERARY AND HISTORICAL, IN THE ODES OF HORACE. 
By A. W. Verrall, Litt.D. 8vo. 8s. 6d. 
JUVENAL.— THIRTEEN SATIRES OF JUVENAL. By John B. B. Mayor, 
M.A., Professor of Latin in the University of Cambridge. Cr. 8vo. 2 vols. 
10s. 6d. each. VoL I. 10s. 6d. Vol. II. lOs. 6d. 
THIRTEEN SATIRES. Translated by Alex. Leeper, M.A., LL.D., Warden of 
Trinity College, Melbourne. Cr. Svo. 3s. 6d. 
KTESIAS.— THE FRAGMENTS OF THE PERSIKA OP KTESLAS. By John 

GiLMORE, M.A. 8yo. Ss. 6d. 
LIVY.— BOOKS L-rV. Translated by Rev. H. M. Stephenson, M.A. [In prep. 
BOOKS XXI.-XXV. Translated by A. J. Church, M.A., and W. J. Brodribb, 

M.A. Cr. 8vo. 7b. 6d. 
•INTRODUCTION TO THE STUDY OF LIVY. By Rev. W. W. Capes, M.A. 

Fcap. 8vo. Is. 6d. (Classical Writers.) 
LONGINUa— ON THE SUBLIME. Translated by H. L. Hatbll. B.A. With 
Introduction by Andrew Lano. Or. Svo. 4s. 6d. 



8 CLASSICS 

MARTIAL.— BOOKS I. and II. OP THE BPIGRAMS. By Prof. John B. B. 

Mayor, M.A. 8vo. [In the Press. 

MELEAGEB.— FIFTY POEMS OF MBLEAGER. Translated by Walteb Head- 

LAM. Fcap. 4to. 78. 6d. 

PAUSANIAS.— DESCRIPTION OP GREECE. Translated with Commentary 
by J. G. FuAZEK, M.A., Fellow of Trinity College, Cambridge. [In prep. 

PHRYNIOHUS.— THE NEW PHRYNICHUS ; being a Revised Text of the Bcloga 
of the Grammarian Phrynichus. With Introduction and Commentary by Rev. 
W. G. Rutherford, M. A., LL.D., Headmaster of Westminster. 8vo. 18s. 

PINDAR.— THE EXTANT ODES OF PINDAR. Translated by Ernest Myers, 
M.A. Cr. 8vo. 6s. 

THE OLYMPIAN AND PYTHIAN ODES. Edited, with an Introductory 
Essay, by Basil Gildersleeve, Professor of Greek in the Johns Hopkins 
University, U.S.A. Cr. 8vo. 7s. 6d. 

THE NEMBAN ODES. By J. B. Bury, M.A., Fellow of Trinity College, 
Dublin. 8vo. 128. 

THE ISTHMIAN ODES. By the same Editor. [In the Press. 

PLATO.— PH^DO. By R. D. Archer-Hind, M.A., Fellow of Trinity College, 
Cambridge. 8vo. 8s. 6d. 
"PB-MDO. By W. D. Geddss, LL.D., Principal of the University of Aberdeen. 

8vo. 8s. 6a. 
TIMAEUS. With Translation, By R. D. Archer-Hind, M.A. 8vo. 168. 
THE REPUBLIC OF PLATO. Translated by J. Ll. Daviks, M.A., and D. J. 

Vaughan, M.A. 18mo. 4s. 6d. 
BUTHYPHRO, APOLOGY, CRITO, AND PHiEDO. Translated by F. J. 

Chxtrch. 18mo. 4s. 6d. 
PH^DRUS, LYSIS, AND PROTAGORAS. Translated by J. Wright, M.A. 
18mo. 4s. 6d. 
PLAUTUS.— THE MOSTELLARIA. By William Ramsay, M.A. Edited by 
G. G. Ramsay, M.A., Professor of Humanity in the University of Glasgow. 
8vo. 14s. 
PUNY.— CORRESPONDENCE WITH TRAJAN. C. PlinU CaecUii Secundl 
Bpistulae ad Traianum Imperatorem cum Biusdem Responsis. By B. G. 
Hardy, M.A. 8vo. 10s. 6d. 

POLYBIUS.— THE HISTORIES OP POLYBIUS. Translated by B. S. Shuck- 
burgh, M.A. 2 vols. Cr. 8vo. 24s. 

SALLUST.— CATILINE AND JUGURTHA. Translated by A. W. Pollard, B. A. 
Cr. 8vo. 6s. THE CATILINE (separately). 8s. 

SOPHOCLES.— GSDIPUS THE KING. Translated into English Verse by E. D. A. 
. Morshead, M.A., Assistant Master at Winchester. Fcap. 8vo. 8s. 6d. 

TACITUS.— THE ANNALS. By G. O. Holbrooke, M.A., Professor of Lathi in 

Trinity College, Hartford, U.S.A. With Maps. 8vo. 16s. 
THE ANNALS. Translated by A. J. Church, M.A., and W. J. Brodribb, M.A. 

With Maps. Cr. 8vo. 7s. Cd. 
THE HISTORIES. By Rev. W. A. Spooner, M.A., Fellow and Tutor of New 

College, Oxford. 8vo. 168. 
THE HISTORY. Translated by A. J. Church, M.A., and W. J. Brodribb, 

M.A. With Map. Cr. 8vo. 6s. 
THE AGRICOLA AND GERMANY, WITH THE DIALOGUE ON ORATORY. 

Translated by A. J. Church, M.A., and W. J. Brodribb, M.A. With Maps. 

Cr. 8vo. 4s. 6d 
^INTRODUCTION TO THE STUDY OP TACITUS. By A. J. Church, M.A., 

and W. J. Brodribb, M.A. Fcap. 8vo. Is. 6d. (Classical Writers.) 

THEOCRITUS, BION, AND MOSGHUS. Translated by A. Lang, M.A. 18mo. 
4s. 6d. Also an Edition on Large Paper. Cr. 8vo. 9s. 

THUOYDIDES.— BOOK IV. A Revision of the Text, Illustrating the Principal 
Causes of Corruption in the Manuscripts of this Author. By Rev. W. O. 
Rutherford, M.A., IL.D., Headmaster of Westminster. 8vo. 78. 6d. 
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BOOK VIII. By H. C. Goodhabt, M. A., Fellow of Trinity Gollege, Cambridge. 

[In the Press. 

VIRGIL.— Translated by J. Lonsdale, M.A., and S. Lee, M.A. G1. 8yo. 8s. 6d. 
THE -aiNEID. Translated by J. W. Mackail, M.A., Fellow of Balliol College, 
Oxford. Cr. Svo. 7s. 6d. 

ZENOPHON.— Translated by H. G. Daktns, M.A. In four vols. Cr. Svo. Vol. I., 
containing " The Anabasis " and Books I. and II. of " The Hellenica." 10s. 6d. 
VoL IL "Hellenica" IIL-VIL, and the two Polities— "Athenian" and 
" Laconian," the " Agesilaus," and the tract on " Bevenues.'^ With Maps and 
Flans. [In the Press. 
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♦BELOHBR.— SHORT EXERCISES IN LATIN PROSE COMPOSITION AND 
EXAMINATION PAPERS IN LATIN GRAMMAR. Part I. By Rev. H. 
Belcher, LL.D., Rector of the High School, Dunedin, N.Z. ISmo. Is. 6d. 
KET, for Teadiers only. ISmo. 8s. 6d. 

*Part II., On the Syntax of Sentences, with an Appendix, including EXERCISES 
IN LATIN IDIOMS, etc 18mo. 2s. KEY, for Teachers only. ISmo. Ss. 
BLAGKIE.— GREBE AND ENGLISH DDO^OGUES FOR USE IN SCHOOLS 
AND COLLEGES. By John Stuart Blackib, Emeritus Professor of Greek 
in the University of Edinburgh. New Edition. Fcap. Svo. 2s. 6d. 
A GREEK PRIMER, COLLOQUIAL AND CONSTRUCTIVE. Cr. Svo. 2s. 6d. 
*BRYANS.— LATIN PROSE EXERCISES BASED UPON CESAR'S GALLIC 
WAR. With a Classification of Caesar's Chief Phrases and Grammatical Notes 
on Ceesar's Usages. By Clement Brtans, M.A., Assistant Master at Dulwich 
College. Ex. fcap. Svo. 2s. 6d. KEY, for Teachers only. 4s. 6d. 
GREEK PROSE EXERCISES based upon Thucydides. By the same. 

[In preparation. 

OOOKSON.— A LATIN SYNTAX. By Christopher Cookson, M.A., Assistant 

Master at St. Paul's School. Svo. [In preparaiion. 

OO^&NELL UNIVERSITY STUDIES IN OLASSIGAL PHILOLOGY. Edited by 

1. Flaoo, W. G. Hale, and R I. Wheeler. I. The CUJkf-Constructions : their 
History and Functions. ByW. G.Hale. Part 1. Critical. ls.Sd.net. Part 

2. Constructive. 8s. 4d. net. II. Analogy and the Scope of its Application 
in Language. By B. I. Wheeler. Is. 8d. net. 

*BIOKE.— FIRST LESSONS IN LATIN. By K. M. Eickb, B.A., Assistant Master 

at Oundle School. Gl. Svo. 2s. 6d. 
♦ENGLAND.- EXERCISES ON LATIN SYNTAX AND IDIOM. ARRANGED 

WITH REFERENCE TO ROBY'S SCHOOL LATIN GRAMMAR. By E. 

B. Enoland, Assistant Lecturer at the Owens College, Victoria University, 

Manchester. Cr. Svo. 2s. 6d. KEY, for Teachers only. 2s. 6d. 

GILES.— A SHORT MANUAL OF PHILOLOGY FOR CLASSICAL STUDENTS 

By P. Giles, M.A., Reader in Comparative Philology in the University of Cam 

bridge. Cr. Svo. [In the Press 

GOODWIN.— Works by W. W. Goodwin, LL.D., D.O.L., Professor of Greek in 

Harvard University, U.S.A. 
SYNTAX OF THE MOODS AND TENSES OF THE GREEK VERB. New 

Ed., revised and eiU.arged. Svo. 14s. 
*A GREEK GRAMMAR. Cr. Svo. 6s. 
•A GREEK GRAMMAR FOR SCHOOLS. Cr. Svo. 8s. 6d. 
GREENWOOD.— THE ELEMENTS OF GREEK GRAMMAR. Adapted to the 

System of Crude Forms. By J. G. Greenwood, sometime Principal of the 

Owens College, Manchester. Cr. Svo. 5s. 6d. 
HADLEY.— ESSAYS, PHILOLOGICAL AND CRITICAL. By James Hadley, 

late Professor in Yale College. Svo. 16s. 
HADLEY and ALLEN. — A GREEK GRAMMAR FOR SCHOOLS AND 

COLLEGES. By James Hadley, late Professor in Yale College. Revised 

and in part rewritten by F. dk F. Allen, Professor in Harvard College. 

Cr. Svo. 68. 



10 CLASSICS 

HODGSON.— MYTHOLOGY FOR LATIN VERSIFICATION. A brief sketch of 
the Fables of the Ancients, prepared to be rendered into Latin Verse for 
Schools. By F. Hodgson, B.D., late Provost of Eton. New Ed., revised by 
F. C. Hodgson, M.A. 18mo. 3s. 

*JAOKSON.— FIRST STEPS TO GREEK PROSE COMPOSITION By Blomfield 
Jaokson, M.A., Assistant Master at King's Collie School. 18mo. Is. 6d. 
KEY, for Teachers only. 18mo. Ss. 6d. 
•SECOND STEPS TO GREEK PROSE COMPOSITION, with Miscellaneous 
Idioms, Aids to Accentuation, and Examination Papers in Greek Sdiolarship. 
By the same. ISmo. 2s. 6d. KEY, for Teachers only. 18mo. Ss. 6d. 

KYNASTON.— EXERCISES IN THE COMPOSITION OP GREEK IAMBIC 
VERSE by Translations from English Dramatists. By Rev. H. Kynaston, 
D.D., Professor of Classics in the University of Durham. With Vocabulary. 
Ex. fcap. 8vo. 5s. 
KEY, for Teachers only. Ex. fcap. 8vo. 4s. 6d. 

LUPTON.— *AN INTRODUCTION TO LATIN ELEGIAC VERSE COMPOSI- 
TION. By J. H. Lupton, Sur-Master of St. Paul's School. Gl. 8vo. 2s. fid. 
KEY TO PART II. (XXV.-C.) Gl. 8vo. Ss. 6d. 

*AN INTRODUCTION TO LATIN LYRIC VERSE COMPOSITION. By the 
same. Gl. Svo. Ss. KEY, for Teachers only. Gl. 8vo. 4s. 6d. 

MACKIE.— PARALLEL PASSAGES FOR TRANSLATION INTO GREEK 
AND ENGLISH. With Indexes. By Rev. Ellis C. Maokie, M.A., Classical 
Master at Heversham Grammar SchooL Gl. Svo. 4s. 6d. 

•MACMILLAN.— FIRST LATIN GRAMMAR. By M. 0. Macmillan, M.A. 
Fcap. Svo. Is. 6d. 

MAGMILLAN'S GREEK COURSE.— Edited by Rev. W. G. Ruthe&fo&d, M.A., 

LL.D., Headmaster of Westminster. Gl. Svo. 
*PIRST GREEK GRAMMAR-ACCIDENCE. By the Editor. 2s. 
«FIRST GREEK GRAMMAR— SYNTAX By the same. 2s. 
ACCIDENCE AND SYNTAX. In one volume. Ss. 6d. 

•EASY EXERCISES IN GREEK ACCIDENCE. By H. G. Underhill, M.A., 

Assistant Master at St. Paul's Preparatory SchooL 2s. 
•A SECOND GREEK EXERCISE BOOK. By Rev. W. A. Heard, M.A., 

Headmaster of Fettes College, Edinburgh. 2s. 6d. 
EASY EXERCISES IN GREEK SYNTAX. By Rev. G. H. Nall, M.A., 
Assistant Master at Westminster School. [In prqxLration. 

MANUAL OF GREEK ACCIDENCE. By the Editor. [In preparation. 

MANUAL OF GREEK SYNTAX By the Editor. [In preparation. 

ELEMENTARY GREEK COMPOSITION. By the Editor. [In preparation. 

«MAGMILLAN'S GREEK READER.— STORIES AND LEGENDS. A First Greek 
Reader, with Notes, Vocabulary, and Exercises. By F. H. Colson, M.A., 
Headmaster of Plymouth College. GL Svo. Ss. 

MAGMILLAN'S LATIN GOITRSE.— By A. M. Cook, M.A., Assistant Master at 

St Paul's SchooL 
•FIRST PART. GL Svo. Ss. 6d. 
•SECOND PART. 2s. 6d. [Third Part in preparation, 

•MACMILLAN'S SHORTER LATIN COURSE.- By A. M. Cook, M.A. Being an 
abridgmentof'Macmillan's Latin Course," First Part. GL Svo. Is. 6d. 

•MACMILLAN'S LATIN READER.— A LATIN READER FOR THE LOWER 
FORMS IN SCHOOLS. By H. J. Habdy, M.A., Assistant Master at Win- 
chester. GL Svo. 2s. 6d. 

•MARSHALL.— A TABLE OF IRREGULAR GREEK VERBS, classified according 
to the arrangement of Curtius's Greek Grammar. By J. M. Marshall, M.A., 
Headmaster of the Grammar School, Durham. Svo. Is. 

MAYOR.— FIRST GREEK READER. By Prof. John E. B. Mayor, M.A., Fellow 
of St. John's College, Cambridge. Fcap. Svo. 4s. 6d. 
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MAYOR.— GREEK FOR BEGINNERS. By Rev. J. B. Mayor, M.A., late 

Professor of Classical Literature in King's College, London. Part I., with 

Vocabulary. Is. 6d. Parts IL and III., with Vocabulary and Index. Fcap. 

8to. 3s. 6d. Complete in one Vol. 4s. 6d. 
NIXON.— PARALLEL EXTRACTS, Arranged fbr Translation into English and 

Latin, with Notes on Idioms. By J. B. Nixon, M.A., Fellow and Classical 

Lecturer, King's College, Cambridge. Part I.— Historical and Epistolary. 

Cr. 8vo. Ss. 6d. 
PROSE EXTRACTS, Arranged for Translation into English and Latin, with 

General and Special Prefaces on Style and Idiom. By the same. L OratoricaL 

II. Historical. III. PhilosophicaL IV. Anecdotes and Letters. 2d Ed., 

enlaigedto280pp. Cr. Svo. 4s. 6d. SELECTIONS FROM THE SAME. 8s. 
Translations of about 70 Extracts can be supplied to Schoolmasters (2s. 6d.), 

on application to the Author : and about 40 similarly of "Parallel Extracts." 

Is. 6d. post free. 
*PANTIN.— A FIRST LATIN VERSE BOOK. By W. B. P. Pantin, M.A., 

Assistant Master at St. Paul's SchooL GL 8yo. Is. 6d. 
*PBILE.— A PRIMER OF PHILOLOGY. By J. Pbiub, LittD., Master of Christ's 

College, Cambridge. 18mo. Is. 
^POSTGATB.— SERMO LATIN US. A short Guide to Latin Prose Composition. 

By Prot J. P. PoBTOATB, littD., FeUow of Trinity College, Cambridge. Gl. 

8vo. 2s. 6d. KEY to " Selected Passages." GL 8vo. 8s. 6d. 
POSTGATE and VINOB.— A DICTIONARY OF LATIN ETYMOLOGY. By 

J. P. PosTQATB and C. A. Vince. [In preparation. 

POTTS.— *HINTS TOWARDS LATIN PROSE COMPOSITION. By A. W. Porrs, 

M.A., LL.D., late Fellow of St John's College, Cambridge. Bx. fcap. 8vo. 3s. 
♦PASSAGES FOR TRANSLATION INTO LATIN PROSE. Edited with Notes and 

References to the above. Bx. fcap. Svo. 2s. 6d. KEY, for Teachers only. 2s. 6d. 
*PRBSTON.— EXERCISES IN LATIN VERSE OF VARIOUS KINDS. By Rev. 

G. Pebston. gl Svo. 28. 6d. KEY, for Teachers only. GL Svo. 6s. 
REID.— A GRAMMAR OF TACITUS. By J. S. Reid, LittD., Fellow of Caius 

College, Cambridge. [In the Press. 

A GRAMMAR OF VIRGIL. By the same. [In preparation. 

ROBY.— Works by H. J. Rosy, M.A., late Fellow of St. John's College, Cambridge. 

A GRAMMAR OF THE LATIN LANGUAGE, from Plautus to Suetonius. Part 

I. Sounds, Inflexions, Word-formation, Appendices. Cr. Sva 9s. Part IL 

Syntax, Prepositions, etc. 10s. 6d. 
•SCHOOL LATIN GRAMMAR. Cr. Svo. 6s. 

AN ELEMENTARY LATIN GRAMMAR. [In the Press. 

*RUSH.— SYNTHETIC LATIN DELECTUS. With Notes and Vocabulary. By E. 

Rush, B.A. Ex. fcap. Svo. 2s. 6d. 
*RUST.— FIRST STEPS TO LATIN PROSE COMPOSITION. By Rev. G. Rust, 

M.A. 18mo. ls.6d. KEY, for Teachers only. By W.M. Yates. ISmo. 3s. 6d. 
RUTHERFORD.- Works by the Rev. W. G. Rutherford, M.A., LL.D., Head- 
master of Westminster. 
REX LEX. A Short Digest of the principal Relations between the Latin, 

Greek, and Anglo-Saxon Sounds. Svo. [In preparation. 

THE NEW PHRYNICHUS ; being a Revised Text of the Bcloga of the Gram- 
marian Phrynichus. With Introduction and Commentary. Svo. 18s. (See 

also Macmillan's Greek Course.) 
SHUCKBURGH.— PASSAGES FROM LATIN AUTHORS FOR TRANSLATION 

INTO ENGLISH. Selected with a view to the needs of Candidates for the 

Cambridge Local, and Public Schools' Examinations. By E. S. Shuckbxtboh, 

M.A. Cr. Svo. 2s. 

♦SIMPSON.— LATIN PROSE AFTER THE BEST AUTHORS: Csesarian Prose. 
By F. P. Simpson, B.A. Ex. fcap. Svo. 2s. 6d. KBY, for Teachers only. 
Ex. fcap. Svo. 6s. 

8TBACHAN and WILKINS.— ANALECTA. Selected Passages for Translation. 
By J. S. Stbachan, M.A., Professor of Greek, and A. S. Wilkinb, LittD., 
Professor of Latin in the Owens College, Manchester. Cr. Svo. 6s. KEY to 
Latin Passages. Cr. Svo. Sewed, 6d. 
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THRING.— Works by the Rev. E. Thbino, M.A., late Headmaster of Uppingham. 
A LATIN GRADUAL. A First Latin Construing Book for Beginners. With 

Coloured Sentence Maps. Fcap. 8vo. 2s. 6d. 
A MANUAL OF MOOD CONSTRUCTIONS. Fcap. 8vo. Is. 6d. 
*WELOH and DUFFIELD. — LATIN ACCIDENCE AND EXERCISES AR- 
RANGED FOR BEGINNERS. By W. Welch and C. G. Duffikld, 
Assistant Masters at Cranlelgh School, ISmo. Is. 6d. 
WHITE.— FIRST LESSONS IN GREEK. Adapted to Gooowin's Greek Gram- 
mar, and designed as an introduction to the Anabasis of Xbnophon. By 
John Williams White, Assistant Professor of Greek in Harvard University, 
U.S.A. Cr. 8vo. 3s. 6d. 
WRIGHT.— Works by J. Wright, M. A., late Headmaster of Sutton Coldfield SchooL 
A HELP TO LATIN GRAMMAR ; or, the Form and Use of Words in Latin, 

with Progressive Exercises. Cr. 8vo. 4s. 6d. 
THE SEVEN KINGS OP ROME. An Easy Narrative, abridged from the First 
Book of Livy by the omission of Difficult Passages ; beii^ a First Latin Bead- 
ing Book, with Grammatical Notes and Vocabulary. Fcap. Svo. 8s. 6d. 
FIRST LATIN STEPS; or, AN INTRODUCTION BY A SERIES OF 
EXAMPLES TO THE STUDY OF THE LATIN LANGUAGE. Cr. Svo. Ss. 
ATTIC PRIMER. Arranged for the Use of Beginners. Ex. fcap.iSvo. 28. 6d. 
A COMPLETE LATIN COURSE, comprising Rules with Examples, Exercises, 
both Latin and English, on each Rule, and Vocabularies. Cr. Svo. 28. 6d. 



ANTIQUITIES, ANCIENT HISTORY, AND 

PHILOSOPHY. 

ARNOLD.— A HISTORY OF THE EARLY ROMAN EMPIRE. By W. T. Arnold, 

M.A. [In preparation. 

ARNOLD.— THE SECOND PUNIC WAR. Being Chapters from THE HISTORY 

OF ROME by the late Thomas Arnold, D.D., Headmaster of Rugby. 

Edited, with Notes, by W. T. Arnold, M.A. With S Maps. Cr. Svo. 5s. 

*BBESLY.— STORIES FROM THE HISTORY OP ROME. By Mrs. Bebsly. 

Fcap. Svo. 2s. 6d. 
BLAOKIB.— HOR-S; HELLENICiE. By John Stuart Blackie, Emeritus Pro- 
fessor of Greek in the University of Edinburgh. Svo. 12s. 
BURN.— ROMAN LITERATURE IN RELATION TO ROMAN ART. By Rev. 
Robert Burn, M.A., late Fellow of Trinity College, Cambridge. Hlustrated. 
Ex. cr. Svo. 148. 
BURY.— A HISTORY OP THE LATER ROMAN EMPIRE FROM ARCADIUS 
TO IRENE, A.D. 395-800. By J. B. Bury, M.A., Fellow of Trinity College, 
Dublin. 2 vols. Svo. 828. 
^CLASSICAL WRITERS.— Edited by John Richard Green, M.A., LL.D. Fcap. 
Svo. Is. 6d. each. 
SOPHOCLES. By Prof. L. Campbell, M.A. 
EURIPIDES. By Prof. Mahaffy, D.D. 
DEMOSTHENES. By Prof. S. H. Butcher, M.A. 
VIRGIL. By Prof. Nettleship, M.A. 
LIVY. By Rev. W. W. Capes, M.A. 

TACITUS. By Prof. A. J. Church, M.A., and W. J. Brodribb, M.A. 
MILTON. By Rev. Stopford A. Brooke, M.A. 
DYER.— STUDIES OF THE GODS IN GREECE AT CERTAIN SANCTUARIES 
RECENTLY EXCAVATED. By Louis Dyer, B. A. Ex. Cr. Svo. Ss. 6d. net. 
FREEMAN.- Works by Edward A. Freeman, D.C.L., LL.D., Regius Professor of 
Modem History in the University of Oxford. 
HISTORY OF ROME. {Historical Course for Sc^ooU.) ISmo. [In preparation. 
HISTORY OF GREECE. (Historical Course Jor SchooU.) ISmo. [In preparation. 
A SCHOOL HISTORY OF ROME. Cr. Svo. [In preparation. 

HISTORICAL ESSAYS. Second Series. [Greek and Roman History.] Svo. 
lOs. 6d. 
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GARDNER.— SAMOS AND SAMIAN COINS. An Essay. By Percy Gardner, 

Lltt.D., Professor of Archaeology in the University of Oxford. 8vo. 7s. 6cL 
OEDDES.— THE PROBLEM OF THE HOMERIC POEMS. By W. D. Gbdiwis, 

Principal of the University of Aberdeen. 8vo. 14s. 
GLADSTONE.— Works by the Rt. Hon. W. E. Gladstone, M.P. 
THE TIME AND PLACE OF HOMER. Cr. 6vo. 6s. 6d. 
LANDMARKS OF HOMERIC STUDY. Cr. 8vo. 2s. 6d. 
»A PRIMER OP HOMER. ISmo. Is. 

GOW.— A COMPANION TO SCHOOL CLASSICS. By James Gow, LItt.D., 
Master of the High School, Nottingham. With Illustrations. 2d Ed., revised 
Cr. 8vo. 6s. 

HARRISON and VERRALL.— MYTHOLOGY AND MONUMENTS OP ANCIENT 
ATHENS. Translation of a portion of the ** Attica " of Pausanias. By 
Margaret de G. Verrall. With Introductory Essay and Archseological 
Commentary by Jane E. Harrison. With Illustrations and Plans. Cr. 
8vo. 16s. 

JEBB.— Works by R. C. Jebb, Litt.D., Professor of Greek in the University of 
Cambridge. 
THE ATTIC ORATORS FROM ANTIPHON TO ISAEOS. 2 vols. 8vo. 26s. 
*A PRIMER OF GREEK LITERATURE. 18mo. Is. 

(See also Classical Series.) 

KIEPERT.— MANUAL OF ANCIENT GEOGRAPHY. By Dr. H. Kiepert. 
Cr. 8vo. 5s. 

LANOIANL— ANCIENT ROME IN THE LIGHT OF RECENT DISCOVERIES. 
By RoDOLFO Lanciani, Professor of Arcbseology in the University of Rome. 
Illustrated. 4to. 24s. 

LEAF.— INTRODUCTION TO THE ILIAD FOR ENGLISH READERS. By 
Walter Leai*, Litt.D. [In preparatUm. 

MAHAPPY.— Works by J. P. Mahafty, D.D., Fellow of Trinity College, Dublin 
and Professor of Ancient History in the University of Dublin. 
SOCIAL LIFE IN GREECE ; ftom Homer to Menander. Cr. 8vo. 9s. 
GREEK LIFE AND THOUGHT ; from the Age of Alexander to the Roman 

Conquest. Cr. 8vo. 12s. 6d. 
THE GREEK WORLD UNDER ROMAN SWAY. From Plutarch to Polybius. 

Cr. Svo. 10s. 6d. 
RAMBLES AND STUDIES IN GREECE. With Illustrations. With Map. 

Cr. Svo. 10s. 6d. 
A HISTORY OF CLASSICAL GREEK LITERATURE. Cr. Svo. Vol. L 
In two parts. Part I. The Poets, with an Appendix on Homer by Prof. Sayce. 
Part II. Dramatic Poets. Vol. II. The Prose Writers. In two parts. Part I. 
Herodotus to Plato. Part II. Isocrates to Aristotle. 4s. 6d. each. 
•A PRIMER OF GREEK ANTIQUITIES. With Illustrations. ISmo. Is. 
•EURIPIDES. 18mo. Is. 6d. {Classical WriUrs.) 

MAYOR.— BIBLIOGRAPHICAL CLUE TO LATIN LITERATURE. Edited 
after HUbner. By Prof. John E. B. Mayor. Cr. Svo. 10s. 6d. 

NEWTON.— ESSAYS ON ART AND ARCHEOLOGY. By Sir Charles Newton, 
K.C.B., D.C.L. Svo. 128. 6d. 

PHILOLOGY.— THE JOURNAL OF PHILOLOGY. Edited by W. A. Wright, 
M.A., I. By WATER, M.A., and H. Jackson, Litt.D. 4s. 6d. each (half- 
yearly). 

SAYCE.- THE ANCIENT EMPIRES OF THE EAST. By A. H. Sayce, M.A., 
Deputy-Professor of Comparative Philology, Oxford. Or. Svo. 6s. 

SCHMIDT and WHITE. AN INTRODUCTION TO THE RHYTHMIC AND 
METRIC OF THE CLASSICAL LANGUAGES. By Dr. J. H. Hbinrich 
Schmidt. Translated by John Williams White, Ph.D. Svo. 10s. 6d. 

SHUOHHARDT.— DR. SCHLIEMANN'S EXCAVATIONS AT TROY, TIRYNS, 
MYCENiE, ORCHOMENOS, ITHACA, presented in the light of recent know- 
ledge. By Dr. Carl Shuchhardt. Translated by Eugenie Sellers. Intro- 
duction by Walter Leaf, Litt.D. Illustrated. Svo. ISs. net. 
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SHUOEBUItGH.— A SCHOOL HISTORY OF ROME. By B. S. Shuckbdboh, 
M.A. Cr. 8vo. [In preparation. 

♦STEWART.— THE TALE OF TROY. Done into English by Aubrey Stbwabt. 
Gl. 8vo. 3s. 6d. 

*TOZER.— A PRIMER OF CLASSICAL GEOGRAPHY. By H. F. Tozeb, M.A. 
18mo. Is. 

WALDSTEIN.— CATALOGUE OF CASTS IN THE MUSEUM OF CLASSICAL 
ARCHEOLOGY, CAMBRIDGE. By Chablbs Waldstein, University Reader 
in Classical ArchsBoIogy. Cr. Svo. Is. 6d. 



« « 



Also an Edition on Large Paper, small 4to. 58. 



WILKINS.— Works by Prof. WiLKnre, Litt.D., LL.D. 
*A PRIMER OF ROMAN ANTIQUITIES. Illustrated. 18mo. Is. 
*A PRIMER OF ROMAN LITERATURE. 18mo. Is. 

WILKINS and ARNOLD.— A MANUAL OF ROMAN ANTIQUITIES. By 
Prof. A. S. WiLKiNS, LittD., and W. T. Abnold, M.A. Cr. Svo. niustrated. 

(In preparation. 

MODERN LANGUAGES AND 
LITERATURE. 

English ; Frenoli ; German ; Modem Greek ; Italian ; Spanish. 

ENGLISH. 

«ABBOTT.— A SHAKESPEARIAN GRAMMAR. An Attempt to lUnstrate some 
of the Differences between Elizaljethan and Modem English. By the Rev. E. 
A. Abbott, D.D., formerly Headmaster of the City of London School. Ex. 
fcap. Svo. 68. 

*BA0ON.— ESSAYS. With Introduction and Notes, by F. G. Sblby, M.A., Profes- 
sor of Logic and Moral Philosophy, Deccan College, Poona. GL Svo. 8s. ; 
sewed, 2s. 6d. 

*BURKB.— REFLECTIONS ON THE FRENCH REVOLUTION. By the same. 
Gl. Svo. 5s. 

BROOKE.— *PRIMER OF ENGLISH LITERATURE. By Rev. Stopfobd A. 
Brooke, M.A. ISmo. Is. 
EARLY ENGLISH LITERATURE. By the same. 2 vols. Svo. [Vcl.I. Inths Press. 

BUTLER.— HUDIBRAS. With Introduction and Notes, by Alfbed Milnes, 
M.A. Ex. fcap. Svo. Part I. Ss. 6d. Parts II. and HI. 4s. 6d. 

CAMPBELL.— SELECTIONS. With Introduction and Notes, by Cecil M. Babbow, 
M. A., Principal of Victoria College, Palghat. Gl. Svo. [In preparation. 

OOWPER.— *THE TASK : an Epistle to Joseph Hill, Esq. ; Tirocinium, or a Re- 
view of the Schools ; and The History of John Gilpin. Edited, with Notes, 
by W. Benham, B.D. Gl. Svo. Is. {Globe Readings from, Standard AtiOuyrs.') 
THE TASK. With Introduction and Notes, by F. J. Rows, M.A., and W. T. 
Webb, M.A., Professors of English Literature, Presidency College, Calcutta. 

[In preparation. 

*D0WDEN.— A PRIMER OF 8HAKESPERE. By Prof. Dowden. ISmo. Is. 

DRYDEN.— SELECT PROSE WORKS. Edited, with Introduction and Notes, by 
Prof. C. D. YoNGE. Fcap. Svo. 2s. 6d. 

*OLOBE READERS. For Standards I.-VI. Edited by A. F. Mubison. Illustiated. 
Gl. Svo. 



Primer L (48 pp.) Sd. 

Primer IL (4S pp.) 8d. 

Book I. (182 pp.) 6d. 

Book II. (186 pp.) 8d. 



Book III. (282 pp.) Is. 3d. 

Book IV. (828 pp.) Is. 9d. 

Book V. (406 pp.) 2s. 

Book VI. (436 pp.) 28. 6d. 



«THE SHORTER GLOBE READERS.— Illustrated. Gl. Svo. 



Primer I. (48 pp.) 8d. 

Primer IL (48 pp.) 8d. 

Standard I. (90 pp.) 6d. 

Standard II. (124 pp.) 9d. 



Standard III. (178 pp. 
Standard IV. (182 pp. 
Standard V. (216 pp. 
Standard VI. (228 pp. 
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*GOLDSMITH.~THB TRAVELLER, or a Prospect of Society ; and The Deskrted 

Village. With Notes, Philological and Explanatory, by J. W. Hales, M.A. 

Or. 8vo. 6d. 
*THB TRAVELLER AND THE DESERTED VILLAGE. With Introduction and 

Notes, by A. Barrett, B.A., Professor of English Literature, Elphinstone 

College, Bombay. 61. 8vo. Is. 9d. ; sewed, Is. 6a. The Traveller (separately). 

Is., sewed. 
*THE VICAR OF WAKEFIELD. With a Memoir of Goldsmith, by Prof. 

Masson. G1. 8vo. Is. (Globe Readings from Standard AtOhors.) 
SELECT ESSAYS. With Introduction and Notes, by Prof. C. D. Yonoe. 

Fcap. 8vo. 2s. 6d. 

OOSSE.— A HISTORY OF EIGHTEENTH CENTURY LITERATURE (1660-1780). 
By EDiiXTND Gosse, M.A. Cr. 8vo. 7s. 6d. 

*ORAY.— POEMS. With Introduction and Notes, by John Bradbhaw, LL.D. 
Gl. 8vo. Is. 9d. ; sewed, Is. 6d. 

*HALES.— LONGER ENGLISH POEMS. With Notes, Philological and Explana- 
tory, and an Introduction on the Teaching of English, by J. W. Hales, M.A., 
Professor of English Literature at King's College, London. Ex. fcap. 8vo. 4s. 6d. 

•HELPS.— ESSAYS WRITTEN IN THE INTERVALS OF BUSINESS. With 
Introduction and Notes, by F. J. Rowe, M.A., and W. T. Webb, M.A. 
Gl 8vo Is dd. * sewed Is fid 

•JOHNSON.— LIVES OF THE POETS. The Six Chief Lives (Milton, Dryden, 
Swift, Addison, Pope, Gray), with Macaulay's •* Life of Johnson." With Pre- 
face and Notes by Matthew Arnold. Cr. 8vo. 4s. 6d. 

KELLNBR.— HISTORICAL OUTLINES OF ENGLISH SYNTAX. By L. 
Kellnsr, Ph.D. [In the Press, 

•LAMB.— TALES FROM SHAKSPEARE. With Preface by the Rev. Canon 
AiNGER, M.A., LL.D. Gl. 8vo. 2s. (Globe Readings from Standard Authors.) 

•LITEBATURE PRIMERS.— Edited by John Richard Green, LL.D. 18mo. 

"I g AAATi 

ENGLISH GRAMMAR. By Rev. R. Morris, LL.D. 

ENGLISH GRAMMAR EXERCISES. By R. Morris, LL.D., and H. C. 

BowBN, M.A. 
EXERCISES ON MORRIS'S PRIMER OF ENGLISH GRAMMAR. By J. 

Wetherell, M.A. 

ENGLISH COMPOSITION. By Professor Niohol. 

QUESTIONS AND EXERCISES ON ENGLISH COMPOSITION. By Prof. 
NiCHOL and W. S. M'Cormick. 

ENGLISH LITERATURE. By Stopford Brooke, M.A. 
SHAKSPERE. By Professor Dowden. 

THE CHILDREN'S feTREASURY OF LYRICAL POETRY. Selected and 
arranged with Notes by Francis Turner Palgrave. In Two Parts. Is. each. 
PHILOLOGY. By J. Peile, Litt.D. 
ROMAN LITERATURE. By Profc A. S. Wilkins, Litt.D. 
GREEK LITERATURE. By Prof. Jebb, Litt.D. 
HOMER. By the Rt. Hon. W. E. Gladstone, M.P. 
A HISTORY OF ENGLISH LTTERATUBE IN FOUR VOLUMES. Cr. 8vo. 
EARLY ENGLISH LITERATURE. By Stopford Brooke, M.A. [In preparation. 
ELIZABETHAN LITERATURE. (1660-1665.) By George Saintsburt. 7s. 6d. 
EIGHTEENTH CENTURY LITERATURE. (1660-1780.) By Edmund Gosse. 
M.A. 78. 6d. 

THE MODERN PERIOD. By Prot Dowden. [In preparation. 

•MAGMEiLAN'S READING BOOKS. 



PRIMER. 18mo. 48 pp. 2d. 
BOOK I. for Standard I. 96 pp. 4d. 
BOOK n. for Standard IL 144 pp. 5d. 
BOOK IIL for Standard III. 160 
pp. 6d. 



BOOK IV. for Standard IV. 176 pp. 

8d. 
BOOK V. for Standard V. 380 pp. Is. 
BOOK VI. for Standard VL Cr. 8vo. 
480 pp. 2s. 
Book VI. is fitted for Higher Classes, and as an Introduction to English Literature. 
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»MAGMILLAN'S G0F7 BOOKS.— 1. Large Post 4to. Price 4d. each. 2. Post 
Oblong. Price 2d. each. 

1. Initiatory Exercises and Short Letters. 

2. Words consisting of Short Letters. 

3. Long Letters. With Words containing Long Letters— Figures, 

4. Words containing Long Letters. 

4a. Practising and Revising Copy-Book. For Nos. 1 to 4. 

5. Capitals and Short Half-Text. Words beginning with a GapitaL 

6. Half-Text Words beginning with Capitals — Figures. 

7. Small-Hand and Half-Text. With Capitals and Figures. 

8. Small-Hand and Half-Text. With Capitals and Figures. 
8a. Practising and Revising Copy-Book. For Nos. 5 to 8. 

9. Small-Hand Single Headlines— Figures. 

10. Small-Hand Single Headlines— Figures. 

11. Small-Hand Double Headlines— Figures. 

12. Commercial and Arithmetioal Examples, &c 

12a. Practising and Revising Copy-Book. For Nos. 8 to 12. 
Nos. 3, 4, 5, C, 7, 3, 9 may be ?iad vnth Goodman*8 Patent Sliding Ckipies. Large 
Post 4to. Price 6d. each. 

MARTIN.— *THB POET'S HOUR : Poetry selected and arranged for ChUdren. By 

Frances Martin. 18mo. 2s. 6d. 
•SPRING-TIME WITH THE POETS. By the same. 18mo. 3s. 6d. 

*MILT0N.— PARADISE LOST. Books I. and II. With Introduction and Notes, 
by Michael Macmillan, B.A., Professor of Logic and Moral Philosophy, 
Elphin stone College, Bombay. Gl. 8vo. Is. 9d. ; sewed, Is. 6d. Or separately. 
Is Sd * sewed Is each 
*L' ALLEGRO, IL PBNSEROSO, LYCIDAS, ARCADES, SONNETS, &C. With 
Introduction and Notes, by W. Bell, M.A., Professor of Philosophy and 
Logic, Government College, Lahore. Gl. 8vo. Is. 9d. ; sewed, Is. 6d. 

•COMTJS. By the same. Gl. 8vo. Is. 3d. ; sewed. Is. 

*SAMSON AGONISTES. By H. M. Percival, M.A., Professor of English Liter- 
ature, Presidency College, Calcutta. Gl. 8vo. 2s. ; sewed. Is. 9d. 

*INTRODTTCTION TO THE STUDY OF MILTON. By Stopford Brooke, 
M.A. Fcap. 8vo. Is. 6d. (Classical Writers.) 

MORRIS.— Works by the Rev. R Morris, LL.D. 

♦PRIMER OF ENGLISH GRAMMAR. 18mo. Is. 

♦ELEMENTARY LESSONS IN HISTORICAL ENGLISH GRAMMAR, con- 
taining Accidence and Word-Formation. ISmo. 28. 6d. 

♦HISTORICAL OUTLINES OF ENGLISH ACCIDENCE, comprising Chapters 
on the History and Development of the Language, and on Word-Formation. 
Ex. fcap. Svo. 68. 

NICHOL and M'OORMIOK.— A SHORT HISTORY OF ENGLISH LITERA- 
TURE. By Prof. John Nichol and Prof. W. S. M'Cormick. [In preparation. 

OLIPHANT.— THE OLD AND MIDDLE ENGLISH. By T. L. Kington 
Oliphant. New Ed., revised and enlarged, of "The Sources of Standard 
English." 2nd Ed. Gl. Svo. 9s. 

THE NEW ENGLISH. By the same. 2 vols. Cr. Svo. 21s. 

•PALORAVE.— THE CHILDREN'S TREASURY OF LYRICAL POETRY. 
Selected and arranged, with Notes, by Francis T. Palgrave. ISmo. 2s. 6d. 
Also in Two Parts. Is. each. 

PATMORE.— THE CHILDREN'S GARLAND FROM THE BEST POETS. 
Selected and arranged by Coventry Patmore. Gl. Svo. 2s. (Globe Readings 
from Standard Authors.) 

PLUTARCH. — Being a Selection from the Lives which illustrate Shakespeare. 
North's Translation. Edited, with Introductions, Notes, Index of Names, 
and Glossarial Index, by Prof. W. W. Skeat, Litt.D. Cr. Svo. 6s. 
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*BAN80ME.— 8H0BT STUDIES OF SHAKESPEARE'S PLOTS. By Ctbil 
Ransoms, Professor of Modem History and Literature, Yorkshire College, 
Leeds. Gr. 8yo. Ss. 6d. 

•RYLAND.— CHRONOLOGICAL OUTLINBS OP ENGLISH LITERATURE. 
By F. Ryland, M.A. Cr. Svo. 68. 

SAINTSBURT.— A HISTORY OP ELIZABETHAN LITERATURE. 1660-1666. 
By Qeobqe Saimtsbubt. Cr. Svo. 7s. 6d. 

SCOTT.— *LAY OP THE LAST MINSTREL, and THE LADY OP THE LAKE. 

Edited, with Introduction and Notes, by Francis Tubner Palorave. G1. Svo. 

Is. (Globe Readings from Stcmdard Aumors.) 
*THB LAY OP THE LAST MINSTREL. With Introduction and Notes, by 

G. H. Stuabt, M.A., and B. H. Elliot, B.A. G1. Svo. 2s. ; sewed. Is. 9d. 

Introduction and Canto I. 9d. sewed. Cantos I. to IIL Is. 8d. ; sewed. Is. 

Cantos IV. to VL Is. 8d. ; sewed. Is. 
•MARMION, and THE LORD OP THE ISLES. By P. T. Palqbave. G1. Svo. 

Is. (Globe E^inge fhnn Standard Authors,) 
«MARMION. With Introduction and Notes, by Michael Macmillan, B.A. 

GL Svo. 8s. ; sewed, 2s. 6d. 
•THE LADY OF THE LAKE. By Q. H. Stuabt, M.A. Gl. Svo. 2s. 6d. ; 

sewed, 2s. 
*ROKBBY. With Introduction and Notes, by Michael Macmillan, B.A. 

Gl. Svo. Ss. ; sewed, 2s. 6d. 

SHAKESPEARE.— •A SHAKESPEARIAN GRAMMAR. By Rev. E. A. Abbott, 
D.D. GL Svo. 68. 

A SHAKESPEARE MANUAL. By P. G. Pleat, M.A. 2d Ed. Ex. fcap. Svo. 

4a. 6d. 
*A PRIMER OP SHAKESPERE. By Prof. Dowden. ISmo. Is. 

«SHORT STUDIES OP SHAKESPEARE'S PLOTS. By Cybil Ransome, M.A. 
Cr. Syo. 8s. 6d. 

«THE TEMPEST. With Introduction and Notes, by K. Deiohton, late Principal 

of Agra College. GL Svo. Is. 9d. ; sewed. Is. 6d. 
*MUCH ADO ABOUT NOTHING. By the same. Gl. Svo. Is. 9d. ; sewed. 

Is. 6d. 
*A MIDSUMMER NIGHT'S DREAM. By the same. GL Svo. Is. 9d. ; sewed, 

Is. 6d. 
«THE MERCHANT OP VENICE. By the same. GL Svo. Is. Od. ; sewed, Is. 6d. 
*A8 Y OU L IKE IT. By the same. Gl. Svo. Is. 9d. ; sewed. Is. 6d. 
*TWELFTH NIGHT. By the same. GL Svo. la. 9d. ; sewed. Is. 6d. 
*THE WINTER'S TALE. By the same. GL Svo. 2s. ; sewed, Is. 9d. 
*KING JOHN. By the same. GL Svo. Is. 9d. ; sewed. Is. 6d. 
«RICHARD II. By the same. GL Svo. Is. 9d. ; sewed. Is. 6d. 
*HENRY V. By the same. GL Svo. Is. 9d. ; sewed. Is. 6d. 
«RICHARD IIL By C. H. Tawney, M.A., Principal and Professor of English 

Literature, Presidency College, Calcutta. GL Svo. 28. 6d. ; sewed, 2s. 
*CORIOLANUS. By K. Deiohton. Gl. Svo. 2s. 6d. ; sewed, 2s. 
«JULIUS CiESAR. By the same. GL Svo. Is. 9d. ; sewed. Is. 6d 
^MACBETH. By the same. Gl. Svo. Is. 9d. ; sewed. Is. 6d. 
«HAMLET. By the same. Gl. Svo. 2s. 6d. ; sewed, 2s. 
*KING LEAR. By the same. GL Svo. Is. 9d. ; sewed. Is. 6d. 
«OTHELLO. By the same. Gl. Svo. 2s. ; sewed. Is. 9d. 
•ANTONY AND CLEOPATRA. By the same. Gl. Svo. 2s. 6d. ; sewed, 2s. 
*CYMBELINE. By the same. GL Svo. 2s. 6d. ; sewed, 2s. 

"SONNENSOHEIN and MEIKLE JOHN.— THE ENGLISH METHOD OF 
TEACHING TO READ. By A. Sonnenbchsin and J. M. D. Meiklbjohn, 
M.A. Poap. Svo. 

THE NURSERY BOOK, containing all the Two -Letter Words in the Lan- 
guage. Id. (Also in Large Type on Sheets for School Walls. 5a.) 

B 
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THE FIRST GOUBSB, consisting of Short Vowels with Single Consonants. 7d. 
THB SECOND COURSE, with Combinations and Bridges, consisting of Short 

Vowels with Double Consonants. 7d. 
THB THIRD AND FOURTH COURSES, consisting of Long Vowels, and all 

the Double Vowels in the Language. 7d. 
♦SOUTHUY.— LIFE OF NELSON. With Introduction and Notes, by Michael 

Hacmillan, B.A. G1. 8yo. 8s. ; sewed, 2s. 6d. 

SPENSER. -FAIRY QUEEN. Book L With Introduction and Notes, by H. M. 
Pbrcival, M. a. [In the Press. 

TAYLOR.— WORDS AND PLACES ; or. Etymological Illustrations of History, 
Ethnology, and Geography. By Rev. Isaac Tatlob, IdttD. With Maps. 
Gl. Svo. 68. 
TENNYSON.— THB COLLECTED WORKS OP LORD TENNYSON. An Edition 
for Schools. In Four Parts. Cr. Svo. 2s. 6d. each. 
TENNYSON FOR THE YOUNG. Edited, with Notes for the Use of Schools, 
by the Rev. Alfred Aikger, LL.D., Canon of BristoL 18mo. Is. net. 

[In (he Press. 
*SELECTIONS FROM TENNYSON. With Introduction and Notes, by P. J. 
RowE, M.A., and W. T. Webb, M.A. Gl. Svo. 8s. 6d. 

This selection contains :— Recollections of the Arabian Nights, The Lady of 
Shalott. (Enone, The Lotos Eaters, Ulysses, Tithonus, Morte d' Arthur, Sir 
Galahad, Dora, Ode on the Death of the Duke of Wellington, and The Revenge. 
*ENOCH ARDEN. By W. T. Webb, M.A. Gl. Svo. 2s. 
AYLMER'S FIELD. By W. T. Webb, M.A. [In the Press. 

THE PRINCESS ; A MEDLEY. By P. M. Wallace, B.A. [In (he Press. 

•THE COMING OF ARTHUR, AND THE PASSING OF ARTHUR. By F. J. 
RowE, M.A. Gl. Svo. 2s. 
THRINO.— THB ELEMENTS OF GRAMMAR TAUGHT IN ENGLISH. By 
Edward Thrino, M.A. With Questions. 4th Ed. ISmo. 2s. 

*VAUGHAN.— WORDS FROM THE POETS. By C. M. Vadohak. ISmo. Is. 
WARD.— THE ENGLISH POETS. Selections, with Critical Introductions by 
various Writers and a General Introduction by Matthew Arnold. Edited 
by T. H. Ward, M.A. 4 Vols. Vol. I. Chaucer to Donne.— Vol. II. Ben 
JoNsoN TO Dryden.— VoL III. Addison to Blake.— VoL IV. Wordsworth 
TO Rossettl 2d Ed. Gr. Svo. 78. 6d. each. 
*WBTHERELL.— EXERCISES ON MORRIS'S PRIMER OF ENGLISH GRAM- 
MAR. By John Wbtherell, M.A., Headmaster of Towcester Grammar 
School. ISmo. Is. 
WOODS.— »A FIRST POETRY BOOK. By M. A. Woods, Head Mistress of the 

Clifton High School for Girls. Fcap. 8vo. 2s. 6d. 
*A SECOND POETRY BOOK. By the same. In Two Parts. 2s. 6d. each. 
*A THIRD POETRY BOOK. By the same. 4s. 6d. 
HYMNS FOR SCHOOL WORSHIP. By the same. 18mo. Is. 6d. 
WORDSWORTH.— SELECTIONS. With Introduction and Notes, by F. J. Rowk, 
M. A., and W. T. Webb, M.A. Gl. Svo. [In preparatunu 

YONOB.—*A BOOK OF GOLDEN DEEDS. By Charlotte M. Yonqe. GLSvo. 28. 
«THE ABRIDGED BOOK OF GOLDEN DEEDS. ISmo. Is. 

FRENCH. 

BEAUMAROHAIS.— LB BARRIER DE SEVILLE. With Introduction and 

Notes. By L. P. Blouet. Fcap. Svo. Ss. 6d. 
*BOWEN. -FIRST LESSONS IN FRENCH. By H. Courthope Bowkn, M.A. 

Ex. fcap. Svo. Is. 
BREYMANN.— Works by Hermann Breymann, Ph.D., Professor of Philology in 
the University of Munich. 
FIRST FRENCH EXERCISE BOOK. Ex. fcap. Svo. 4s. 6d. 
SECOND FRENCH EXERCISE BOOK. Ex. fcap. Svo. 2s. 6d. 
FASNAOHT.— Works by G. E. Fasnacht, late Assistant Master at Westminster. 
THE ORGANIC METHOD OF STUDYING LANGUAGES. Ex. fcap. Svo. 1. 
French. Ss. 6d. 



FRENCH 19 

A SYNTHETIC FRENCH GRAMMAR FOR SCHOOLS. Cr. 8vo. 8a. 6d. 

GRAMMAR AND GLOSSARY OF THE FRENCH LANGUAGE OF THE 
SEVENTEENTH CENTURY. Cr. Svo. [In preparation. 

MAGMnJiAN'S PRIMABY SERIES OF FRENCH BEADINO BOOKS.— Edited by 

G. E. Fasnacht. With Illastrations, Notes, Vocabolaries, and Exercises. 

GL Svo. 
•FRENCH READINGS FOR CHILDREN. By G» E. Fasnacht. Is. 6d. 
*CORNAZ— NOS ENFANTS ET LEURS AMIS. By Edith Harvet. Is. 6d. 

♦DE MAISTRE— LA JEUNE SIBIJRIBNNE ET LE LfePREUX DB LA CITJfe 
D'AOSTE. By Stephane Bablet, B.Sc. etc. Is. 6d. 

*FLORIAN— FABLES. By Rev. Charles Yeld, M.A., Headmaster of University 
School, Nottingham. Is. 6d. 

*LA FONTAINE— A SELECTION OF FABLES. By L. M. Moeiabty, B.A, 

Assistant Master at Harrow. 2s. 6d. 
*MOLESWORTH— FRENCH LIFE IN LETTERS. By Mrs. Moleswobth. 

Is. 6d. 
*PBRRAULT— CONTBS DE F^ES. By G. E. Fasnacht. Is. 6d. 
ICAGMILLAN'S PROGRESSIVE FRENCH COURSE.— By G. E. Fasnacht. Ex. 

fcap. Svo. 
•FntsT Year, containing Easy Lessons on the Regular Accidence. Is. 
•Second Year, containing an Elementary Grammar with copious Exercises, 

Notes, and Vocabularies. 2s. 
•Third Year, containing a Systematic Syntax, and Lessons in Composition. 

2s. 6d. 

THE TEACHER'S COMPANION TO MACMILLAN'S PROGRESSIVE FRENCH 
COURSE. With Copious Notes, Hints for Different Renderings, Synonyms, 
Philological Remarks, etc. By G. E. Fasnacht. Ex. fcap. Svo. Each Year 
4s. 6d. 

"MACMILLAN'S FRENCH COMPOSITION.— By G. E. Fasnacht. Ex. fcap. 
Svo. Part I. Elementary. 2s. 6d. Part II. Advanced. [In the Press. 

THE TEACHER'S COMPANION TO MACMILLAN'S COURSE OF FRENCH 
COMPOSITION. By G. E. Fasnacht. Part I. Ex. fcap. Svo. 4s. 6d. 

MACMILLAN*S PROGRESSIVE FRENCH READERS. By G. E. Fasnacht. Ex. 

fcap. Svo. 
•First Year, containing Tales, Historical Extracts, Letters, Dialogues, Ballads, 
Nursery Songs, etc., with Two Vocabularies : (1) in the order of subjects ; 
(2) iu alphabetical order. With Imitative Exercises. 2s. 6d. 
•Secx>nd Year, containing Fiction in Prose and Verse, Historical and Descriptive 
Extracts, Essays, Letters, Dialogues, etc. With Imitative Exercises. 2s. 6d. 

MACMILLAK'S FOREIGN SCHOOL CLASSICS. Edited by G. E. Fasnacht. 

ISmo. 
•CORNBILLE- LB CID. By G. E. Fasnacht. Is. 
•DUMAS— LES DEMOISELLES DE ST. CYR. By Victor Oqer, Lecturer at 

University College, LiverpooL Is. 6d. 
LA FONTAINE'S FABLES. Books L-VL By L. M. Moriartt, B.A, 

Assistant Master at Harrow. [In preparation. 

•MOLlfiRE— L'AVARE. By the same. Is. 

•MOLD^RE— LE BOURGEOIS GENTILHOMME. By the same. Is. Cd. 
*MOLI^B— LES FEMMES SAVANTES. By G. E. Fasnacht. Is. 
•MOLlfiiRB-LE MISANTHROPE. By the same. Is. 
•MOLI^RE— LE M&DECIN MALGR^ LUL By the same. Is. 
•MOLlfiRB— LBS PRfiCIEUSES RIDICULES. By the same. Is. 
•RACINE— BRITANNICUS. By E. Pellissier, M.A. 2s. 
•FRENCH READINGS FROM ROMAN HISTORY. Selected from various 

Authors, by C. Colbeok, M.A., Assistant Master at Harrow. 4s. Od. 

•SAND, GEORGE— LA MARE AU DIABLE. By W. E. Russell, M.A, 
Assistant Master at Haileybury. Is. 
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♦SAITOBAU, JULES— MADEMOISELLE DB LA SEIGLdJRE. By H. C. 

Steel, Assistant Master at Winchester. Is. 6d. 
*VOLTAIRE— CHARLES XIL By G. E. Fasnacht. 3s. 6d. 

»MASSON.— A COMPENDIOUS DICTIONARY OF THE FRENCH LANGUAGE. 
Adapted from the Dictionaries of Professor A. Elwall. By Gxtbtave Massok. 
Cr. 8vo. 8s. 6d. 

MOLI^RE.— LE MALADE IMAGINAIRE. With Introduction and Notes, by F. 
Tarter, M.A., Assistant Master at Eton. Fcap. 8vo. 28. 6d. 

*PKT.T.TSRTF.B.— FRENCH ROOTS AND THEIR FAMILIES. A Synthetic 
Vocaholary, based upon Derivations. By B. Pbllissier, M.A., Assistant 
Master at Clifton College. Gl. Svo. 6s. 

G-ERMAN. 

BEHAOEL.— THE GERMAN LANGUAGE. By Dr. Otto Behagel. Translated 
by Emil TRfCHMANN, B.A., Ph.D., Lecturer in Modem Literature in tiie 
University of Sydney, N.S. W. Gl. Svo. [Nearly Beady. 

HUSS.— A SYSTEM OF ORAL INSTRUCTION IN GERMAN, by means of 

Progressive Illustrations and Applications of the leading Rules of Grammar. 
By H. C. O. Hubs, Ph.D. Cr. Svo. 5s. 

MACMILLAN'S PRIMARY SERIES OF GERMAN READING BOOKS. Edited 
by G. E. Fasnacht. With Notes, Vocabularies, and Exercises. Gl. Svo. 

*GRIMM— KINDER UND HAU8MARCHEN. By G. B. Fasnacht. 28. 6d. 

*HAUPF— DIE KARAVANB. By Herman Hager, Ph.D., Lecturer in the 
Owens College, Manchester. Ss. 

*SCHMID, CHR VON— H. VON EICHENFBLS. By G. E. Fasnacht. 2s. 6d. 

MAOMILLAN'S PROGRESSIVE GERMAN COURSE. By G. E. Fasnacht. Ex. 

fcap. Svo. 
*FiRST Year. Easy lessons and Rules on the Regular Accidence. Is. 6d. 
^Second Year. Conversational Lessons in Systematic Accidence and Elementary 
Syntax. With Philological Illustrations and Etymological Vocabulary. 
8s. 6d. 
Third Year. [In the Press. 

TEACHER'S COMPANION TO MACMILLAN'S PROGRESSIVE GERMAN 
COURSE. With copious Notes, Hints for Different Renderings, Synonyms, 
Philological Remarks, etc. By G. E. Fasnacht. Ex. fcap. Svo. First Year. 
4s. 6d. Second Year. 4s. 6d. 

MACMILLAN'S GERMAN COMPOSITION. By G. E. Fasnacht. Ex. fcap. Svo. 
*l. FIRST COURSE. Parallel German-English Extracts and Parallel English- 
German Syntax. 2s. 6d. 

TEACHER'S COMPANION TO MACMILLAN'S GERMAN COMPOSITION. 
By G. E. Fasnacht. First Course. Gl. Svo. 4s. 6d. 

MACMILLAN'S PROGRESSIVE GERMAN READERS. By G. B. Fasnacht. Ex. 

fcap. Svo. 
*FiR8T Year, containing an Introduction to the (German order of Words, with 
Copious Examples, extracts from German Authors in Prose and Poetry ; Not€», 
and Vocabularies. 2s. 6d. 

MACMILLAN'S FOREIGN SCHOOL OLASSIOS.— Edited by G. E. Fasnacht. 18mo. 
FREYTAG (G.)— DOKTOR LUTHER. By F. Storr, M.A., Headmaster of the 

Modem Side, Merchant Taylors' School. [In preparation, 

•GOETHE— GOTZ VON BERLICHINGEN. By H. A. Bull, M.A., Assistant 

Master at Wellington. 2s. 
*GOETHE— FAUST. Part L, followed by an Appendix on Part II. By Jane 

Lee, Lecturer in German Literature at Newnham College, Cambridge. 4s. 6d. 
*HEINB— SELECTIONS FROM THE REISEBILDER AND OTHER PROSB 

WORKS. By C. Colbeck, M.A., Assistant Master at Harrow. 2s. 6d. 
LESSING— MINNA VON BARNHELM. By James Sime, M.A. [In preparation. 
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•SCHILLER— SELECTIONS FROM SCHILLER'S LYRICAL POEMS. With a 
Memoir of Schiller. By B. J. Tubneb, B.A., and E. D. A. Mobshead, M.A., 
Assistant Masters at WiiKdiester* 2s. 6d. 
*SCHILLER-DIE JUNGPRAU VON ORLEANS. By Jmmn Gostwick. 2s. 6d. 
•SCHILLER— MARIA STUART. "By 0. Sheldon, D.Litt., of the Royal Academ- 
ical Institution, Belfast. 2s. 6d. 
*SCHILLBRr-WILHELM TELL. By G. E. Pabnacht. 2s. 6d. 
•SCHILLER— WALLBNSTEIN. Part I. DAS LAGER. By H. B. Cottebill, 

M.A. 2s. 
•UHLAND— SELECT BALLADS. Adapted as a First Easy Reading Book for 

Beginners. With Vocabulary. By G. E. Fasnacht. Is. 
•PYLODBT.— NEW GUIDE TO GERMAN CONVERSATION ; containing an Alpha- 
betical List of nearly 800 Familiar WorcK ; followed by*Bxercises, vocabulary 
of Words in frequent use, Familiar Phrases and Dialogues, a Sketch of German 
Literature, Idiomatic Expressions, etc By L. Pylodet. 18mo. 2s. 6d. 
SMITH.— COMMERCIAL GERMAN. By F. C. Smith, M.A. [In the Press. 

WHITNEY.— A COMPENDIOUS GERMAN GRAMMAR. By W. D. Whitney, 
Professor of Sanskrit and Instructor in Modem Languages in Yale College. 
Cr. 8vo. 4s. 6d. 
A GERMAN READER IN PROSE AND VERSE. By the same. With Notes 
and Vocabulary. Cr. 8vo. 5s. 
•WHITNEY and EDGREN.— A COMPENDIOUS GERMAN AND ENGLISH 
DICTIONARY, with Notation of Correspondences and Brief Etymologies. By 
Prof. W. D. Whitney, assisted by A. H. Edqben. Cr. 8vo. 7s. 6d. 
THE GERMAN-ENGLISH PART, separately, 5s. 

MODERN aBEEK. 

VINOENT and DI0B:S0N.— HANDBOOK TO MODERN GREEK. By Sir Edgab 
Vincent, K.C.M.G., and T. G. Dickson, M.A. With Appendix on the relation 
of Modem and Classical Greek by Prot Jebb. Cr. 8yo. 6s. 

ITALIAN. 

DANTE.— THE INFERNO OP DANTE. With Translation and Notes, by A. J. 

Butleb, M.A. Cr. 8vo. [In the Press. 

THE PURGATORIO OF DANTE With Translations and Notes, by the same. 

Cr. 8vo. 128. 6d. 
THE PARADISO OP DANTE. With Translation and Notes, by the same. 

2d. Ed. Cr. 8vo. 128. 6d. 

READINGS ON THE PURGATORIO OF DANTE. Chiefly based on the Com- 
mentary of Benvenuto Da Imola. By the Hon. W. Wabben Vebnon, M.A. 
With an Introduction by the Very Rev. the Dean of St. Paul's. 2 vols. 
Cr. 8vo. 24s. 

SPANISH. 

OALDERON.— POUR PLAYS OF CALDERON. With Introduction and Notes. 
By NoBMAN MacColl, M.A. Cr. 8vo. 148. 
The four plays here given are El Principe Constante, La Vida es Sueno, El Alcalde 
de Zalamea, and El Eswndido y La Tapada, 
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MATHEMATICS. 

Arithmetla^ Book-keeping; Algebra, Buolid' and Pnre Geometry, Qeometrioal 
Drawing, Mensuration, Trigonometry, Analytical Geometry (Plane and 
Solid), Problems and Questions in Matbematios, Higher Pnre Ifothe- 
matlos, Meobanlos (Statics, Dynamics, Hydrostatics, Hydrodynamics: see 
also Physios), Physios (Sonnd, Light, Heat, Electricity, Elasticity, AUrao- 
tions, ftc), Astronomy, HlstorloaL 

ARITHMETIC. 

"ALDIS.— THB GBBAT GIANT ABITHMOS. A meet Blementory Arithmetic 
for Children. By Mart Stsadhan Aldis. Illaatrated. Gl. 8vo. 2s. 6d. 

ARMY PRELIMINART EXAMINATION, SPECIMENS OF PAPERS SET AT 
THE, 1882-89.~With Answers to the Mathematical Questions. Subjects: 
Arithmetic, Algebra, Eaclid, Geometrical Drawing, Geography, French, 
English Dictation. Or. Svo. 8s. 6d. 

*BRADSHAW.— A COURSE OF EASY ARITHMETICAL EXAMPLES FOR 
BEGINNERS. By J. G. Bradshaw, B.A., Assistant Master at Clifton College. 
Gl. Svo. 28. With Answers, 28. 6a. 

♦BROOKSMITH.— ARITHMETIC IN THEORY AND PRACTICE. By J. Brook- 
BMrrH, M.A. Or. Svo. 4s. 6d. KEY. Crown Svo. 10s. 6d. 

•BROOKSMITH.— ARITHMETIC FOR BEGINNERS. By J. and E. J. Brook- 
SMITH. Gl. Svo. Is. 6d. 

CANDLER.— HELP TO ARITHMETIC. Designed for the use of Schools. By H. 
Candler, Mathematical Master of Uppingham School. 2d Ed. Ex. fcap. Svo. 
2s. 6d. 

*DALTON.— RULES AND EXAMPLES IN ARITHMETIC. By the Rev. T. Dal- 

TON, M.A., Senior Mathematical Master at Eton. New Ea., with Answers. 

ISmo. 2s. 6d. 
*GOYEN.— HIGHER ARITHMETIC AND ELEMENTARY MENSURATION. 

By P. GoYEN, Inspector of Schools, Dunedin, New Zealand. Or. Svo. 5s. 
«HALL and ENIOHT.— ARITHMETICAL EXERCISES AND EXAMINATION 

PAPERS. With an Appendix containing Questions In Logarithms and 

Mensuration. By H. S. Hall, M.A., Master of the Military and Engineering 

Side, Clifton College, and S. R. Enioht, B.A. GL Svo. 2s. 6d. 
LOCK.— Works by Rev. J. B. Lock, M.A., Senior Fellow and Bursar of Gonville 

and Cains College, Cambridge. 
*ARITHMETIC FOR SCHOOLS. With Answers and 1000 additional Examples 

for Exercise. 8d Ed., revised. Gl. Svo. 4s. 6d. Or, Part I. 2s. Part IL Ss. 

KEY. Or, Svo. 10s. 6d. 
♦ARITHMETIC FOR BEGINNERS. A School Class-Book of Commercial Arith- 

metic. Gl. Svo. 28. 6d. KEY. Cr. Svo. Ss. 6d. 

*A SHILLING BOOK OF ARITHMETIC, FOR ELEMENTARY SCHOOLS. 

ISmo. Is. With Answers. Is. 6d. 
^PEDLEY.— EXERCISES IN ARITHMETIC for the Use of Schools. Containing 
more than 7000 original Examples. By Samuel Psdlbt. Cr. Sva 5s. 
Also in Two Parts, 2s. 6d. each. 

SMITH.— Works by Rev. Barnard Smith, M.A., late Fellow and Senior Bursar of 
St. Peter's College, Cambridge. 

ARITHMETIC AND ALGEBRA, in their Principles and Application; with 
numerous systematically arranged Examples taken from the Cambridge Exam- 
ination Papers, with especial reference to the Ordinary Examination for the 
B.A. Degree. New Ed., carefully revised. Cr. Svo. 10s. 6d. 

♦ARITHMETIC FOR SCHOOLS. Cr. Svo. 4s. 6d. KEY. Cr. Svo. 8s. 6d. 
New Edition. Revised by Prof W. H. Hudson. [In preparation. 
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BXEBCISES IN ABITHMETIG. Cr. 8yo. 28. With Answers, 2s. 6d. An- 
swers separately, 6d. 

SCHOOL CliAJSS-BOOK OP ABITUMETriC. 18mo. 3a. Or separately, in 
Three Parts, Is. each. KEYS. Parts I., II., and III., 28. 6d. each. 

SHILLING BOOK OF ARITHMETIC. 18mo. Or separately. Part L, 2d. ; 
Part IL, 8d. ; Part III., 7d. Answers, 6d. KEY. ISmo. 4s. 6d. 

*THB SAME, with Answers. 18mo, cloth. Is. 6d. 

EXAMINATION PAPERS IN ARITHMETIC. 18mo. Is. 6d. The Same, 
with Answers. 18mo. 2s. Answers, 6d. KEY. 18mo. 4s. 6d. 

THE METRIC SYSTEM OF ARITHMBTIO, ITS PRINCIPLES AND APPLI- 
CATIONS, with Numerous Examples. 18mo. Sd. 

A CHART OF THE METRIC SYSTEM, on a Sheet, size 42 in. by 84 in. on 
Roller. 8s. 6d. Also a Small Chart on a Card. Price Id. 

EASY LESSONS IN ARITHMETIC, combining Exercises in Reading, Writing, 

Spelling, and Dictation. Part I. Or. 8vo. 9d. 
EXAMINATION CARDS IN ARITHMETia With Answers and Hints. 
Standards I. and IL, in box, Is. Sti&ndards HI., lY., and Y., in boxes. Is. each. 

Standard VL in Two Parts, in boxes, Is. each. 
A and B papers, of nearly the same difflcully, are given so as to prevent copying, 
and the colours of the A and B papers differ in each Standard, and from those of 
every other Standard, so that a master or mistress can see at a glance whether the 
children have the proper papers. 

BOOK-KEEPING. 

♦THORNTON.— FIRST LESSONS IN BOOK-KEEPING. By J. Thornton. Cr. 
8vo. 28. 6d. KEY. Oblong 4to. 10s. Cd. 

♦PRIMER OF BOOK-KEEPING. 18mo. Is. KEY. Demy 8vo. 2s. 6d. 

ALGEBRA. 

•DALTON.— RULES AND EXAMPLES IN ALGEBRA. By Rev. T. Dalton, 
Senior Mathematical Master at Eton. Part I. 18mo. 2s. KEY. Ch*. 8vo. 
78. 6d. Part II. 18mo. 28. 6d. 
HALL and EKIOHT.— Works by H. S. Hall, M.A., Master of the Military and 

Engineering Side, Clifton College, and S. R. Knioht, B.A. 
♦ELEMENTARY ALGEBRA FOR SCHOOLS. 6th Ed., revised and corrected. 
Gl. 8vo, bound in maroon coloured cloth, Ss. 6d. ; with Answers, bound in 
green coloured cloth, 4s. 6d. KEY. 88. 6d. 
•ALGEBRAICAL EXERCISES AND EXAMINATION PAPERS. To accom- 

pany ELEMENTARY ALGEBRA. 2d Ed., revised. Gl. 8vo. 28. 6d. 
♦HIGHER ALGEBRA. 3d Ed. Cr. 8vo. 7s. 6d. KEY. Cr. 8vo. 10s. 6d. 
♦JONES and OHEYNE.— ALGEBRAICAL EXERCISES. Progressively Ar- 
ranged. By Rev. C. A. Jonbs and C. H. Chsyne, M.A., late Mathematical 
Masters at Westminster School. 18mo. 2s. 6d. 
KEY. By Rev. W. Faxles, M.A., Mathematical Master at Westminster School. 
Cr. 8vo. 7s. 6d. 

SMITH.— ARITHMETIC AND ALGEBRA, in their Principles and Application ; 
with numerous systematically arranged Examples taken from the Cambridge 
Examination Papers, with especial reference to the Ordinary Examination for 
the B.A. Degree. By Rev. Barnard Smith, M.A. New Edition, carefully 
revised. Cr. 8vo. lOs. 6d. 

SMITH.— Works by Charles Smith, M.A., Master of Sidney Sussex College, 

Cambridge. 
♦ELEMENTARY ALGEBRA. 2d Ed., revised. Gl. 8vo. 4s. 6d. KEY. By A. 

G. Cracknell, B.A. Cr. 8vo. 10. 6d. 
♦A TREATISE ON ALGEBRA. 2d Ed. Cr. 8vo. 7s. 6d. KEY. Cr.8vo. 10s. 6d. 
TODHUNTBR.— Works by Isaac Todhuntbr, F.R.S. 
♦ALGEBRA FOR BEGINNERa 18mo. 2s. 6d. KEY. Or. 8vo. 68. 6d, 
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•ALGEBRA FOR COLLEGES AND SCHOOLS. By Isaac Todhumtkr, F,R.S. 
Or, 8vo. 78. 6d. KEY. Cr. 8vo. 10s. 6d. 

EUCLID AND PURE GEOMETRY. 

COGKSHOTT and WALTERS.— A TREATISE ON GEOMETRICAL CONICS. 
In accordance with the Syllabus of the Association for the Improvement of 
Geometrical Teaching. By A. Coceshott, M.A., Assistant Master at Eton, 
and Rev. F. B. Walters, M.A., Principal of King William's College, Isle of 
Man. Cr. 8vo. 5s. 

CONSTABLE.— GEOMETRICAL EXERCISES FOR BEGINNERS. By Samuel 
Constable. Cr. Svo. 3s. 6d. 

OUTHBBRTSON.— EUCLIDIAN GEOMETRY. By Francis Cuthbertson, M.A., 

LL.D. Ex. fcap. Svo. 48. 6d. 
DAY.— PROPERTIES OF CONIC SECTIONS PROVED GEOMETRICALLY. 

By Rev. H. G. Day, M.A. Part I. The Ellipse, with an ample collection of 

Problems. Cr. Svo. 8s. 6d. 

*DBAKIN.— RIDER PAPERS ON EUCLID. BOOKS L and II. By Rupebt 
Deakin, M.A. ISmo. Is. 

DODGSON.— Works by Charles L. Dodgson, M.A., Student and late Mathematical 
Lecturer, Christ Church, Oxford. 

EUCLID, BOOKS I. and IL 6th Ed., with words substituted for the Alge- 
braical Symbols used in the 1st Ed. Cr. Svo. 2s. 

EUCLID AND HIS MODERN RIVALS. 2d Ed. Cr. Svo. 6s. 

CURIOSA MATHEMATICA. Part L A New Theory of Parallels. 8d Ed. 
Cr. Svo. 2s. 

DREW.— GEOMETRICAL TREATISE ON CONIC SECTIONS. By W. H. 
Drew, M.A. New Ed., enlarged. Cr. Svo. 5s. 

DUPUIS.— ELEMENTARY SYNTHETIC GEOMETRY OF THE POINT, LINE 
AND CIRCLE IN THE PLANE. By N. F. Dupuis, M.A., Professor of Pure 
Mathematics in the University of Queen's CoUege, Kingston, Canada. Gl. Svo. 
4s. 6d. 

*HALL and STEVENS.— A TEXT- BOOK OF EUCLID'S ELEMENTS. In- 
cluding Alternative Proofs, together with additional Theorems and Exercises, 
classified and arranged. By H. S. Hall, M.A., and F. H. Stevens, M.A., 
Masters of the Military and Engineering Side, CUfton College. Gl. Svo. Book 
I., Is.; Books Land IL, Is. 6d.; Books I.-IV., Ss.; Books lu.-IV., 2s. ; Books 
III.-VI., Ss.; Books V.-VL and XI., 2s. 6d.; Books I.-VI. and XL, 4s. 6d.; Book 
XL, Is. [KEY. In pr^oaratton. 

HALSTED.— THE ELEMENTS OF GEOMETRY. By G. B. Halbted, Professor 
of Pure and Applied Mathematics in the University of Texas. Svo. 12s. 6d. 

HAYWARD.— THE ELEMENTS OF SOLED GEOMETRY. By R. B. Hayward, 
M.A., F.R.S. Gl. Svo. 8s. 

LOOK.- EUCLID FOR BEGINNERS. Being an Introduction to existing Text- 
Books. By Rev. J. B. Look, M.A. lln the Press. 

MILNE and DAVIS.— GEOMETRICAL CONICS. Part L The Parabola. By 
Rev. J. J. Milne, M.A,, and R F. Davis, M.A. Cr. Svo. 2s. 

♦RICHARDSON.— THE PROGRESSIVE EUCLID. Books L and H. With Notes, 
Exercises, and Deductions. Edited by A. T. Richardson, M.A., Senior Mathe* 
matical Master at the Isle of Wight College. Gl. Svo. 2s. 6d. 

SYLLABUS OF PLANE GEOMETRY (corresponding to Euclid, Books L-VI.)— 
Prepared by the Association for the Improvement of Geometrical Teaching. 
Cr. Svo. Sewed, Is. 

SYLLABUS OF MODERN PLANE GEOMETRY.— Prepared by the Association 
for the Improvement of Geometrical Teaching. Cr. Svo. Sewed. Is. 

*TODHUNTBR.— THE ELEMENTS OF EUCLID. By I. Todhuntbr, F.R.S. 
ISmo. 8s. 6d. *Books I. and II. Is. KEY. Cr. Svo. 6s. 6d. 

WILSON.— Works by Ven. Archdeacon Wilson, M.A., formerly Headmaster of 
Clifton College. 
ELEMENTARY GEOMETRY. BOOKS I.-V. Containing the Subjects of 
£aclid's first Six Books. Following the Syllabus of the Geometrical Araocia- 
ti'on. Ex. fcap. Svo. 4s. Qd. 
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WILSON.— Works by Ven. Archdeacon Wilson— continued. 
SOLID GEOMETRY AND CONIC SECTIONS. With Appendices on Trans- 
versals and Harmonic Division. Ex. fcap. 870. 8s. 6d. 

GBOMBTRIOAL DRAWING. 

BAOLBS.— OONSTRUCTIVB GEOMETRY OP PLANE CURVES. By T. H. 
Eagles, M.A., Instructor in Geometrical Drawing and Lecturer in Architecture 
at the Roy^ Indian Engineering College, Cooper's Hill. Cr. Syq. 128. 

EDGAR and PRITOHABD. — NOTE - BOOK ON PRACTICAL SOLID OR 
DESCRIPTIVE GEOMETRY. Containing Problems with help ft>r Solutions. 
By J. H. Edoab and G. S. Pbitchard. 4th Ed., revised by A. Mkeze. G1. 
8vo. 4s. 6d. 

""KITGHBNEB.— A GEOMETRICAL NOTE-BOOK. Containing Easy Problems in 
Geometrical Drawing preparatory to the Study of Geometry. For the Use of 
Schools. By F. E. ^tcheneb, M.A., Headmaster of the Newcastle-under- 
Lyme High School. 4to. 2s. 

MILLAB.— ELEMENTS OF DESCRIPTIVE GEOMETRY. By J. B. Millar, 
Civil Engineer, Lecturer on Engineering in the Victoria University, Manchester. 
2d Ed. Cr. 8vo. 68. 

PLANT.— PRACTICAL PLANE AND DESCRIPTIVE GEOMETRY. By B. C. 
Plaitf. Globe 8vo. [In preparation. 

MENSURATION. 

STEVENS.— ELEMENTARY MENSURATION. With Exercises on the Mensura 
tion of Plane and Solid Figures. By F. H. Stevens, M. A. GL 8vo. 

[In preparation. 

TEBAT.— ELEMENTARY MENSURATION FOR SCHOOLS. By S. Tebat. 
Ex. fcap. 8vo. 3s. 6d. 

•TODHUNTBB.— MENSURATION FOR BEGINNERS. By Isaac Todhtoter, 
F.R.S. 18mo. 2s. 6d. KEY. By Rev. Fr. L. McCarthy. Cr. 8vo. Ts. 6d. 

TRIGONOMETRY. 

BEASLEY.— AN ELEMENTARY TREATISE ON PLANE TRIGONOMETRY. 

With Examples. By R. D. Beasley, M.A. 9th Ed., revised and enlarged. 

Cr. 8vo. 8s. 6d. 
BOTTOMLET.— FOUR-FIGURE MATHEMATICAL TABLES. Comprising Log- 

arithmic and Trigonometrical Tables, and Tables of S(][uares, Square Roote, 

and Reciprocals. By J. T. Bottomley, M.A., Lecturer m Natural Philosophy 

In the University of Glasgow. 8vo. 2s. 6d. 

HAYWARD.— THE ALGEBRA OF CO-PLANAR VECTORS AND TRIGONO- 
METRY. By R. B. Hayward, M.A., F.R.S., Assistant Master at Harrow. 

[In preparation. 

JOHNSON.— A TREATISE ON TRIGONOMETRY. By W. E. Johnson, M.A., 
late Scholar and Assistant Mathematical Lecturer at King's Collie, Cam- 
bridge. Cr. 8vo. 8s. 6d. 

LBVETT and DAVISON.— ELEMENTS OF TRIGONOMETRY. By Rawdon 
Levett and A. F. Davison, Assistant Masters at King Edward's School, 
Birmingham. [In the Press. 

LOOK.— Works by Rev. J. B. Lock, M.A., Senior Fellow and Bursar of Gonville 

and Caius College, Cambridge. 
•THE TRIGONOMETRY OF ONE ANGLE. Gl. 8vo. 2s. 6d. 
•TRIGONOMETRY FOR BEGINNERS, as &r as the Solution of Triangles. 8d 

Ed. Gl. 8vo. 2s. 6d. KEY. Cr. 8vo. 6s. 6d. 
•ELEMENTARY TRIGONOMETRY. 6th Ed. (in this edition the chapter on 

logarithms has been carefully revised). Gl. 8vo. 4s. 6d. KEY. Cr. 8vo. 8s. 6d. 
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HIGHER TRIGONOMETRY. 6th Ed. Gl. 8vo. 48. 6d. Both Parts complete 
in One Volume. Gl. 8vo. Ts. 6d. 
MCCLELLAND and PRESTON. — A TREATISE ON SPHERICAL TRIGONO- 
HETRT. With applications to Spherical Geometry and numerous Examples. 
By W. J. M'Clklland, M.A., Principal of the Incorporated Society's School, 
Santry, Dublin, and T. Pbbston, M.A. Cr. 8vo. 8s. 6d., or : Part I. To the 
End of Solution of Triangles, 4s. 6d. Part n., 5s. 

MATTHEWS.— MANUAL OF LOGARITHMS. By G. F. Matthews, RA. 8vo. 

PALMER.— TEXT -BOOK OF PRACTICAL LOGARITHMS AND TRIGONO- 
METRY. By J. H. Falmkr, Headmaster, R.N., H.]^.S. Oim&rtd^e, Devon- 
port. Gl. 8vo. 4b. 6d. 

SNOWBALL.— THE ELEMENTS OF PLANE AND SPHERICAL TRIGONO- 
METRY. By J. C. Snowball. 14th Ed. Cr. 8vo. 7s. 6d. 

TODHUNTER,— Works by Isaac Todhunter, F.R.S. 

•TRIGONOMETRY FOR BEGINNERS. 18mo. 2s. 6d. KEY. Cr. 8vo. 8s. 6d. 
PLANE TRIGONOMETRY. Cr. 8vo. 6s. A New Edition, revised by R. W. 

HoGO, M.A. Cr. 8vo. 6s. KEY. Cr. 8vo. 10s. 6d. 
A TREATISE ON SPHERICAL TRIGONOMETRY. Cr. 8vo. 4s. 6d. 

WOLSTENHOLME.— EXAMPLES FOR PRACTICE IN THE USE OP SEVEN- 
f;iGURB LOGARITHMS. By Joseph Wolbtenholme, D.Sc, late Professor 
of Mathematics in the Royal Indian Engineering Coll., Cooper's Hill. 8vo. 
5s. 

ANALYTICAL GEOMETRY (Plane and Solid). 

DYER.— EXERCISES IN ANALYTICAL GEOMETRY. By J. M. Dyer, M.A., 
Assistant Master at Eton. Illustrated. Cr. 8vo. 4s. 6d. 

FERRERS.— AN ELEMENTARY TREATISE ON TRILINEAR CO-ORDIN- 
ATES, the Method of Reciprocal Polars, and the Theory of Projectors. By 
the Rev. N. M. Ferrers, D.D., F.R.S., Master of Gonville and Caius College, 
Cambridge. 4th Ed., revised. Cr. 8vo. 6s. 6d. 
FROST.— Works by Percival Frost, D.Sc., F.R.S., Fellow and Mathematical 
Lecturer at King's College, Cambridge. 
AN ELEMENTARY TREATISE ON CURVE TRACING. 8vo. 12s. 
SOLID GEOMETRY. 8d Ed. Demy 8vo. 16s. 

HINTS FOR THE SOLUTION OF PROBLEMS in the Third Edition of SOLID 
GEOMETRY. 8vo. 8s. 6d. 
JOHNSON.— CURVE TRACING IN CARTESIAN CO-ORDINATES. By W. 
WooLSBY Johnson, 'Professor of Mathematics at the U.S. Naval Academy, 
Annapolis, Maryland. Cr. 8vo. 4s. 6d. 

M'CLELLAND.— THE GEOMETRY OP THE CIRCLE. By W. J. M'Clelland, 
M.A. Cr. 8vo. [In the Press, 

PUCKLE.— AN ELEMENTARY TREATISE ON CONIC SECTIONS AND AL- 
GEBRAIC GEOMETRY. With Numerous Examples and Hints for their Solu- 
tion. By Q. H. PucKLE, M.A. 6th Ed., revised and enlarged. Cr. 8vo. 
7s. 6d. 
SMITH.— Works by Charles Smith, M.A., Master of Sidney Sussex College, 
Cambridge. 
CONIC SECTIONS. 7th Ed. Cr. 8vo. 7s. 6d. 
SOLUTIONS TO CONIC SECTIONS. Cr. 8vo. 10s. 6d. 

AN ELEMENTARY TREATISE ON SOLID GEOMETRY. 2d Ed. Cr. Svo. 
9s. 6d. 
TODHUNTER.— Works by Isaac Todhunter, F.R.S. 
PLANE CO-ORDINATE GEOMETRY, as applied to the Straight Line and the 

Conic Sections. Cr. Svo. 7s. 6d. 
KEY. By C. W. Bourne, M. A., Headmaster of King's College School. Cr. 8vo. 
10s. 6d. 
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TODHUNTBB.— Works by Isaac Todhuntkr, F.'R.S.—continfied. 
EXAMPLES OF ANALYTICAL GEOMETRY OF THREE DIMENSIONS. 
New Bd., revised. Gr. 8vo. 48. 

PROBLEMS AND QUESTIONS IN 
MATHEMATICS. 

ARMT PREUMINART EXAMINATION, 1882-1890, Specimens of Papers set at 
the. With* Answers to the Matiiematical Questions. Subjects: Arithmetic, 
Algebn, Euclid, Oeometrical Drawing, Geography, French, English Dictation. 
Or. Svo. 8s. 6d. 

CAMBRIDOE SENATE -HOUSE PROBLEMS AND RIDERS, WITH SOLU- 
TIONS:— 
1876— PROBLEMS AND RIDERS. By A. G. Gbbinhill, F.R.S. Cr.Svo. 88. 6d. 
1878— SOLUTIONS OP SENATE-HOUSE PROBLEMS. By the Mathematical 
Moderators and Examiners. Edited by J. W. L. Glaishbb, F.R.S., Fellow of 
Trinity College, Cambridge. 12s. 

CHRISTIE.— A COLLECTION OF ELEMENTARY TEST-QUESTIONS IN PURE 
AND MIXED MATHEMATICS ; with Answers and Appendices on Synthetic 
Division, and on the Solution of Numerical Equations by Homer's Method. 
By James R. Christib, F.R.S. Or. Svo. 8s. 6d. 

OLIFPORD.— MATHEMATICAL PAPERS. By W. K. Clifford. Edited by R. 
Tucker. With an Introduction by H. J. Stephen Smith, M.A. 8vo. 3Qb. 

MILNE. — Works by Rev. John J. Milne, Private Tutor. 
WEEKLY PROBLEM PAPERS. With Notes Intended for the use of Students 
preparing for Mathematical Scholarships, and for Junior Members of the Uni- 
versities who are reading for Mathematical Honours. Pott 8vo. 4s. 6d. 
SOLUTIONS TO WEEKLY PROBLEM PAPERS. Or. Svo. lOs. 6d. 
COMPANION TO WEEKLY PROBLEM PAPERS. Or. Svo. lOs. 6d. 

RICHARDSON.— MISCELLANEOUS MATHEMATICAL PAPERS. Elementary 
and Advanced. By A. T. Richardson, M. A., Senior Mathematical Master at 
the Isle of Wi ght Co llege. [In the Press. 

SANDHURST MATHEMATICAL PAPERS, for admission into the Royal Military 
College, 1881-1889. Edited by E. J. Brooksmith, B.A., Instructor in Mathe- 
matics at the Royal Military Academy, Woolwich. Cr. Svo. 8s. 6d. 

WOOLWICH MATHEMATICAL PAPERS, for Admission into the Royal Military 
Academy, Woolwich, 1880-1888 Inclusive, By the same Editor. Cr. Svo. 6s. 

WOLSTENHOLME.— Works by Joseph Wolstenholme, D.Sc., late Professor of 
Mathematics in the Royal Engineering Coll., Cooper's Hill. 
MATHEMATICAL PROBLEMS, on Subjects included in the First and Second 
Divisions of the Schedule of Subjects for the Cambridge Mathematical Tripos 
Examination. New Ed., greatly enlarged. Svo. 18s. 

EXAMPLES FOR PRACTICE IN THE USB OF SEVEN -FIGURE LOG- 
ARITHMS. Svo. 68. 

HIGHER PURE MATHEMATICS. 

AIRY.— Works by Sir G. B. Airt, K.C.B., formerly Astronomer-Royal. 
ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL EQUATIONS 

With Diagrams. 2d Ed. Cr. Svo. 5s. 6d. 
ON THE ALGEBRAICAL AND NUMERICAL THEORY OF ERRORS OP 

OBSERVATIONS AND THE COMBINATION OF OBSERVATIONS. 

2d Ed., revised. Cr. Svo. 68. 6d. 
BOOLE.— THE CALCULUS OF FINITE DIFFERENCES. By G. Boole. 8d Ed., 

revised by J. F. Moulton, Q.C. Cr. Svo. 10s. 6d. 
EDWARDS.— THE DIFFERENTIAL CALCULUS. By Joseph Edwards, M.A. 

With Applications and numerous Examples. Cr. Svo. 10s. 6d. 
FERRERS.— AN ELEMENTARY TREATISE ON SPHERICAL HARMONICS, 

AND SUBJECTS CONNECTED WITH THEM. By Rev. N. M. Ferrers, 

D.D F.R.S., Master of Gonville and Caius Collie, Cambridge. Cr. Sva 7s. 6d. 
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FOBSTTH.-A TREATISE ON DIFFERENTIAL EQUATIONS. By Andbsw 
Russell Fobsyth, F.R.S., Fellow and Assistant Tutor of Trinity College, 
Cambridge. 2d Ed. 8vo. 14s. 

PROST.— AN ELEMENTARY TREATISE ON CURVE TRACING. By Pbroival 
Frost, M.A-, D.Sc. 8vo. 12s. 

GRAHAM.— GEOMETRY OP POSITION. By R. H. Graham. Cr. 8vo. 

78. 6d. 
GREENHILL.— DIFFERENTIAL AND INTEGRAL CALCULUS. By A. G. 
Grsenhili^ Professor of Mathematics to the Senior Class of Artillery Officers, 
Woolwich. New Ed. Cr. 8vo. 10s. 6d. 
APPLICATIONS OF ELLIPTIC FUNCTIONS. By the same. [In the Press. 
JOHNSON.— Works by William Woolsey Johnson, Professor of Mathematics at 
the U.S. Naval Academy, Annapolis, Maryland. 
INTEGRAL CALCULUS, an Elementary Treatise on the. Founded on the 

Method of Rates or Fluxions. 8vo. 9s. 
CURVE TRACING IN CARTESIAN CO-ORDINATES. Cr. 8vo. 4s. 6d. 
A TREATISE ON ORDINARY AND DIFFERENTIAL EQUATIONS. Ex. cr. 
8vo. 16s. 
KELLAND and TAIT.— INTRODUCTION TO QUATERNIONS, with numerous 
examples. By P. Eelland and P. G. Tait, Professors in the Department of 
Mathematics in the University of Edinburgh. 2d Ed. Cr. 8vo. 7s. 6d. 

KEMPE.— HOW TO DRAW A STRAIGHT LINE : a Lecture on Linkages. By A 

B. Eempe. Illustrated. Cr. 8vo. Is. 6d. 
KNOX.— DIFFERENTIAL CALCULUS FOR BEGINNERS. By Alexander 

Knox. Fcap. 8vo. Ss. 6d. 
MUIR.— THE THEORY OF DETERMINANTS IN THE HISTORICAL ORDER 
OF ITS DEVELOPMENT. Parti. Determinants in General. Leibnitz (1693) 
to Cayley (1841). By Thos. Muir, Mathematical Master in the High School of 
Glasgow. 8vo. lOs. 6d. 
RICJB and JOHNSON.— AN ELEMENTARY TREATISE ON THE DIFFEREN- 
TIAL CALCULUS. Founded on the Method of Rates or Fluxions. By J. M. 
Rice, Professor of Mathematics in the United States Navy, and W. W. John- 
son, Professor of Mathematics at the United States Naval Academy. 8d Ed., 
revised and corrected. 8vo. 18s. Abridged Ed. 9s. 
TODHUNTER.— Works by Isaac Todhunter, F.R.S. 

AN ELEMENTARY TREATISE ON THE THEORY OF EQUATIONS. 

Cr. 8vo. 7s. 6d. 
A TREATISE ON THE DIFFERENTIAL CALCULUS. Cr. 8vo. 10s. 6d. 

KEY. Cr. 8vo. 10s. 6d. 
A TREATISE ON THE INTEGRAL CALCULUS AND ITS APPLICATIONS. 

Cr. 8vo. 10s. 6d. KEY. Cr. 8vo. 10s. 6d. 
A HISTORY OF THE MATHEMATICAL THEORY OF PROBABILITY, from 

the time of Pascal to that of Laplace. 8vo. 18s. 
AN ELEMENTARY TREATISE ON LAPLACE'S, LAME'S, AND BESSEL'S 
FUNCTIONS. Cr. 8vo. 10s. 6d. 

MECHANICS : Std.tics, Dynamics, Hydrostatics, 
Hydrodynainics. (See also Physics.) 

ALEXANDER and THOMSON.— ELEMENTARY APPLIED MECHANICS. By 
Prof. T. Alexander and A. W. Thoiison. Part II. Transverse Stress. 
Cr. 8vo. lOs. 6d. 

BALL.— EXPERIMENTAL MECHANICS. A Course of Lectures delivered at the 
Royal College of Science for Ireland. By Sir R. S. Ball, F.R.S. 2d Ed. 
Illustrated. Cr. 8vo. 6s. 

CLIFFORD.— THE ELEMENTS OF DYNAMIC. An Introduction to the Study of 
Motion and Rest in Solid and Fluid Bodies. By W. K. Clifford. Part I. — 
Kinematic. Cr. 8vo. Books I.-III. 7s. 6d. ; Book IV. and Appendix, 6s. 
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COTTERILL.'— APPLIED MBOHANICS : An Elementary General Introduction to 
the Theory of Stmctores and Machines. By J. H. GoTTsmUi, F.B.S., Professor 
of Applied Mechanics in the Royal Naval College, Greenwich. 8vo. 188. 

OOTTERILL and SLADE.— LESSONS IN APPLIED MECHANICS. By Prof. 
J. H. CoTTEBiLL and J. H. Slade. Fcap. 8vo. 68. 6d. 

DYNAMICS, SYLLABUS OF ELEMENTARY. Part L Linear Dynamics. With 
an Appendix on the Meanings of the Symbols in Physical Equations. Prepared 
by the Association for the Improyement of Geometrical Teaching. 4to. Is. 

GANGUILLET and ET7TTER.— A GENERAL FORMULA FOR THE UNIFORM 
FLOW OF WATER IN RIVERS AND OTHER CHANNELS. By E. Gan- 
oniLLET and W. R. Eutieb. Translated, with Additions, including Tables and 
Diagrams, and the Elements of over 1200 Gaugings of Rivers, Sm^ Channels, 
and Ilpes in English Measure, by R. Hsbino, Assoc. Am. Soc, C.E., M. Inst. 
C.E., and J. G. Tbatttwinb Jun., Assoc. Am. Soc. G.E., Assoc Inst. C.E. 
Svo. 178. 

GRAHAM.— GEOMETRY OF POSITION. By R. H. Graham. Cr. Svo. 78. 6d. 

GREAVES.— Works by John Greaves, M.A., Fellow and Mathematical Lecturer 

at Christ's College, Cambridge. 
•STATICS FOR BEGINNERS. GL Svo. 8s. 6d. 

A TREATISE ON ELEMENTARY STATICS. 2d Ed. Cr. Svo. 68. 6d. 
GREENHILL.— HYDROSTATICS. By A. G. Geeenhill, Professor of Mathematics 

to the Senior Class of Artillery Officers, Woolwich. Cr. Svo. [In preparation. 
*HIOKS.— ELEMENTARY DYNAMICS OF PARTICLES AND SOLIDS. By 

W. M. Hicks, D.Sc, Principal and Professor of Mathematics and Physics, Firth 

College, Sheffield. Cr. Svo. 6s. 6d. 
JBLLBTT.— A TREATISE ON THE THEORY OF FRICTION. By John H. 

Jellbtt, B.D., late Provost of Trinity College, Dublin. Svo. 8s. 6d. 

EIENNEDY.— THE MECHANICS OF MACHINERY. By A. B. W. Ksmnedt, 
F.R.S. Illustrated. Cr. Svo. 12s. 6d. 

LOOK.— Works by Rev. J. B. Lock, M.A. 
•ELEMENTARY STATICS. 2d Ed. GL Svo. 4s. 6d. 
"^ ELEMENTARY DYNAMICS. Sd Ed. GL Svo. 4s. 6d. 
ELEMENTARY HYDROSTATICS. GL Svo. [In preparaHon. 

MECHANICS FOR BEGINNERS. GL Svo. Part L Mechanics of SoLine. 
[In the Press. Part II. Mechanics of Fluids. [In preparation. 

MAOGREGOR.— KINEMATICS AND DYNAMICS. An Elementary Treatise. 
By J. G. MacGbeoob, D.Sc, Munro Professor of Physics in Dalhousie College, 
Halifax, Nova Scotia. Illustrated. Cr. Svo. 10s. 6d. 

PARKINSON.— AN ELEMENTARY TREATISE ON MECHANICS. By S. 
Parkinson, D.D., F.R.S., late Tutor and Prselector of St John's College, 
Cambridge. 6th Ed., revised. Cr. Svo. 9s. 6d. 

PIRIE.— LESSONS ON RIGID DYNAMICS. By Rev. G. Pibib, M.A., Professor 

of Mathematics in the Universily of Aberdeen. Cr. Svo. 6s. 
ROUTH.— Works by Edwabd John Routh, D.Sc, LL.D., F.R.S., Hon. Fellow 
of St. Peter's College, Cambridge. 
A TREATISE ON THE DYNAMICS OP THE SYSTEM OF RIGID BODIES. 
With numerous Examples. Two Vols. Svo. Vol. I.— Elementary Parts. 
6th Ed. 14s. Vol. II.— The Advanced Parts. 4th Ed. 14s. 
STABILITY OF A GIVEN STATE OF MOTION, PARTICULARLY STEADY 
MOTION. Adams Prize Essay for 1877. Svo. Ss. 6d. 

♦SANDERSON.— HYDROSTATICS FOR BEGINNERS. By F. W. Sanderson, 
M.A., Assistant Master at Dulwich College. GL Svo. 4s. 6d. 

TAIT and STEELE.- A TREATISE ON DYNAMICS OF A PARTICLE. By 
Professor Tait, M.A., and W. J. Steele, B.A. 6th Ed., revised. Cr. Svo. 12s. 
TODHUNTER.— Works by Isaac Todhuntbb, F.R.S. 
♦MECHANICS FOR BEGINNERS. ISmo. 4s. 6d. KEY. Cr. Svo. 6s. 6d. 

A TREATISE ON ANALYTICAL STATICS. 5th Ed. Edited by Prof. J. D. 
Everett, F.R.S. Or. Svo. lOs. 6d. 
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PHYSIOS : Sound, Light, Heat, Eleotrioity, Elastioity, 
Attractions, etc. (See also Mechanics.) 

AIBT.— Worka by Sir G. B. Airy, K.O.B., formerly Astronomer-BoyaL 
ON SOUND AND ATMOSPHERIO YIBBATIGNS. With the Mathematieal 
Elements of Musio. 2d Ed., revised and enlarged. Or. 8yo. Os. 

GRAVITATION : An Elementary Explanation of the Principal Fertarl>ations in 
the Solar System. 2d Ed. Or. 8vo. 7s. 6d. 

OLAUSIUS.— MECHANICAL THEORY OP HEAT. By R. Claubiub. Trans- 
lated by W. R. Browns, M.A. Or. 8vo. 10s. 6d. 

GUMMING.— AN INTRODUCTION TO THE THEORY OP ELECTRICITY. 

By LiNNiBus CuMMiNO, M.A. , Assistant Master at Rugby. Illustrated. Or. Svo. 

8s. 6d. 
DANIELL.— A TEXT-BOOK OP THE PRINCIPLES OP PHYSICS. By Al»bkd 

Dakibll, D.Sc. Illnstrated. 2d Ed., revised and enlarged. 8vo. 21s. 

DAT.— ELECTRIC LIGHT ARITHMETIC. By R. E. Day, Evening Lecturer in 
Experimental Physics at King's College, London. Pott 8vo. 28. 

EVERETT.— ILLUSTRATIONS OP THE C. G. S. SYSTEM OP UNITS WITH 
TABLES OP PHYSICAL CONSTANTS. By J D. Evebett, P.RS., Professor 
of Natural Philosophy, Queen's College, Bellkst. New Ed. Ex. fcap. Svo. 5s. 

FERRERS.- AN ELEMENTARY TREATISE ON SPHERICAL HARMONICS, 
and Subjects connected with them. By Rev. N. M. Fbrbsks, D.D., F.R.S., 
Master of Gonville and Caius College, Cambridge. Cr. Svo. 7s. 6d. 

PESSBNDEN.— PHYSICS POR PUBLIC SCHOOLS. By C. Fessbnden. 
Illustrated. Fcap. Svo. [In the Press. 

GRAY.— THE THEORY AND PRACTICE OP ABSOLUTE MEASUREMENTS 
IN ELECTRICITY AND MAGNETISM. By A. Gray, P.R.S.E., Professor 
of Physics in the University College of North Wales. Two Vols. Cr. Svo. 
Vol. I. 12s. 6d. [Vol. IL In the Press, 

ABSOLUTE MEASUREMENTS IN ELECTRICITY AND MAGNETISM. 2d 
Ed., revised and greatly enlarged. Fcap. Svo. 5s. 6d. 

IBBETSON.— THE MATHEMATICAL THEORY OF PERFECTLY ELASTIC 
SOLIDS, with a Short Account of Viscous Fluids. By W. J. Ibbbtson, late 
Senior Scholar of Clare College, Cambridge. Svo. 21s. 

*JONES.— EXAMPLES IN PHYSIC& Containing over 1000 Problems with 
Answers and numerous solved Examples. Suitable for candidates preparing 
for the Intermediate, Science, Preliminary, Scientific, and other Examinations 
of tiie University of London. By D. E. Jonks, B.Sc, Professor of Physics 
in tiie University College of Wales, Aberystwyth. Fcap. Svo. 8s. 6d. 
•ELEMENTARY LESSONS IN HEAT, LIGHT, AND SOUND. By the same. 
GL Svo. 2s. 6d. 

LOCKYER.— CONTRIBUTIONS TO SOLAR PHYSICS. By J. Norman Lockykk, 
F.R.S. With Illustrations. Royal Svo. 81s. 6d. 

LODGE.— MODERN VIEWS OF ELECTRICITY. By Oliver J. Lodge, F.R.8., 
Professor of Experimental Physics in University College, Liverpool. Illus- 
trated. Cr. Svo. 6s. 6d. 

LOBWT.— 'QUESTIONS AND EXAMPLES ON EXPERIMENTAL PHYSICS : 
Sound, Light, Heat. Electricitv, and Magnetism. By B. Loewy, Examiner in 
Experimental Physics to the College of Preceptors. Fcap. Svo. 2s. 
»A GRADUATED COURSE OF NATURAL SCIENCE FOR ELEMENTARY 
AND TECHNICAL SCHOOLS AND COLLEGES. By the same. In Three 
Parts. Parti. First Year's Course. GLSvo. 2s. Part II. [In prepamtum. 

LUPTON.— NUMERICAL TABLES AND CONSTANTS IN ELEMENTARY 
SCIENCE. By S. Lufton, M.A., late Assistant Master at Harrow. Ex. fcap. 
Svo 2s 6d 

MACPARLANE.— PHYSICAL ARITHMETIC. By A. Maotarlane, D.Sc, late 
Ex&miner in Mathematics at the University of Edinburgh. Or. Svo. 7s. 6d. 
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•MATER.— SOUND : A Series of Simple, Entertaining, and Inexpensive Experi- 
ments in the Phenomena of Sound. By A. M. Maykb, Professor of Physics 
in the Stevens Institute of Technology. Illustrated. Or. 8vo. 8s. 6d. 

*MATEB and BARNARD.— LIGHT : A Series of Simple, Entertaining, and In- 
expensive Experiments in the Phenomena of Light. By A.M. Maybr and 
G. Barnabd. Illustrated. Or. 8vo. 2s. 6d. 

MOLLOT.— GLEANINGS IN SCIENCE : Popular Lectures on Scientific Subjects. 
By the Rev. Gkbald Mollot, D.Sc., Rector of the Catholic University of 
Ireland. 8vo. 7s. 6d. 

NEWTONj^PBINCIPIA. Edited by Prof. Sir W. Thomson, P.R.a, and Prof. 

Blackbuknk. 4to. 31s. 6d. 

THE FIRST THREE SECTIONS OP NEWTON'S PRINCIPIA. With Notes 

and Dlustrations. Also a Collection of Problems, principally intended as 

Examples of Newton's Methods. By P. Frost, M. A., D.Sc 8dEd. Svo. 12s. 

PARKINSON.— A TREATISE ON OPTICS. By S. Parkinson, D.D., P.R.S.. 
late Tutor and Prselector of St. John's College, Cambridge. 4th Ed., revised 
and enlarged. Cr. Svo. 10s. 6d. 

PBABODY.— THERMODYNAMICS OP THE STEAM-ENGINE AND OTHER 
HEAT-ENGINES. By Cecil H. Peabody, Associate Professor of Steam 
Engineering, Massachusetts Institute of Technology. Svo. 21s. 

PERRT. — STEAM: An Elementary Treatise. By John Perrt, Professor 
of Mechanical Engineering and Applied Mechanics at the Technical College, 
Pinsbury. ISmo. 4s. 6d. 

PIOKBRINQ.— ELEMENTS OP PHYSICAL MANIPULATION. By Prof. Ed- 
ward C. Pickering. Medium Svo. Part I., 12s. 6d. Part II., 14s. 

PRESTON.— THE THEORY OF LIGHT. By Thomas Prbston, M.A. Illus- 
trated. Svo. 12s. 6d. 
THE THEORY OF HEAT. By the same Author. Svo. [In preparaiUm. 

RAYLEIGH.— THE THEORY OP SOUND. By Lord Rayleioh, F.R.S. Svo. 

Vol. L, 12s. 6d. VoL IL, 128. 6d. [VoL IIL In the Press. 

SHANN.— AN ELEMENTARY TREATISE ON HEAT, IN RELATION TO 

STEAM AND THE STEAM-ENGINE. By G. Shann, M.A. Illustrated. 

Cr. Svo. 4s. 6d. 

SPOmSWOODE.— POLARISATION OF LIGHT. By the late W. Spottiswoode, 

P.R.S. Illustrated. Cr. Svo. 8s. 6d. 
STEWART.— Works by Balfour Stewart, F.R.S., late Langworthy Professor of 

Physics in the Owens College, Victoria University, Manchester. 
«PRIMER OP PHYSICS. Illustrated. With Questions. ISmo. Is. 
«LESSONS IN ELEMENTARY PHYSICS. Illustrated. Pcap. Svo. 4s. 6d. 
♦QUESTIONS. By Prof. T. H. Core. Pcap. Svo. 28. 

STEWART and QBE.— LESSONS IN ELEMENTARY PRACTICAL PHYSICS. 
By Balfour Stewart, P.R.S., and W. W. Haldane Gee, B.Sc Cr. Svo. 
Vol. I. General Physical Processes. 6s. Vol. II. ELBcrRicrrY and 
Magnetism. 7s. 6d. [Vol. III. Optics, Heat, and Sound. In the Press. 

♦PRACTICAL PHYSICS FOR SCHOOLS AND THE JUNIOR STUDENTS OF 
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FLOWERS, FRUITS, AND LEAVES. Illustrated. 2d Ed. Cr. 8vo. 48. 6d. 
SCIENTIFIC LECTURES. 2d Ed. 8vo. 8s. 6d. 

FIFTY TEARS OF SCIENCE. Being the Address delivered at York to the 
British Association, Aognst 1881. 5tn Ed. Cr. 8vo. 2s. 6d. 
MARTIN and MOALE.— ON THE DISSECTION OF VERTEBRATE ANIMALS. 
By Prof. H. N. JMUbtin and W. A. Moalb. Cr. 8vo. [In preparation. 

MIVART.— LESSONS IN ELEMENTARY ANATOMY. By St. Georob Mivart, 
F.KS., Lecturer on Comparative Anatomy at St. Mary's Hospital. Illustrated. 
Fcap. 8vo. 6s, 6d. 

MtfLLEB.— THE FERTILISATION OP FLOWERS. By Hermann MUllbr. 

Translated and Edited by D'Arct W. Thompson, B. A. .Professor of Biology in 

University College, Dundee. With a Preface by C. Darwin, F.R.S. Illus- 

trated. 8vo. 218. 
OUVER.— Works by Daniel Oliver, F.R.S., late Professor of Botany in Uni- 

versity College, London. 
. *LBSSONS IN ELEMENTARY BOTANY. Illustrated. Fcap. 8vo. 4s. 6d. 
FIRST BOOK OP INDIAN BOTANY. Illustrated. Ex. fcap. 8vo. 6s. 6d. 
PARKER.— Works by T. Jeftery Parker, F.R.S., Professor of Biology in the 

University of Otago, New Zealand. 
A COURSE OF INSTRUCTION IN ZOOTOMY (VERTEBRATA). Illustrated. 

Cr. 8vo. 8s. 6d. 
LESSONS IN ELEMENTARY BIOLOGY. Elustrated. Cr. 8vo. 10s. 6d. 
PARKER and BETTANT.— THE MORPHOLOGY OF THE SKULL. By Prof. 

W. E. Parker, F.R.S., and G. T. Bbttany. Illustrated. Cr. 8vo. 10s. 6d. 
ROMANES.— THE SCIENTIFIC EVIDENCES OP ORGANIC EVOLUTION. 

By George J. Romanes, F.R.S., Zoological Secretary of the Linnean Society. 

Cr. 8vo. 2s. 6d. 
SEDGWICK.— TREATISE ON EMBRYOLOGY. By Adam Sedgwick, P.R.S., 

Fellow and Lecturer of Trinity College, Cambridge. Illustrated. 8vo. 

[In preparation. 
8HUFELDT.— THE MYOLOGY OF THE RAVEN (Corvus eorax sinuaius). A 

Guide to the Study of the Muscular System in Birds. By R W. Shttpeldt. 

Illustrated. 8vo. 18s. net. 
SMITH.— DISEASES OF FIELD AND GARDEN CROPS, CHIEFLY SUCH 

AS ARE CAUSED BY FUNGL By W. G. Smith, F.L.S. Illustrated. Fcap. 

8vo. 4s. 6d. 
STEWART and CORRT.— A FLORA OF THE NORTH-EAST OF IRELAND. 

Including the Phanerogamia, the Cryptogamia Vascularia, and the Muscinese. 

gy S. A. Stewart, Curator of the Collections in the Belfast Museum, and the 
te T. H. CoRRY, M.A., Lecturer on Botany in the University Medical and 
Science Schools, Cambridge. Cr. 8vo. 6s. 6d. 
WALLACE.— DARWINISM : An Exposition of the Theory of Natural Selection, 
with some of its Applications. By Alfred Rubsbl Wallace, LL.D., F.R.S. 
3d Ed. Cr. 8vo. 9s. 
NATURAL SELECTION : AND TROPICAL NATURE. By the same. New 

Ed. Cr. 8vo. 6s. 
ISLAND LIFE. By the same. New Ed. Cr. 8vo. 6s. 
WARD.— TIMBER AND SOME OF ITS DISEASES. By H. Marshall Ward, 
F.R.S., Professor of Botany in the Royal Indian Engineering College, Cooper's 
Hill. Illustrated. Cr. 8vo. 6s. 
WIEDERSHEIM.— ELEMENTS OP THE COMPARATIVE ANATOMY OP 
VERTEBRATES. By Prof. R Wiedershbim. Adapted by W. Newton 
Parker, Professor of Biology in the University College of South Wales and 
Monmouthshire. With Additions. Illustrated. 8vo. 12s. 6d. 
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BL7TH. —A MANUAL OF PUBLIC HEALTH. By A. Wynter Blyth, M.R. C.S. 
870. 17s. net. 
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BBUNTON.— Works by T. Laudbb Brunton, M.D., F.R.S., Examiner in Materia 
Medlca in the University of London, in the Victoria University, and in the 
Royal College of Physicians, London. 

A TEXT-BOOK OP PHARMACOLOGY, THERAPEUTICS, AND MATERIA 
MEDICA. Adapted to the United States Pharmacopceia by F. H. Williams, 
M.D., Boston, Mass. 8d Ed. Adapted to the New British Pharmacopoeia, 
1885, and additions, 1891. 8vo. 21s. Or in 2 Vols. 22s. 6d. 

TABLES OF MATERIA MEDICA: A Companion to the Materia Medica 
Museum. Dlustrated. Cheaper Issue. 8vo. 5s. 

ON THE CONNECTION BETWEEN CHEMICAL CONSTITUTION AND 
PHYSIOLOGICAL ACTION, BEING AN INTRODUCTION TO MODERN 
THERAPEUTICS. Croonian Lectures. 8vo. [In the Press. 

QRIFPITHS.— LESSONS ON PRESCRIPTIONS AND THE ART OP PRE- 
SCRIBING. By W. Handsel GBiFriTHs. Adapted to the Pharmacopoeia, 1885. 
18mo. 8s. 6d. 

HAMILTON.— A TEXT-BOOK OF PATHOLOGY, SYSTEMATIC AND PRAC- 
TIOAL. By D. J. Hamilton, F.R.S.E., Professor of Pathological Anatomy, 
University of Aberdeen. Illustrated. Vol. I. 8vo. 25s. 

EILBIN.— Works by E. Kleis, F.R.S., Lecturer on General Anatomy and Physio- 
logy in the Medical School of St. Bartholomew's Hospital, London. 

MICRO-ORGANISMS AND DISEASE. An Introduction into the Study of 
Speciflc Micro-Organisms. Illustrated. 8d Ed., revised. Cr, 8vo. 6s. 

THE BACTERIA IN ASIATIC CHOLERA. Cr. 8vo. 58. 

WHITB.— A TEXT- BOOK OP GENERAL THERAPEUTICS. By W. Hale 
White, M.D., Senior Assistant Physician to and Lecturer in Materia Medica at 
Guy's Hospital. Hlustrated. Cr. 8vo. 8s. 6d. 

ZIEGLER—MAOALISTER. -TEXT -BOOK OF PATHOLOGICAL ANATOMY 
AND PATHOGENESIS. By Prof. E. Zieoleb. Translated and Edited by 
Donald Macalistbb, M.A., M.D., Fellow and Medical Lecturer of St. John's 
College, Cambridge. Illustrated. 8vo. 

Part I.— GENERAL PATHOLOGICAL ANATOMY. 2d Ed. 12s. 6d. 

Part II.— SPECIAL PATHOLOGICAL ANATOMY. Sections I.-VIII. 2d Ed. 
12s. 6d. Sections IX.-XII. 12s. 6d. 
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Mental and Moral Phllosopliy ; Politioal Economy ; Law and Politics ; 

Anthropology; Education. 

MENTAL AND MORAL PHILOSOPHY. 

BALDWIN.— HANDBOOK OF PSYCHOLOGY: SENSES AND INTELLECT. 
By Prof. J. M. Baldwin, M.A., LL.D. 2d Ed., revised. 8vo. 12s. 6d. 

BOOLE.— THE MATHEMATICAL ANALYSIS OF LOGIC. Being an Essay 
towards a Calculus of Deductive Reasoning. By Gboboe Boole. 8vo. 6s. 

OALDBRWOOD.— HANDBOOK OF MORAL PHILOSOPHY. By Rev. Henry 
Caldbbwood, LL.D., Professor of Moral Philosophy in the University of 
Edinburgh. 14th Ed., largely rewritten. Cr. 8vo. 68. 

CLEFPORD.— SEEING AND THINKING. By the late Prof. W. K. Clifford, 
P.R.S. With Diagrams. Cr. 8vo. 8s. 6d. 

HOFFDINO.— OUTLINES OF PSYCHOLOGY. By Prof. H. Hoffdinq. Trans- 
lated by M. E. Lowndes. Cr. 8vo. 68. 

JAMBS.— THE PRINCIPLES OP PSYCHOLOGY. By Wm. James, Professor 
of Psychology in Harvard University. 2 vols. 8vo. 26s.net. 

JARDINB.— THE ELEMENTS OP THE PSYCHOLOGY OF COGNITION. By 
Rev. Robert Jardine, D.Sc. 8d Ed., revised. Cr. Svo. 6s. 6d. 
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JEVONS.— Works by W. Stanley Jevons, F.B.S. 
*PRIMBR OP LOGIC. 18mo. Is. 

*BLBMBNTARY LESSONS IN LOGIC, Deductive and Inductive, with Copious 

Questions and Examples, and a Vocabulary of Logical Terms. Fcap. 8 vo. 8s. 6d. 

THE PBINCIFLBS OF SCIENCE. A Treatise on Logic and Scientific Method. 

New and revised Ed. Or. 8vo. 12s. 6d. 
STUDIES IN DEDUCTIVB LOGIC. 2d Ed. Cr. 8vo. 68. 
PURE LOGIC: AND OTHER MINOR WORKS. Edited by R Adamson, 
M.A., LL.D., Professor of Logic at Owens College, Manchester, and Habribt 
A. Jevons. With a Preface by Fiot, Adamson. 8vo. 10s. 6kl. 

KAMT— MAX MtJLLER.— CRITIQUE OF PURE REASON. By Immanubl Kant. 
2 vols. 8vo. Ifis. each. VoL L HISTORICAL INTRODUCTION, by Lud- 
wio NoiEft ; Vol. IL CRITIQUE OF PURE REASON, translated by F. Max 
MVller. 

KAN^I^MAHAFFY and BERNARD.— KANT'S CRITICAL PHILOSOPHY FOR 
ENGLISH READERS. By J. P. Mahatfy, D.D., Professor of Ancient History 
in the University of Dublin, and John H. Bernabd, B.D., Fellow of Trinity 
Collie, Dublin. A new and complete Edition in 2 vols. (Jr. 8vo. 
Vol. I. The Kbitik ot Pttbe Rbabon explained and defended. 7s. 6d. 
Vol. II. The Pboleoomena. Translated with Notes and Appendices. 6s. 

KEYNES.— FORMAL LOGIC, Studies and Exercises in. Including a Generalisation 
of Logical Processes in their application to Complex Inferences. By John 
Neville Kbtnes, D.Sc 2d Ed., revised and enlarged. Chr. 8vo. 10s. 6d.' 

McGOSH. — Works by Jaweb MoCosh, D.D., President of Princeton College. 
PSYCHOLOGY. Cr. Svo. 

I. THE COGNITIVE POWERS. 6s. 6d. 
IL THE MOTIVE POWERS. 6s. 6d. 
FIRST AND FUNDAMENTAL TRUTHS: being a Treatise on Metaphysics. 

Ex. cr. Svo. Os. 
THE PREVAILING TYPES OP PHILOSOPHY. CAN THEY LOGICALLY 
REACH REALITY? 8vo. 8s. 6d. 

MAURICE.— MORAL AND METAPHYSICAL PHILOSOPHY. By P. D. 
Maubice, M. a., late Professor of Moral Philosophy in the University of Cam- 
bridge. Vol. I. — Ancient Philosophy and the First to the Thirteenth Centuries. 
Vol. II. — Fourteenth Century and the French Revolution, with a glimpse into 
the Nineteenth Century. 4th Ed. 2 vols. Svo. 16s. 

*RAT.— A TEXT-BOOK OF DEDUCTIVB LOGIC FOR THE USB OF STUDENTS. 
By P. K. Ray, D.Sc, Professor of Logic and Philosophy, Presidency College, 
Calcutta. 4th Ed. Globe Svo. 4s. 6d. 

SIDGWICK.— Works by Henbt Sidowiok, LL.D., D.C.L., Knightbridge Professor 

of Moral Philosophy in the University of Cambridge. 
THE METHODS OF ETHICS. 4th Ed. Svo. 14s. A Supplement to the 2d Ed., 

containing all the important Additions and Alterations in the 8d Ed. Svo. 6a. 
OUTLINES OP THE HISTORY OP ETHICS, for English Readers. 2d Ed., 

revised. Cr. Svo. 8s. 6d. 

VENN.— Works by John Venn, P.R.S., Examiner in Moral Philosophy in the 
University of London. 
THE LOGIC OF CHANCE. An Essay on the Foundations and Province of the 
^eory of Probability, with special Reference to its Logical Bearings and its 
Application to Moral and Social Science. 8d Ed., rewritten and greatly en- 
larged. Cr. Svo. lOs. 6d« 

SYMBOLIC LOGIC. Cr. Svo. 10s. 6d. 

THE PRINCIPLES OP EMPIRICAL OR INDUCTIVE LOGIC. Sva 18a 

POLITIOAL ECONOMY. 

b5hM-BAWERE.— CAPITAL AND INTEREST. Translated by William Smart, 
M.A. 8yo. 128. net 
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THE POSITIVB THEORY OP CAPITAL. By the same Author and Translator. 

Syo. 12s. net. 
CAIRNES.— THE CHARACTER AND LOGICAL METHOD OF POLITICAL 

ECONOMY. By J. E. Caibnes. Cr. 8vo. 68. 
SOME LEADING PRINCIPLES OP POLITICAL ECONOMY NEWLY EX- 

POUNDED. By the same. 8vo. lis. 
GOSSA.— GUIDE TO THE STUDY OP POLITICAL ECONOMY. By Dr. L. 

CossA. Translated. With a Preface by W. 8. Jevons, P.RS. Cr. 8vo. 4s. 6d. 
*FAWCBTT.— POLITICAL ECONOMY FOR BEGINNERS, WITH QUESTIONS. 

By Mrs. Henbt Fawcett. 7th Ed. ISmo. 2s. 6d. 
FAWCBTT.— A MANUALOP POLITICAL ECONOMY. By the Right Hon. Hbnby 

Fawcett, P.R.S. 7th Ed., revised. With a Chapter on " State Socialism and 

the Nationalisation of the Land," and an Index. Cr. 8vo. 12s. 6d. 
AN EXPLANATORY DIGEST of the above. By C. A. Waters, B.A. Cr. Svo. 

2s. 6d. 
GIIiMAN.— PROFIT-SHARING BETWEEN EMPLOYER AND EMPLOYEE. A 

Study in the Evolution of the Wages System. By N. P. Oilman. Cr. Svo. 

7s. 6d. 
GUNTON.— WEALTH AND PROGRESS: A Critical Examination of the Wages 

Question and its Economic Relation to Social Reform. By George Gunton. 

Cr. Svo. 6s. 
HOWELL.— THE CONFLICTS OP CAPITAL AND LABOUR HISTORICALLY 

AND ECONOMICALLY CONSIDERED. Being a History and Review of the 

Trade Unions of Great Britain, showing their Origin, Progress, Constitution. 

and bisects, in their varied Political, Social, Economical, and Industrial 

Aspects. By Georob Howell, M.P. 2d Ed., revised. Cr. Svo. 7b. 6d. 
JBVONS.— Works by W. Stanley Jbvons, F.R.S. 
•PRIMER OP POLITICAL ECONOMY. Idmo. Is. 

THE THEORY OP POLITICAL ECONOMY. 8d Ed., revised. Svo. 10s. 6d. 
KEYNES.— THE SCOPE AND METHOD OP POLITICAL ECONOMY. By 

J N Eetnes D Sc 7s net 
MARSHALL.— PRINCIPLES OF ECONOMICS. By Alfred Marshall, M.A. 

2 vols. Svo. VoL L 2d Ed. 12s. 6d. net 
MARSHALL.— THE ECONOMICS OF INDUSTRY. By A. Marshall, M.A., 

Professor of Political Economy in the University of Cambridge, and Mary P. 

Marshalu Ex. fcap. Svo. 2s. 6d. 
PALGBAVE.— A DICTIONARY OF POLITIOAL ECONOMY. By various Writers. 

Edited by R. H. Inolis Palgravb, F.R.S. 8s. 6d. each, net. No. I. July 1801. 
PANTALEONL— MANUAL OP POLITICAL ECONOMY. By Prof. M. Panta- 

LEONi. Translated by T. Boston Bruce. [In preparation. 

SIDGWIOK.— THE PRINCIPLES OF POLITICAL ECONOMY. By Henry 

SiDQWicK, LL.D., D.C.L., Enightbridge Professor of Moral Philosophy in the 

University of Cambridge. 2d Ed., revised. Svo. 16s. 
SMART.— AN INTRODUCTION TO THE THEORY OF POLITICAL ECON- 
OMY. By William Smart, M.A. Crown Svo. 
WALKER.— Works by Francis A. Walker. M.A. 
FIRST LESSONS IN POLITICAL ECONOMY. Cr. Svo. 58. 
A BRIEF TEXT-BOOK OF POLITICAL ECONOMY. Or. Svo. 6s. 6d. 
POLITICAL ECONOMY. 2d Ed., revised and enlarged. Svo. 12s. 6d. 
THE WAGES QUESTION. Ex. Cr. Svo. 8s. 6d. net. 
MONEY. Ex. Cr. Svo. Ss. 6d. net 
*WIOKSTEED.— ALPHABET OF ECONOMIC SCIENCE. By Philip H. Wiok- 

bteed, M.A. Part L Elements of the Theory of Value or Worth. Gl. Svo. 

28. 6d. 

LAW AND POLITICS. 

ADAMS and CUNNINGHAM.- THE SWISS CONFEDERATION. By Sir P. O. 

Adams and C. Cunningham. Svo. 14s. 
ANGLO-SAXON LAW, ESSAYS ON.— Contents : Anglo-Saxon Law Courts^ Land 

and Family Law, and Legal Procedure. Svo. ISs. 
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BALL.— THE STUDENTS GUIDE TO THE BAR. By Walter W. R. Ball, M. A. , 

Fellow and Assistant Tutor of Trinity College, Cambridge. 4th Ed., reyised. 

Or. 8vo. 28. 6d, 
BIGELOW.— HISTORY OF PROCEDURE IN ENGLAND FROM THE NORMAN 

CONQUEST. The Norman Period, 1066-1204. By Melville M. Bioelow, 

Ph.D., Harvard University. 8vo. 168. 
BOUTMT. — STUDIES IN CONSTITUTIONAL LAW. By Emile Boutmy. 

Translated by Mrs. Dicey, with Preface by Prof. A. Y. Dioet. Cr. Svo. 6s. 
THE ENGLISH CONSTITUTION. By the same.. Translated by Mrs. Baden, 

with Introduction by Sir F. Pollock, Bart. Cr. 8vo. 68. 

BRTOE.— THE AMERICAN COMMONWEALTH. By Jambs Bryce, M.P., D.O.L., 
Regius Professor of Civil Law in the University of Oxford. Two Volumes. 
Ex. cr. 8vo. 258. Part I. The National Government. Part II. The State 
Governments. Part III. The Party System. Part IV. Public Opinion. 
Part V. niustratioDS and Reflections. Part VI. Social Institutions. 

*BUOKLAND.— OUR NATIONAL INSTITUTIONS. A Short Sketch for Schools. 
By Anna Buokland. With Glossary. ISmo. Is. 

CHERRY.— LECTURES ON THE GROWTH OF CRIMINAL LAW IN ANCIENT 
COMMUNITIES. By R R. Cherry, LL.D., Reid Professor of Constitutional 
and Criminal Law in the University of Dublin. 8vo. 6s. net. 

DIOBY.— INTRODUCTION TO THE STUDY OF THE LAW OF THE CONSTITU- 
TION. By A. V. Dicey, B.C.L., Vinerian Professor of English Law in the 
University of Oxford. 8d Ed. 8vo. 12s. 6d. 

DILKE.— PROBLEMS OF GREATER BRITAIN. By the Right Hon. Sir 
Charles Wxntworth Dilkb. With Maps. 4tii Ed. Ex. cr. 8vo. 128. 6d. 

DONISTHORPE.— INDIVIDUALISM: A System of Politics. By Wordsworth 

DONISTHORPE. 8V0. 14s. 

ENGLISH CITIZEN. THE.— A Series of Short Books on his Rights and Responsi- 
bilities. Edited by Henry Craik, LL.D. Cr. 8vo. 3s. 6d. each. 

CENTRAL GOVERNMENT. By H. D. Traill, D.C.L. 

THE ELECTORATE AND THE LEGISLATURE. By Spencer Walpolb. 

THE POOR LAW. By Rev. T. W. Fowle, M.A. New Ed. With Appendix. 

THE NATIONAL BUDGET ; THE NATIONAL DEBT ; TAXES AND RATES. 
By A. J. Wilson. 

THE STATE IN RELATION TO LABOUR. By W. Stanley Jevons, LL.D. 

THE STATE AND THE CHURCH. By the Hon. Arthur Elliot. 

FOREIGN RELATIONS. By Spencer Walpole. 

THE STATE IN ITS RELATION TO TRADE. By Sir T. H. Farrer, Bart 

LOCAL GOVERNMENT. By M. D. Chalmers, M.A. 

THE STATE IN ITS RELATION TO EDUCATION. By Henry Craik, LL.D. 

THE LAND LAWS. By Sir F. Pollock, Bart, Professor of Jurisprudence in 
the University of Oxford. 

COLONIES AND DEPENDENCIES. Part I. INDIA. By J. S. Cotton, M.A. 
IL THE COLONIES. By E. J. Payne, M.A. 

JUSTICE AND POLICE. By F. W. Maitland. 

THE PUNISHMENT AND PREVENTION OF CRIME. By Colonel Sir Edmund 
DU Cane, E.C.B., Chairman of Commissioners of Prisons. 

nSKB.— CIVIL GOVERNMENT IN THE UNITED STATES CONSIDERED 
WITH SOME REFERENCE TO ITS ORIGINS. By John Fiske, formerly 
Lecturer on Philosophy at Harvard University. Cr. 8vo. 6s. 6d. 

HOLMES.— THE COMMON LAW. By O. W. Holmes, Jun. Demy 8vo. 12s. 

JENKS.— THE GOVERNMENT OP VICTORIA. By Edward Jenks, B.A., 
LL.B., Professor of Law in the University of Melbourne. [In preparaUon. 

MAirLAND.— PLEAS OP THE CROWN FOR THE COUNTY OF GLOUCESTER 
BEFORE THE ABBOT OP READING AND HIS FELLOW JUSTICES 
ITINERANT, IN THE FIFTH YEAR OF THE REIGN OF KING HENRY 
THE THIRD, AND THE YEAR OF GRACE 1221. By P. W. Maitland. 
8vo. 78. 6d. 

MUNRO.— COMMERCIAL LAW. By J. E. C. Munro, LL.D., Professor of Law 
and Political Economy in the Owens College, Manchester. [In preparation. 



ANTHROPOLOGY — EDUCATION 43 

PATERSON.— Works by James Patebson, Barrister-at-Law. 
COMMENTARIES ON THE LIBERTY OF THE SUBJECT, AND THE LAWS 

OF ENGLAND RELATING TO THE SBCIJRITY OF THE PERSON. Cheaper 

Issue. Two Vols. Cr. 8vo. 21s. 
THE LIBERTY OF THE PRESS, SPEECH, AND PUBLIC WORSHIP. 

Being Commentaries on the Liberty of the Subject and the Laws of England. 

Cr. 8vo. 12s. 
PHILLIMORE.— PRIVATE LAW AMONG THE ROMANS. From the Pandects. 

By J. G. Phillihobe, Q.C. Svo. 16s. 
POLLOOK.— ESSAYS IN JURISPRUDENCE AND ETHICS. By Sir Frederick 

Pollock, Bart., Corpus Christi Professor of Jurisprudence in the University 

of Oxford. Svo. lOs. 6d, 
INTRODUCTION TO THE HISTORY OF THE SCIENCE OF POLITICS. 

By the same. Cr. Svo. 2s. 6d. 
RICHEY.— THE IRISH LAND LAWS. By Alex. G. Richey, Q.C, Deputy Regius 

Professor of Feudal English Law in the University of Dublin. Cr. Svo. 3s. 6d. 

SIDOWIOK.— THE ELEMENTS OF POLITICS. By Henry Sidqwick, LL.D. 

Svo. 14s. net. 
STEPHEN.— Works by Sir J. Fitzjambs Stephen, Bart 
A DIGEST OP THE LAW OF EVIDENCE. 5th Ed., revised and enlarged. 

Cr. Svo. 6s. 
A DIGEST OF THE CRIMINAL LAW : CRIMES AND PUNISHMENTS. 4th 

Ed., revised. Svo. 16s. 
A DIGEST OP THE LAW OF CRIMINAL PROCEDURE IN INDICTABLE 

OFFENCES. By Sir J. F. Stephen, Bart., and H. Stephen, LL.M., of the 

Inner Temple, Barrister-at-Law. Svo. • 12s. 6d. 
A HISTORY OP THE CRIMINAL LAW OF ENGLAND. Three Vols. Svo. 4S8. 
GENERAL VIEW OF THE CRIMINAL LAW OF ENGLAND. Svo. 14s. 

ANTHROPOLOGY. , 

DAWKINS.— EARLY MAN IN BRITAIN AND HIS PLACE IN THE TER- 
TIARY PERIOD. By Prof. W. Boyd Dawkins. Medium Svo. 258. 

FRAZER.— THE GOLDEN BOUGH. A Study in Comparative Religion. By J. 
G. Frazeb, M.A., Fellow of Trinity College, Cambridge. 2 vols. Svw 2S8. 

M'LENNAN.— THE PATRIARCHAL THEORY. Based on the papers of the late 
John F. M'Lennan. Edited by Donald M'Lennan, M.A., Barrister-at-Law. 
Svo. 14s. 
STUDIES IN ANCIENT HISTORY. By the same. Comprising a Reprint of 
** Primitive Marriage." An inquiry into the origin of the form of capture 
in Marriage Ceremonies. Svo. 16s. 

TYLOR.— ANTHROPOLOGY. An Introduction to the Study of Man and Civilisa- 
tion. By E. B. Tylor, F.R.S. Illustrated. Cr. Svo. Ts. 6d. 

WESTERMARCK.— THE HISTORY OF HUMAN MARRIAGE. By Dr. Edward 
Westermarck. With Pre&ce by A. R. Wallace. Svo. 14s. net. 

WILSON.— THE RIGHT HAND : LBFT-HANDEDNBSS. By Sir D. Wilson. 
Cr. Svo. 4s. 6d. 

EDUCATION. 

ARNOLD.— REPORTS ON ELEMENTARY SCHOOLS. 1852-1SS2. By Matthew 

Arnold, D.O.L. Edited by the Right Hon. Sir Francis Sandford, K.C.B. 

Cheaper Issue. Cr. Svo. 8s. 6d. 
HIGHER SCHOOLS AND UNIVERSITIES IN GERMANY. By the same. 

Crown Svo. 6s. 
BALL.— THE STUDENT'S GUIDE TO THE BAR. By Walter W. R. Ball, 

M.A., Fellow and Assistant Tutor of Trinity College, Cambridge. 4th Ed., 

revised. Cr. Svo. 2s. 6d. 
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*BLAKISTON.— THE TBAGHEB. Hints on School Management. A Handbook 

for Managers, Teachers' Assistants, and Pupil Teachers. By J. R. Blakiston. 

Or. 8vo. 28. 6d. (Recommended by the London, Birmingham, and Leicester 

School Boards.) 
CALDBRWOOD.— ON TEACHING. By Prof. Henry Caldebwood. New Ed. 

Ex. fcap. 8vo. 2s. 6d. 
PEARON.— SCHOOL INSPECTION. By D. R. Fearon. 6th Ed. Cr. 8vo. 2s. 6d. 

FTTOH.— NOTES ON AMERICAN SCHOOLS AND TRAINING COLLEGES. 

Reprinted from the Report of the English Education Department for 1888-89, 

with permission of the Controller of H.M.'s Stationery OflBce. By J. Q. 

Fitch, M.A. G1. 8vo. 2s. 6d. 
OEIKIB.— THE TEACHING OF GEOGRAPHY. A Practical Handbook for the 

use of Teachers. By Sir Archibald Geikik, F R.S., Director-General of the 

Geological Survey of the United Kingdom. Cr. 8vo. 2s. 
GLADSTONE.— SPELLING REFORM FROM A NATIONAL POINT OF VIEW. 

By J. H. Gladstone. Cr. 8vo. Is. 6d. 
HERTBL.— OVERPRESSURE IN HIGH SCHOOLS IN DENMARK. By Dr. 

Hertel. Translated by C. G. Sorensen. With Introduction by Sir J. 

Criohton-Bbowne, F.RS. Cr. 8vo. 8s. 6d. 
TODHUNTER.— THE CONFLICT OF STUDIES. By Isaac Todhunteb, F.R.S. 

8vo. lOs. 6d. 
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(See also MECHANICS, LAW, and MEDICINE.) 

Civil and Mechanical Engineering; Military and Naval Science; 
Agricnltnre; Domestic Economy ; Book-Keeping; Commerce. 

CIVIL AND MEOHANIOAL ENGINEERING. 

ALEXANDER and THOMSON.— ELEMENTARY APPLIED MECHANICS. By 
T. Alexander, Professor of Civil Engineering, Tnnity College, Dublin, and 
A. W. Thomson, Professor at College of Science, Poona, India. Part II. 
Transverse Stress. Cr. 8vo. 10s. 6d. 

CHALMERS. -GRAPHICAL DETERMINATION OF FORCES IN ENGINEER- 
ING STRUCTURES. By J. B. Chaijiers, C.B. Illustrated. 8vo. 24s. 

GOTTERILL.— APPLIED MECHANICS: An Elementary General Introduction to 
tlie Theory of Structures and Machines. By J. H. Cottkrill, F.R.S., Pro- 
fessor of Applied Mechanics in the Royal Naval College, Greenwich. 2d Ed. 
8vo. 18s. 

COTTERILL and SLADE.— LESSONS IN APPLIED MECHANICS. By Prof. 
J. IL CoTTBRiLL and J. H. Slade. Fcap. 8vo. 5s. 6d. 

GRAHAM.— GEOMETRY OF POSITION. By R. H. Graham. Cr. 8vo. 78. 6d. 

KENNEDY.— THE MECHANICS OF MACHINERY. By A B. W. Kennedy, 

F.R.S. Illustratexi. Cr. 8vo. 12s. 6d. 
WHTTHAM.— STEAM-ENGINE DESIGN. For the Use of Mechanical Engineers, 

Students, and Draughtsmen. By J. M. Whitham, Professor of Engineering, 

Arkansas Industrial University. Illustrated. 8vo. 25s. 
YOUNG.— SIMPLE PRACTICAL METHODS OF CALCULATING STRAINS 

ON GIRDERS, ARCHES, AND TRUSSES. With a Supplementary Essay on 

Economy in Suspension Bridges. By E. W. Young, C.E. With Diagrams. 

8vo. 7s. 6d. 

MILITARY AND NAVAL SOIENOE. 

ATTKEN.— THE GROWTH OF THE RECRUIT AND YOUNG SOLDIER. With 
a view to the selection of "Growing Lads" for the Army, and a Regulated 
System of Training for Recruits. By Sir W. Aitkbn, F.R.S., Professor of 
Pathology in the Army Medical School. Cr. 8vo. 8s. 6d. 
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ARMT PRELIMINARY EXAMINATION, 1882-1890, Specimens of Papers set at 
the. With Answers to the Mathematical Questions. Subjects : Arithmetic, 
Al^ebia, Euclid, Geometrical Drawing, Geography, French, English Dictation. 
Or. 8vo. 8s. Cd. 
^MATTHEWS.— MANUAL OF LOGARITHMS. By G. F. Matthews, B.A. 8vo. 
5s. net. 

MAURICE.— WAR. By Feederiok Maurice, Colonel C.B., R.A. 8vo. 6s. net. 

MER0T7R.~ELBM£NTS OF THB ART OF WAR. Prepared for the use of 
Cadets of the United States Military Academy. By James Mergur, Professor 
of Civil Engineering at the United States Academy, West Point, New York. 
2d Ed., revised and corrected. 8vo. 17s. 

PALMER.— TEXT -BOOK OF PRACTICAL LOGARITHMS AND TRIGONO- 
METRY. By J. H. Palmer, Head Schoolmaster, R.N., H.M.S. Cambridge^ 
Devonport. GL 8vo. 4s. 6d. 

ROBINSON.— TREATISE ON MARINE SURVEYING. Prepared for the use of 
younger Naval Officers. With Questions for Examinations and Exercises 
principally from the Papers of the Royal Naval College. With the results. 
By Rev. John L. Robinson, Chaplain and Instructor in the Royal Naval 
College, Greenwich. Illustrated. Cr. 8vo. 78. 6d. 

SANDHURST MATHEMATIOAL PAPERS, for Admission into the Royal Military 
College, 1881-1889. Edited by B. J. Brooksmith, B.A., Instructor in Mathe- 
matics at the Royal Military Academy, Woolwich. Cr. 8vo. 8s. 6d. 

SHORTLAND.— NAUTICAL SURVEYING. By the late Vice- Admiral Shortland, ' 

LL.D. 8vo. 21s. 
THOMSON.— POPULAR LECTURES AND ADDRESSES. By Sir William Thom- 

SON, LL.D., P.R.S. In 3 vols. Illustrated. Cr. 8vo. Vol. III. Navigation. 7s. 6d. 
WILKINSON.— THE BRAIN OF AN ARMY. A Popular Account of the German 

General Staff. By Spenser Wilkinson. Cr. 8vo. 2s. 6d. 
WOLSBLET.— Works by General Viscount Wolsbley, G.C.M.G. 
THE SOLDIER'S POCKET-BOOK FOR FIELD SERVICE. 6th Ed., revised 

and enlarged. 16mo. Roan. 6s. 
FIELD POCKET-BOOK FOR THE AUXILIARY FORCES. 16mo. Is. 6d. 
WOOLWICH MATHEMATIOAL PAPERS, for Admission into the Royal Military 

Academy, Woolwich, 1880-1888 inclusive. Edited by E. J. Brooksmith, B.A., 

Instructor in Mathematics at the Royal Military Academy, Woolwich. Cr. 

8vo. 6s. 

AGRICULTURE. 

FRANKLAND.— AGRICULTURAL CHEMICAL ANALYSIS, A Handbook of. 
By Percy F. Frankland, F.RS., Professor of Chemistry, University College, 
Dundee. Founded upon LeHfaden fur die Agriculture Ch&midie Analyse, von 
Dr. F. Krooker. Cr. 8vo. 7s. 6d. 
HARTIG.— TEXT- BOOK OF THB DISEASES OF TREES. By Dr. Robert 
Hartig. Translated by Wm. Somerville, B.Sc, D.CB., Professor of Agricul- 
ture and Forestry, Durham College of Science, Newcastle-on-Tyne. Edited, 
with Introduction, by Prof. H. Marshall Ward. 8vo. [In preparation. 

LASLETT.— TIMBER AND TIMBER TREES, NATIVE AND FOREIGN. By 

Thomas Laslett. Cr. 8vo. 8s. 6d. 
SMITH.— DISEASES OF FIELD AND GARDEN CROPS, CHIEFLY SUCH AS 
ARE CAUSED BY FUNGL By Worthinoton G. Smith, F.L.S. Illustrated. 
Fcap. 8vo. 4s. 6d. 
TANNER.— ♦ELEMENTARY LESSONS IN THE SCIENCE OF AGRICULTURAL 
PRACTICE. By Henry Tanner, F.C.S., M.R.A.C., Examiner in the Prin- 
ciples of Agriculture imder the Government Department of Science. Fcap. 
8vo. 8s. 6a. 
*FIRST PRINCIPLES OF AGRICULTURE. By the same. 18mo. Is. 
THE PRINCIPLES OF AGRICULTURE. By the same. A Series of Reading 
Books for use in Elementary Schools. Ex. fcap. 8vo. 
*T. The Alphabet of the Principles of Agriculture. 6d. 
*II. Further Steps in the Principles of i^culture. Is. 
*III. Elementary School Readings on the Principles of Agriculture for the 
third stage. Is. 
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WARD.— TIMBER AND BOMB OF ITS DISEASES. By H. Marshall Ward, 
M.A., F.L.S., F.R.S., Fellow of Christ's College, Cambridge, Professor of 
Botany at the Royal Indian Engineering College, Cooper's Hill. With lUustra- 
tions: Cr. 8vo. 6s. 

DOMESTIC ECONOMY. 

'^BARKER.— FIRST LESSONS IN THE PRINOIPLBS OF COOKING. By Lady 
Barker. 18rao. Is. 

*BBRNERS.— FIRST LESSONS k)N HEALTH. ByJ. Bbrners. 18rao. Is. 

•OOOKERY bode:.— THE MIDDLE CLASS COOKERY BOOK. Edited by the 
Manchester School of Domestic Cookery. Fcap. Svo. 1«. 6d. 

CRAVEN.— A GUIDE TO DISTRICT NURSES. By Mrs. Dacrb Craven (nSe 
Florence Sarah Lees), Hon. Associate of the Order of St. John of Jerusalem, 
etc. Cr. Svo. 2s. 6d. 

FREDERICK.— HINTS TO HOUSEWIVES ON SEVERAL POINTS, PAR- 
TICUL ARLY ON THE PREPARATION OF ECONOMICAL AND TASTEFUL 
DISHES. By Mrs. Frederick. Cr. Svo. Is. 

*GRAND»HOMME.— CUTTING-OUT AND DRESSMAKING. From the French of 
Mdlle. E. Grand'homue. With Diagrams. ISmo. Is. 

JEX-BLAKE.— THE CARE OF INFANTS. A Manual for Mothers and Nurses. 
By Sophia Jex-Blake, M.D., Lecturer on Hygiene at the London School of 
Medicine for Women. ISmo. Is. ' 

RATHBONE.— THE HISTORY AND PROGRESS OF DISTRICT NURSING 
FROM ITS COMMENCEMENT IN THE YEAR 1859 TO THE PRESENT 
DATE, including the foundation by the Queen of the Queen Victoria Jubilee 
Institute for Nursing the Poor in their own Homes. By William Rathbone, 
M.P. Cr. Svo. 28. 6d. 

*TEGETMEIER.— HOUSEHOLD MANAGEMENT AND COOKERY. With an 
Appendix of Recipes used by the Teachers of the National School of Cookery. 
By W. B. Tegetheier. Compiled at the request of the School Board for 
London. 18mo. Is. 

*WRIGHT.-THE school cookery-book. Compiled and Edited by C. B. 
Guthrie Wright, Hon. Sec. to the Edinburgh School of Cookery. 18mo. Is. 

BOOK-KEEPING. 

•THORNTON.— FIRST LESSONS IN BOOK-KEEPING. By J. Thornton. 

Cr. Svo. 2s. 6d. KEY. Oblong 4to. 10s. 6d. 
♦PRIMER OF BOOK-KEEPING. By the same. 18mo. Is. 
KEY. Svo. 2s. 6d. 

COMMERCE. 

IIAGMILLAN'S ELEMENTARY GOMMEROIAL GLASS BOOEIS. Edited by 
James Gow, Litt.D., Headmaster of Nottingham School. Globe 8vo. 

TJie following volumes are arranged fir : — 

*THE HISTORY OF COMMERCE IN EUROPE. By H. de B. Gibbins, M.A. 
8s. 6d. [Ready. 

COMMERCIAL GERMAN. By F. C. Smith, B.A., formerly scholar of Magda- 
lene College, Cambridge. [In the Press. 

COMMERCIAL GEOGRAPHY. By E. C. K. Conner, M.A., Professor of Poli- 
tical Economy In University College, Liverpool. [In preparation. 

COMMERCIAL FRENCH. 

COMMERCIAL ARITHMETIC. By A. W. Sunderland, M.A., late Scholar of 
Trinity College, Cambridge ; Fellow of the Institute of Actuaries. [In prep. 

COMMERCIAL LAW. By J. B. C. Munro, LL.D., Professor of Law and 
Political Economy in the Owens College, Manchester. 
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GEOGRAPHY. 

(See also PHYSICAL GEOGRAPHY.) 

BABTHOLOMBW.— *THB ELEMENTARY SCHOOL ATLAS. By John Bab- 
THOLOMEW, F.R.Q.S. 4to. Is. 
*MACMILLAirS SCHOOL ATLAS, PHYSICAL AND POLITICAL. Conaisting 
of 80 Maps and complete Index. By the same. Prepared for the use of 
Senior Pupils. Royal 4to. 8s. 6d. Half-morocco. 10s. 6d. 
THE LIBRARY REFERENCE ATLAS OF THE WORLD. By the same. 
A Complete Series of 84 Modem Maps. With Geographical Index to 100,000 
places. Half- morocco. Gilt edges. Folio. £2: 12: 6 net. Also issued in 
parts, 5s. each net. Geographical Index, 7s. 6d. net. Part I., April 1891. 
*CLARKE.— CLASS-BOOK OF GEOGRAPHY. By 0. B. Clarke, F.R.S. New 

Ed., revised 1889, with 18 Maps. Fcap. 8yo. Ss. Sewed, 2s. 6d. 
GBIKIB.— Works by Sir Arghibald Geikib, F.R.S., Director-General of the Geo- 
logical Survey of the United Kingdom. 
*THB TEACHING OF GEOGRAPHY. A Practical Handbook for the use of 

Teachers. Cr. 8vo. 2s. 
^GEOGRAPHY OF THE BRITISH ISLES. 18mo, Is. 
*GREBN.— A SHORT GEOGRAPHY OP THE BRITISH ISLANDS. By John 

Richard Green and A. S. Green. With Maps. Fcap. 8vo. 8s. 6d. 
*GROVB.— A PRIMER OF GEOGRAPHY. By Sir Georgb Grove, D.CL. 

Illustrated. ISmo. Is. 
KIEPERT.— A MANUAL OF ANCIENT GEOGRAPHY. By Dr. H. Kiepert. 

Cr. 8vo. 6s. 
UAGMILLAN'S GEOGRAFHICAL SERIES.— Edited by Sir Archibald Geikie, 

F.R.S., Director-General of the Geological Survey of the United Kingdom. 
*THE TEACHING OF GEOGRAPHY. A Practical Handbook for the Use of 

Teachers. By Sir Archibald Geikie, F.R.S. Cr. 8vo. 2s. 
*MAPS AND MAP-DRAWING. By W. A. Elderton. 18mo. Is. 
*GBOGRAPHY OF THE BRITISH ISLES. By Sir A. Geikie, P. R.S. 18rao. Is. 
*AN ELEMENTARY CLASS-BOOK OP GENERAL GEOGRAPHY. By H. R. 
Mill, D.Sc, Lecturer on Physiography and on Commercial Geography in 
the Heriot-Watt College, Edinburgh. Illustrated. Cr. 8vo. 3s. 6d. 
*GEOGRAPHY OF EUROPE. By J. Sime, M. A. Illustrated. Gl. 8vo. 8s. 
♦ELEMENTARY GEOGRAPHY OF INDIA, BURMA, AND CEYLON. By H. 

F. Blanford, F.G.S. Gl. Svo. 2s. 6d. 

GEOGRAPHY OP NORTH AMERICA. By Prof. N. S. Shaler. [In preparation. 

GEOGRAPHY OP THE BRITISH COLONIES. By G. M. Dawson and A. 

Sutherland. [In the Press. 

STRAOHEY.— LECTURES ON GEOGRAPHY. By General Richard Strachby, 

R.B. Cr. Svo. 4s. 6d. 

*TOZER.— A PRIMER OF CLASSICAL GEOGRAPHY. By H. P. Tozbr, M.A. 
18mo. Is. 

HISTORY. 

ARNOLD.— THE SECOND PUNIC WAR. Being Chapters from THE HISTORY 
OF ROME, by the late Thomas Arnold, D.D. , Headmaster of Rugby. Edited, 
with Notes, by W. T. Arnold, M.A. With 8 Maps. Cr. 8vo. 6s. 

ARNOLD.— A HISTORY OF THE EARLY ROMAN EMPIRE. By W. T. 
Arnold, M.A Ci*. 8vo. [In preparation. 

♦BEESLY.— STORIES FROM THE HISTORY OF ROME. By Mrs. Beesly. 
Fcap. 8vo. 28. 6d. 

BRYOB.— Works by James Brycb, M.P., D.C.L., Regius Professor of Civil Law 
in the University of Oxford. 
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THE HOLY ROMAN EMPIRE. 9th Ed. Cr. 8vo. 7s. 6d. 
%* Also a Library Edition. Demy 8vo. 14s. 
THE AMERICAN COMMONWEALTH. 2 vols. Ex. cr. 8vo. 26g. Part I. 
The National Government. Fart II. The State Gk)vemment8. Part III. 
The Party System. Part IV. Public Opinion. Part V. Illustrations and 
Reflections. Part VI. Social Institutions. 
»B0CKLEY.— A HISTORY OF ENGLAND FOR BEGINNERS. By Arabella 

B. Buckley. With Maps and Tables. Gl. Svo. 8s. 
BUBY.— A HISTORY OF THE LATER ROMAN EMPIRE FROM ARCADIUS 
TO IRENE, A.D. 895-800. By John B. Bury, M.A., Fellow of Trinity College, 
Dublin. 2 vols. 8vo. 32s. 
CASSBL.— MANUAL OF JEWISH HISTORY AND LITERATURE. By Dr. D. 
Cassel. Translated by Mrs. Henry Lucas. Fcap. 8vo. 2s. 6d. 

ENGLISH STATESMEN, TWELVE. Or. 8vo. 2s. 6d. each. 

William the Conqueror. By Edward A. Freeman, D.C.L., LL.D. 

Henry II. By Mrs. J. R. Green. 

Edward I. By F. York Powell. [In preparation, 

Henry VII. By James Gairdner. 

Cardinal Wolsey. By Bishop Creighton. 

Elizabeth. By E. S. Beesly. [In preparation. 

Oliver Cromwell. By Frederic Harrison. 

WiLLLAM III. By H. D. Traill. 

Walfole. By John Morley. 

Chatham. By John Morley. [In preparation. 

Pitt. By John Morley. [In preparation. 

Peel. By J. R. Thuesfield, 
FISKE.— Works by John Fiske, formerly Lecturer on Philosophy at Harvard 
University. 

THE CRITICAL PERIOD IN AMERICAN HISTORY, 1783-1789. Ex. cr. 
8vo. 10s. 6d. 

THE BEGINNINGS OF NEW ENGLAND ; or, The Puritan Theocracy in its 
Relations to Civil and Religious Liberty. Cr. 8vo. 78. ^d. 

THE AMERICAN REVOLUTION. 2 vols. Cr. Svo. 18s. 

FREEMAN.— Works by Edward A. Freeman, D.C.L., Regius Professor of Modem 

History in the University of Oxford, etc. 
*OLD ENGLISH HISTORY. With Maps. Ex. fcap. 8vo. 6s. 
A SCHOOL HISTORY OF ROME. Cr. 8vo. [In preparation. 

METHODS OF HISTORICAL STUDY. 8vo. 10s. 6d. 
THE CHIEF PERIODS OF EUROPEAN HISTORY. Six Lectures. With an 

Essay on Greek Cities under Roman Rule. 8vo. 10s. 6d. 
HISTORICAL ESSAYS. First Series. 4th Ed. 8vo. 10s. 6d. 
HISTORICAL ESSAYS. Second Series. 8d Ed., with additional Essays. 8vo. 

10s. 6d. 
HISTORICAL ESSAYS. Third Series. 8vo. 12s. 
THE GROWTH OF THE ENGLISH CONSTITUTION FROM THE EARLIEST 

TIMES. 4th Ed. Cr. 8vo. 5s. 
*GENERAL SKETCH OF EUROPEAN HISTORY. Enlarged, with Maps, etc. 

18mo. 88. 6d. 
*PRIMER OF EUROPEAN HISTORY. 18mo. Is. (HisUyry PHmers.) 

FRIBDMANN.— ANNE BOLEYN. A Chapter of English History, 1527-1536. By 

Paul Friedmann. 2 vols. 8vo. 288. 
*GIBBINS.— THE HISTORY OF COMMERCE IN EUROPE. By H. de B. 

GiBBiNS, M.A. With Maps. Globe 8vo. 8s. 6d. 
GREEN.— Works by John Richard Green, LL.D., late Honorary Fellow of 

Jesus College, Oxford. 
*A SHORT HISTORY OF THE ENGLISH PEOPLE. New and Revised Ed. 

With Maps, Genealogical Tables, and Chronological Annals. Cr. 8vo. 8s. 6d. 

169th Thousand. 
*Also the same in Four Parts. With the corresponding portion of Mr. Taifa 

"Analysis." Crown 8vo. Ss. each. Part L 607-1266. Part II. 1204-1663. 

Part III. 1540-1689 Part IV. 1660-1873. 
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HISTORY OF THBT BNOLISH PEOPLE. In four vols. 8vo. 16s. each. 

VoL 1.— Early England, 449-1071 ; Foreign Kings, 1071-1214 ; The Charter, 
1214-1291 ; The Parliament, 1807-1461. With 8 Maps. 

VoL II.— The Monarchy, 1461-1540 ; The Reformation, 1540-1608. 

VoL IIL— Puritan England, 1603-1660 ; The Revolution, 1660-1688. With four 
Maps. 

Vol. IV.— The Revolution, 1688-1760 ; Modem England, 1760-1815. With 
Maps and Index. 
THE MAKING OF ENGLAND. With Maps. 8vo. 16s. 
THE CONQUEST OF ENGLAND. With Maps and Portrait. 8vo. 18s. 
♦ANALYSIS OF ENGLISH HISTORY, based on Green's "Short History of the 

English People." By C. W. A. Tait, M. A., Assistant Master at GUfton College. 

Revised and Enlarged Ed. Crown 8vo. 4s. 6d. 
♦READINGS FROM ENGLISH HISTORY. Selected and Edited by John 

Richard Gbken. Three Parts. Gl. 8vo. Is. 6d. each. I. Hengist to Cressy. 

II. Cressy to Cromwell. III. Cromwell to Balaklava. 
GUEST.— LECTURES ON THE HISTORY OF ENGLAND. By M. J. Guest. 

With Maps. Cr. 8vo. 6s. 
•mSTORIOAL COURSE FOR SCHOOLS.— Edited by E. A. Freeman, D.C.L., 

Regius Professor of Modem History in the University of Oxford. 18mo. 
GENERAL SKETCH OF EUROPEAN HISTORY. By E. A. Freeman. 

D.C.L. New Ed., revised and enlarged. With Chronological Table, Maps, and 

Index. 8s. 6d. 
HISTORY OF ENGLAND. By Edith Thompson. New Ed., revised and 

enlu^d. With Coloured Maps. 2s. 6d. 
HISTORY OF SCOTLAND. By Margaret Maoarthxtr. 2s. 
HISTORY OF ITALY. By Rev. W. Hunt, M.A. New Ed. With Coloured 

Maps. 8s. 6d. 
HISTORY OF GERMANY. By J. Sime, M.A. New Ed., revised. 88. 
HISTORY OF AMERICA. By John A. Dotlb. With Maps. 4s. 6d. 
HISTORY OF EUROPEAN COLONIES. By E. J. Payne, M.A. With Maps. 

4s. 6d. 
HISTORY OF FRANCE. By Charlotte M. Yonoe. With Maps. 8s. 6d. 
HISTORY OF GREECE. By Edward A. Freeman, D.C.L. [In preparation, 
HISTORY OF ROME. By Edward A. Freeman, D.C.L. [In prepanUion. 

♦HISTORY PRIMERS.— Edited by John Richard Green, LL.D. 18mo. Is. each. 
ROME. By Bishop Creighton. Maps. 
GREECE. By C. A. Fytfe, M.A., late Fellow of University College, Oxford. 

Maps. 
EUROPE. By E. A. Freeman, D.C.L. Maps. 
FRANCE. By Charlotte M. Yonge. 

GREEK ANTIQUITIES. By Rev. J. P. Mahaitt, D.D. Illustrated. 
CLASSICAL GEOGRAPHY. By H. F. Tozer, M.A. 
GEOGRAPHY. By Sir G. Grove, D.C.L. Maps. 
ROMAN ANTIQUITIES. By Prot Wilkins, Litt.D. Illustrated. 

ANALYSIS OF ENGLISH HISTORY. By Prof. T. F. Tout,M.A. 
INDLAN HISTORY : ASL^TIC AND EUROPEAN. By J. Talboys Wheeler. 
HOLE.— A GENEALOGICAL STEMMA OF THE KINGS OF ENGLAND AND 

FRANCE. By Rev. C. Hole. On Sheet. Is. 
JENNINGS.— CHRONOLOGICAL TABLES. A svnchronlstic arrangement of 
the events of Ancient History (with an Index). By Rev. Arthur C. 
Jennings. 8vo. 5s. 

LABBERTON.— NEW HISTORICAL ATLAS AND GENERAL HISTORY. By 
R. H. Labberton. 4to. New Ed., revised and enlarged. 15s. 

LBTHBRmGE.- A SHORT MANUAL OF THE HISTORY OF INDIA With 
an Account of India as it is. The SoiL Climate, and Productions; the 
People, their Races, Religions, Public Works, and Industries; the Civil 
Services, and System of Administration. By Sir Roper Lbthb^idge, Fellow 
of the Calcutta University. With Maps. Cr. 8vo. 6s. 
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MAHAPFY.— GREEK LIFE AND THOUGHT PROM THE AGE OP ALEX- 
ANDER TO THE ROMAN CONQUEST. By Rev. J. P. Mahaffy, D.D., 
Fellow of Trinity CJollege, Dublin. Or. 8vo. 12s. 6d. 
THE GREEK WORLD UNDER ROMAN SWAY. From Plutarch to Polybius. 
By the same Author. Gr. Svo. lOs. 6d. 

MARRIOTT.— THE MAKERS OP MODERN ITALY : Mazzini, Cavoub, Gabi- 
BALDL Three Lectures. By J. A. R. Makriott, M.A., Lecturer in Modem 
History and Political Economy, Oxford. Or. Svo. Is. 6d. 

MIOHELET.— A SUMMARY OP MODERN HISTORY. By M. Michelet Trans- 
lated by M. G. M. Simpson. G1. Svo. 4b. 6d. 
NORGATE.— ENGLAND UNDER THE ANGEVIN KINGS. By Kats Noboate. 

With Maps and Plans. 2 vols. 8yo. 82s. 
OTTfi.— SCANDINAVIAN HISTORY. By B. 0. Ott*. With Maps. Gl. Svo. 6s. 
8EEI«EY.~Works by J. R. Seelet, M.A., Regius Professor of Modem History in 
the University ot Cambridge. 
THE EXPANSION OP ENGLAND. Crown Svo. 48. 6d. 
OUR COLONIAL EXPANSION. Extracts from the above. Cr.Svo. Sewed. Is. 
•TATP.— ANALYSIS OP ENGLISH HISTORY, based on Green's "Short 
History of the English People." By C. W. A. Tait, M.A., Assistant Master 

at Clifton. Revised and Enlarged Ed. Cr. Svo. 4s. 6d. 

WHEELER.— Works by J. Talbotb Wheeler. 

*A PRIMER OP INDIAN HISTORY. Asiatic and European. ISmo. Is. 
♦COLLEGE HISTORY OF INDLA^ ABLATIO AND EUROPEAN. With Maps. 

Or. Svo. 8s. ; sewed, 2s. 6d. 
A SHORT HISTORY OF INDIA AND OP THE FRONTIER STATES OF 
AFGHANISTAN, NEPAUL, AND BURMA. With Maps. Cr. Svo. 12s. 
YONGE.— Works by Chablottb M. Yonoe. 
CAMEOS FROM ENGLISH HISTORY. Ex. fcap. Svo. 5s. each. (1) 
FROM ROLLO TO EDWARD H. (2) THE WARS IN FRANCE. (8) 
THE WARS OF THE ROSES. (4) REFORMATION TIMES. (5) ENG- 
LAND AND SPAIN. (6) FORTY YEARS OF STUART RULE 0608-1648). 
(7) REBELLION AND RESTORATION (1642-1678). 
EUROPEAN HISTORY. Narrated in a Series of Historical Selections ftx>m the 
Best Authorities. Edited and arranged by E. M. Sewell and C. M. Yonqe. 
Cr. Svo. First Series, 1008-1154. 6s. Second Series, 10SS-122S. 6s. 
THE VICTORIAN HATiF CENTURY— A JUBILEE BOOK. With a New 
Portrait of the Queen. Cr. Svo. Paper covers, Is. Cloth, Is. 6d. 

ART. 

•ANDERSON.— LINEAR PERSPECTIVE AND MODEL DRAWING. A School 

and Art Class Manual, with Questions and Exercises for Examination, and 

Examples of Examination Papera. By Laurence Anderson. Dlustnited. 

Svo. 2s. 
COLLIER.— A PRIMER OF ART. By the Hon. John Collier. Illustrated. 

ISmo. Is. 
COOK.- THE NATIONAL GALLERY, A POPULAR HANDBOOK TO. By 

Edward T. Cook, with a prefoce oy John Ruskin, LL.D., and Selections 

fh>m his Writings. 8d Ed. Or. Svo. Half-morocco, 14s. 
\* Also an Edition on la^rge paper, limited to 250 copies. 2 vols. Svo. 
DELAMOTTE.— A BEGINNER'S DRAWING BOOK. By P. H. Delamotte, 

F.S.A. Progressively arranged. New Ed., improved. Cr. Svo. 8s. 6d. 
ELLIS.-49KETCHING FROM NATURE. A Handbook for Students and 

Amateurs. By Tbibtrah J. Ellis. Illustrated by H. Stacy Marks, R.A., 

and tiie Author. New Ed., revised and enlarged. Cr. Svo. 8s. 6d. 
QBOVB.— A DICTIONARY OF MUSIC AND MUSICIANS. a.d. 1450-1SS9. 

Edited by Sir Gborqe Grove, D.C.L. In four vols. Svo. Price 21s. each. 

Also in Parts. 

Parts I.-XIV., Parts XIX,-XXn., 8s. 6d. each. Parts XV., XVL, 7s. 

Parts XVII., XVIII., 7s. Parts XXIIL-XXV. (AppendixX 9s. 
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A COMPLETE INDEX TO THE ABOVE. By Mrs. B. Wodehousb. 8vo. 

7s. 6d. 

HUNT.— TALE^ ABOUT ART. By William Hunt. With a Letter from Sir J. 

B. MiLLAis, Bart, B.A. Gr. 8yo. 8s. 6d. 
MELDOLA.— THB CHEMISTRY OF PHOTOGRAPHY. By Raphael Meldola, 

F.R.S., Professor of Chemistry in the Technical College, Finsbury. Cr. 8vo. 6s. 
TAYLOR.— A PRIMER OF PIANOFORTE-PLAYING. By Franklin Taylor. 

Edited by Sir Gboroe Grove. 18mo. Is. 
TAYLOR.— A SYSTEM OF SIGHT-SINGING FROM THB ESTABLISHED 

MUSICAL NOTATION ; based on the Principle of Tonic Relation, and Illus. 

trated by Extracts from the Works of the Great Masters. By Ssdlet Taylor. 

8vo. 5s. net. 
TYRWHITT.— OUB SEBTCHING CLUB. Letters and Studies on Landscape 

Art. By Rev. R. St. John Tyrwhitt. With an authorised Reproduction 

of the Lessons and Woodcuts in Prof. Ruskin's " Elements of Drawing." 6th 

Ed. Cr. Svo. 7s. 6d. 
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ABBOTT.— BIBLE LESSONS. By Rev. Edwin A. Abbott, D.D. Cr. Svo. 48. 6d. 
ABBOTT— RUSHBROOKE.— THE COMMON TRADITION OF THE SYNOPTIC 

GOSPELS, in the Text of the Revised Version. By Rev. Edwin A. Abbott, 

D.D., and W. G. Rubhbrooke, M.L. Cr. Svo. 3s. 6d. 

ARNOLD.— Works by MATrnsw Arnold. 
A BIBLE-READING FOR SCHOOLS,- THB GREAT PROPHECY OF 

ISRAEL'S RESTORATION (Isaiah, Chapters xL-lxvi.) Arranged and 

Edited for Young Learners. ISmo. Is. 
ISAIAH XL.-LXVI. With the Shorter Prophecies allied to it. Arranged and 

Edited, with Notes. Cr. Svo. 5s. 
ISAIAH OF JERUSALEM, IN THB AUTHORISED ENGLISH VERSION. 

With Introduction, Corrections and Notes. Cr. Svo. 4s. 6d. 

BENHAM.— A COMPANION TO THB LBCTIONARY. Being a Commentary on 

the Proper Lessons for Sundays and Holy Days. By Rev. W. Benham, B.D. 

Cr. Svo. 4s. 6d. 
OASSBL.— MANUAL OF JEWISH HISTORY AND LITERATURE ; preceded by 

a BRIEF SUMMARY OF BIBLE HISTORY. By Dr. D. Cassel. Transhited 

by Mrs. H. Lucas. Fcap. Svo. 2s. 6d. 
CHURCH.— STORIES FROM THE BIBLE. By Rev. A. J. Church, M.A. Ulus- 

trated. Cr. Svo. 5s. 
*OBOSS.— BIBLE READINGS SELECTED FROM THE PENTATEUCH AND 

THE BOOK OF JOSHUA. By Rev. John A. Cross. 2d Ed., enlarged, 

with Notes. Gl. Svo. 2s. 6d. 
DRUMMOND.— INTRODUCTION TO THB STUDY OF THEOLOGY. By 

Jaices Drummond, LL.D., Professor of Theology in Manchester New Collie, 

London. Cr. Svo. 5s. 

FARRAR.— Works by the Venerable Archdeacon F. W. Farrar, D.D., F.R.S.,* 
Archdeacon and Canon of Westminster. 
THB HISTORY OF INTERPRETATION. Bampton Lectures, 1SS6. Svo. 16s. 
THE MESSAGES OF THB BOOKS. Bemg Discourses and Notes on the Books 
of the New Testament. Svo. 14s. 

•OASKOIN.— THB CHILDREN'S TREASURY OF BIBLE STORIES. By Mrs. 
Herman Gaskoin. Edited with Preface by Rev. G. F. Maclbar, D.D. 
ISmo. Is. each. Part I.— Old Testament History. Part II. — New Testa- 
ment. Part III.— The Apostles : St. James the Great, St. Paul, and St. 
John the Divine. 

GOLDEN TREASURY PSALTER.— Students' Edition. Being an Edition of " The 
Psalms chronologically arranged, by Four Friends," with briefer Notes. ISmo 
8s. 6d. 
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QREEK TE8TAMEKT.— Edited, with Introdnotion and Appendices, by Bishop 
Wkstoott and Dr. F. J. A. Hort. Two Vols. Cr. 8vo. 10s. 6d. each. Vol. 
I. The Text. Vol. II. Introduction and Appendix. 
SCHOOL EDITION OF TEXT. 12mo. Glotii, 4s. 6d. ; Boan, red edges, 5s. 6d. 

18mo. Morocco, gilt edges, 6s. 6d. 
*GRBBK TBSTAMENT, SCHOOL READINGS IN THE. Being the outline of 
the life of our Lord, as given by St. Mark, with additions from the Text of the 
other Evangelists. Arranged and Edited, with Notes and Vocabulary, by 
Rev. A. Galvsrt, M.A. Fcap. 8vo. 2s. 6d. 
*THB GOSPEL ACCORDING TO ST. MATTHEW. Being the Greek Text as 
revised by Bishop We8tcx>tt and Dr. Hobt. With Introduction and Notes by 
Rev. A. Sloman, M.A., Headmaster of Birkenhead School. Fcap. 8vo. 2s. 6d. 
THE GOSPEL ACCORDING TO ST. MARK. Being the Greek Text as revised 
by Bishop Wkstoott and Dr. Hort. With Introduction and Notes by Rev. J. 
O. F. Murray, M.A., Lecturer at Emmanuel College, Cambridge. Fcap. 8vo. 

[In preparation. 
•THE GOSPEL ACCORDING TO ST. LUKE. Being the Greek Text as revised 
by Bishop Westoott and Dr. Hort. With Introduction and Notes by Rev. 
John Bond, M.A. Fcap. 8vo. 2s. 6d. 
«THB ACTS OF THE APOSTLES. Being the Greek Text as revised by Bishop 
Wkstoott and Dr. Hort. With Explanatory Notes by T. E. Pagk, M.A., 
Assistant Master at the Charterhouse. Fcap. 8vo. 8s. 6d. 
QWATKIN.— CHURCH HISTORY TO THE BEGINNING OF THE MIDDLE 
AGES. By H. M. Gwatkin, M.A. 8vo. [In preparation, 

HARDWIOK.— Works by Archdeacon Hardwioe. 
A HISTORY OF THE CHRISTIAN CHURCH. Middle Age. From Gregory 
the Great to the Excommunication of Luther. Edited by W. Stubbs, D.D., 
Bishop of Oxford. With 4 Maps. Cr. 8vo. lOf. 6d. 
A HISTORY OF THE CHRISTIAN CHURCH DURING THE REFORMA- 
TION. 9th Ed. Edited by Bishop Stubbs. Cr. 8vo. lOs. 6d. 
HOOLE.— THE CLASSICAL ELEMENT IN THE NEW TESTAMENT. Considered 
as a proof of its Genuineness, with an Appendix on the Oldest Authorities used 
in the Formation of the Canon. By Charlks H. Hoolk, M. A., Student of Christ 
Church, Oxford. 8vo. 10s. 6d. 
JENNINGS and LOWE. — THE PSALMS, WITH INTRODUCTIONS AND 
CRITICAL NOTES. By A. C. Jknninqs, M.A. ; assisted in parts by W. H. 
LowK, M.A. In 2 vols. 2d Ed., revised. Cr. Svo. 10s. 6d. each. 
KIBKPATRIOK— THE MINOR PROPHETS. Warburtonian Lectures. By 
Rev. Prof. Kirkpatrick. [In prqaaration, 

THE DIVINE LIBRARY OF THE OLD TESTAMENT. By the same. [In prep. 
KUBNBN.— PENTATEUCH AND BOOK OF JOSHUA: An Historico- Critical 
Inquiry into the Origin and Composition of the Hexateuch. By A. Kuenkn. 
lYanslated by P. H. Wickstked, M.A. Svo. 14s. 
LIGHTFOOT.— Works by the Right Rev. J. B. Lightfoot, D.D., late Bishop of 
Durham. 
ST. PAUL'S EPISTLE TO THE GALATIANS. A Revised Text, with Introduc- 
tion, Notes, and Dissertations. 10th Ed., revised. Svo. 128. 
ST. PAUL'S EPISTLE TO THE PHILIPPIANS. A Revised Text, with Intro- 

duction. Notes, and Dissertations. 9th Ed., revised. Svo. 12s. 
ST. PAUL'S EPISTLES TO THE C0L08SIANS AND TO PHILEMON. A 
Revised Text, with Introductions, Notes, and Dissertations. 8th Ed., revised. 
Svo 12s 
THE APOSTOLIC FATHERS. Part I. ST. CLEMENT OF ROME. A Revised 
Text, with Introductions, Notes, Dissertations, and Translations. 2 vols. Svo. 
82s 
THE* APOSTOLIC FATHERS. Part IL ST. IGNATIUS— ST. POLYCARP. 
Revised Texts, with Introductions, Notes, Dissertations, and Translations. 
2d Ed. 3 vols. Svo. 488. 
THE APOSTOLIC FATHERS. Abridged Edition. With short Introductions, 

Greek Text, and English Translation. Svo. 16s. 
ESSAYS ON THE WORK ENTITLED "SUPERNATURAL RELIGION." 
(Reprinted firom the Contemporary Beviow.) Svo. 10s. 6d. 
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MAOLEAR.— Works by the Rev. Q. F. Maclear, D.D., Warden of St. Angustine's 
College, Canterbury. 
BLBMENTABT THB0L06ICAL CLASS-BOOKS. 

*A SHILLING BOOK OP OLD TESTAMENT HISTORY. With Map. 18mo. 
♦A SHILLING BOOK OF NEW TESTAMENT HISTORY. With Map. 18mo. 
These works have been careAilly abridged from the Author's large manuals. 
*A CLASS-BOOK OF OLD TESTAMENT HISTORY. Maps. 18mo. 4s. 6d. 
*A CLASS-BOOK OP NEW TESTAMENT HISTORY, including the Connection 

of the Old and New Testaments. With maps. 18mo. 5s. dd. 
AN INTRODUCTION TO THE THIRTY-NINB ARTICLEa [In (he Press. 
•AN INTRODUCTION TO THE CREEDS. 18mo. 2s. 6d. 

*A CLASS-BOOK OP THE CATECHISM OP THE CHURCH OP ENGLAND. 

18mo. Is. 6d. 
*A FIRST CLASS-BOOK OF THE CATECHISM OP THE CHURCH OP 

ENGLAND. With Scripture Proofs. ISmo. 6d. 
*A MANUAL OP INSTRUCTION FOR CONFIRMATION AND FIRST COM- 

MUNION. WITH PRAYERS AND DEVOTIONS 82mo. 28. 

MAUBIOE.— THE LORD'S PRAYER, THE CREED, AND THE COMMAND- 
MENTS. To which is added the Order of the Scriptures. By Rev. P. D. 
Maxtriob, M.A. 18mo. Is. 

THE PENTATEUCH AND BOOK OF JOSHUA: An Historico- Critical Inquiry 
into the Origin and Composition of the Hexateuch. By A. Kttenxn, Professor 
of Theology at Leiden. Translated by P. H. Wiokstbsd, M.A. 8yo. 14s. 

PBOOTEB.— A HISTORY OP THE BOOK OF COMMON PRAYER, with a Ration- 
ale of its Offices. By Rev. F. Fbooteb. 18th Ed. Cr. 8yo. 10s. 6d. 

•PROCTER and MACLEAR.~AN ELEMENTARY INTRODUCTION TO THE 
BOOK OP COMMON PRAYER. Rearranged and supplemented by an Ex- 
planation of the Morning and Evening Prayer and the Litany. By Rev. P. 
Pbootjer and Rev. Dr. Maolsab. New Edition, containing the Communion 
Service and tiie Confirmation and Baptismal Offices. 18mo. 2s. 6d. 

THE PSALMS, OHRONOLOGIOALLY ARRANGED. By Four Friends. New 
Ed. Cr. 8vo. 5s. net. 

THE PSALMS, WITH INTRODUOTIONS AND ORITIOAL NOTES. By A. C. 
Jknkinos, M.A., Jesus College, Cambridge ; assisted in parts by W. H. Lowx, 
M.A., Hebrew Lecturer at Christ's College, Cambridge. In 2 vols. 2d Ed., 
revised. Cr. 8vo. lOs. 6d. each. 

RYLE.— AN INTRODUCTION TO THE CANON OP THE OLD TESTAMENT. 
By Rev. H. E. Rylx, M. A., Hulsean Professor of Divinity in the University of 
Cambridge. Cr. 8vo. [In preparation, 

SIMPSON.— AN EPITOME OF THE HISTORY OP THE CHRISTIAN CHURCH 
DURING THE FIRST THREE CENTURIES, AND OP THE REFORMATION 
IN ENGLAND. By Rev. William Simpson, MJL 7th Ed. Fcap.8yo. 8s. 6d 

ST. JAMES' EPISTLE.— The Greek Text, with Introduction and Notes. By Rev. 

JoBKFH Mayor, M.A., Professor of Moral Philosophy in King's College, London. 

8vo. [In the Press. 

ST. JOHN'S EPISTLES.— The Greek Text, with Notes and Essays. By Right Rev. 

B. F. Westcott, D.D., Bishop of Durham. 2d Ed., revised. 8vo. 12s. 6d. 

ST. PAUL'S EPISTLES.— THE EPISTLE TO THE ROMANS. Edited by the 

' Very Rev. C. J. Vauohan, D.D., Dean of Llandaff. 5th Ed. Cr. 8vo. 7s. 6d. 

THE TWO EPISTLES TO THE CORINTHIANS, A COMMENTARY ON. By 

the late Rev. W. Kay, D.D., Rector of Great Leghs, Essex. 8vo. 9s. 
THE EPISTLE TO THE GALATIANS. Edited by the Right Rev. J. B. 

LiGHTFOOT, D.D. 10th Ed. 8vo. 12s. 
THE EPISTLE TO THE PHILIPPIANS. By the Same Editor. 0th Ed. 8vo.' 12s. 
THE EPISTLE TO THE PHILIPPIANS, with Translation, Paraphrase, and 

Notes for English Readers. By the Very Rev. C. J. Vaughan, D.D. Cr.Svo. 5s. 
THE EPISTLE TO THE COLOSSIANS AND TO PHILEMON. By the Right 

Rev. J. B. LiQHTFOOT, D.D. 8th Ed. 8vo. 12s. 
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THB EPISTLES TO THE EPHESIANS, THE COLOSSLA.NS, AND PHILE- 
MON ; with Introductions and Notes, and an Essay on the Traces of Foreign 
Elements in the Theology of these Epistles. By Rev. J. Llewklyn Dayibs, 
M.A. 8yo. 7s. 6d. 

THE EPISTLE TO THE THESSALONIANS, COMMENTARY ON THB GREEK 
TEXT. By John Eadie, D.D. Edited by Rev. W. Tounq, M. A., with Prefiuse 
by Prof. Gaibnb. 8vo. 12s. 

THE EPISTLE TO THE HEBREWS.— In Greek and English. With Critical and 

Explanatory Notes. Edited by Rev. F. Rbndall, M.A. Cr. 8vo. 6d. 
THE ENGLISH TEXT, WITH COMMENTART. By the same Editor. Cr. 

Svo. 7s. 6d. 
THE GREEK TEXT. With Notes by C. J. Vadghan, D.D., Dean of Llandaff. 

Cr. Svo. 7s. 6d. 
THE GREEK TEXT. With Notes and Essays by the Right Rev. Bishop 

Westoott, D.D. Svo. 14s. 

VA0OHAN.— THE CHURCH OF THE FIRST DAYS. Comprising the Church 
of Jerusalem, the Church of the Gentiles, the Church of the World. By C. J. 
Vaughah, D.D., Dean of Llandaff. New Ed. Cr. Svo. 10s. 6d. 

WESTOOTT.— Works by the Right Rev. Bbooicx Fobs Westoott, D.D., Bishop of 

Durham. 
A GENERAL SURVEY OF THE HISTORY OP THE CANON OF THB NEW 

TESTAMENT DURING THE FIRST FOUR CENTURIES. 6th Ed. With 

Preface on "Supernatural Religion." Cr. Svo. 10s. 6d. 
INTRODUCTION TO THB STUDY OP THE FOUR GOSPELS. 7th Ed. 

Cr. Svo. 10s. 6d. 
THE BIBLE IN THB CHURCH. A Popular Account of the Collection and 

Reception of the Holy Scriptures in the Christian Churches. ISmo. 48. 6d. 
THE EPISTLES OF ST. JOHN. The Greek Text, with Notes and Essays. 

2d Ed., revised. Svo. 12s. 6d. 
THE EPISTLE TO THB HEBREWS. The Greek Teict, with Notes and Essays. 

Svo. 14s. 
SOME THOUGHTS FROM THE ORDINAL. Or. Svo. Is. 6d. 

WESTCOTT and HORT.— THE NEW TESTAMENT IN THE ORIGINAL 
GREEK. The Text, revised by the Right Rev. Bishop Westoott and Dr. 
F. J. A. HoRT. 2 vols. Or. Svo. lOs. 6d. each. Vol. I. Text. Vol. II. 
Introduction and Appendix. 

SCHOOL EDITION OF TEXT. 12mo. 4s. 6d.; Roan, red edges, 5s. 6d. Fcap. 
Svo. Morocco, gilt edges, 0s. 6d. 

WBIQHT.— THE COMPOSITION OF THE FOUR GOSPELS. A Critical En- 
quiry. By Rev. Arthur Wright, M.A., Fellow and Tutor of Queen's College, 
Cambridge. Cr. Svo. 6s. 

WRIGHT.— THE BIBLE WORD-BOOK: A Glossary of Archaic Words and 
Phrases in the Authorised Version of the Bible and the Book of Common 
Prayer. By W. Aldis Wright, M.A., Vice-Master of TWnity College, Cam- 
bridge. 2d Ed., revised and enlarged. Cr. Svo. 78. 6d. 

*YONGB.— SCRIPTURE READINGS FOR SCHOOLS AND FAMILIES. By 
Charlotte M. Yonge. In Five Vols. Ex. fcap. Svo. Is. 6d. each. With 
Comments. 3s. 6d. each. 
First Series. — Genesis to Deuteronomy. Second Series. — From Joshua to 
Solomon. Third Series.— The Kings and the Prophets. Fourth SerissI 
—The Gospel Times. Fifth Series.— Apostouo Times. 

ZEOHARIAH— THE HEBREW STUDENT'S COMMENTARY ON ZECHARIAH, 
HEBREW AND LXX. With Excursus on Syllable-dividing, Metheg, Initial 
Dagesh, and Siman Rapheh. By W. H. Lowe, M.A., Hebrew Lecturer at 
Christ's College, Cambridge. Svo. lOs. 6d. 
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Each Volume Complete in Itsel£ 



Volume for 1884. 

Coniaining 792/d^^f, with 428 Illustrations. Price 7s. 6d, 

The Volume contains the following Complete Stories and Serials : — 

The Annonrer*! TrentioeB. By C. M. Yongb. An Untentixnental Jonxn^y 
through Gomwall. By Mrs. Craik. Julia. By Walter Bbsant. How I be- 
came a War Oorrespondent By Archibald Forbes. The Story of a Oourtahip. 
By Stanley J. Weyman, etc. 



Volume for 1885. 

Containii^ 840/d^yf, unth nearly 500 Illustrations, Price 8x. 

The Volume contains the following Complete Stories and Serials : — 

A Family Affair. By Hugh Conway. Girl at the Oate. By Wilkib 
Collins. The Path of Duty. By Henry Jambs. Sohwartz. By D. Christie 
Murray. A Ship of '49. By Bret Harts. That Terrible Man. By W. E. 
Norris. Interviewed by an Emperor. By Archibald Forbes. In the Lion'a 
Den. By the Author of "John Herring," etc. 



Volume for 1886. 

Containing 832 Pagesy with nearly 500 Illustrations* Price 8f . 

The Volume contains the following Complete Stories and Serials : — 

Ki88 and be Friends. By the Author of "John Halifiitx, Gentleman." Aunt 
RaoheL By D. Christie Murray. A Oarden of Memories. By Margaret 
Vbley. My Friend Jim. By W. £. Norris. Harry's Inheritance. By Grant 
Allbn. Captain Lackland. By Clementina Black. Witnesaed by Two. By 
Mrs. Molbsworth. The Poetry did It. By Wilkib Collins. Dr. Bairere. 
By Mrs. Oliphant. Mere Suzanne. By Katharine S. Macquoid. Daya with 
Sir Roger de Ooverley, with pictures by Hugh Thomson, etc 



Volume for 1887. 

Containing 83a pagesy with nearly 500 Illustrations, Price 8«. 

The Volume contains the following Complete Stories and Serials :— 

Mando's Oruciflz. By F. Marion Crawford. A Secret I^eritance. By B. 
L. Farjeon. Jaoquetta. By the Author of "John Herring." Gerald. By 
Stanley J. Weyman. An Unknown Oountry. By the Author of "John Hali- 
&x, Gentleman." With Illustrations by F. NoblPaton. A Siege Baby. By J. 
S. Winter. Miss Falkland. By Clementina Black, etc. 
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Volume for 1888. 

CoHtaimng Zy^Ptiges^ with nearly 500 IllustraHoHS, Price Zs. 

Among the chief Contents of the Volume are the following Complete 

Stories and Serials : — 

Ooaohing Days and Ck>aOhing Ways. By W. O. Tristram. With Illustra- 
tions by H. Railton and Hugh Thomson. The Story of Jael. By the Author of 
" Mehalah." Lil : a Liverpool Ohlld. By Agnbs C. AIaitland. Tha Patagonia. 
By Henry Jambs. Fanmy Portralta. By S. J. Weyman. The Mediation of 
BallAl Hardelot. By Prof. W. Minto. That Girl tn Blaok. By Mrs. Moles- 
worth. Olimpses of Old English Homes. By Elizabeth Balch. Pagodas, 
Aurioles, and Umbrellas. By C F. Gordon Gumming. The Magic Fan. By 
John Strangb Wintbr. 



Volume for 1889. 

Containii^ fjioo pageSt with nearly 500 Illustrations. Price %s. 

Among the chief Contents of the Volmne are the following Complete 

Stories and Serials : — 

Sant* narlo. By F. Marion Crawford. The House of the Wolf. By Stan- 
ley J. Weyman. Olimpses of Old English Homes. By Elizabeth Balch. 
One Night— The Better Man. By Arthur Paterson. How the **Graytiire" 
got on the Strength. And other Sketches. By Archibald Forbes. La Belle 
Americaine. By W. £. Norris. Sucoess. By Katharine S. Macquoid. 
Jenny Harlowe. By W. Clark Russell. 



Volume for 1890. 

Containing 900 pages^ with nearly 550 Illustrations. Price %s. 

Among the chief Contents of the Volmne are the following Complete 

Stories and Serials : — 

The Ring of Amasis. By the Earl of Lytton. The Olittering Plain : or, the 
Land of Livine Men. By William Morris. The Old Brown Mare. By W. E. 
Norris. My Jonmey to Texas. By Arthur Paterson. A Olimpse of High- 
clere Castle— A Olimpse of Osterley Park. By Elizabeth Balch. For the 
Cause. By Stani.ey J. Weyman. Morised. By the Marchioness of Car- 
marthen. Overland fiX)m India. By Sir Donald Mackenzie Wallace, 
K.C.I.E. The Doll's House and After. By Walter Besant. La MiQette, 
Anno 1814. By W» Clark Russell. 



\ Volume for 1891. 

i Containing ^oopages^ and about 500 Illustrations. Price Zs. 

1 Among the chief Contents of the Volume are the following Complete 

! Stories and Serials : — 

I The Witch of Prague. By F. Marion Crawford. The Wisdom Tooth. By 

' D. Christie Murray and Hbnry Herman. Wooden Tony. By Mris. W. K. 

t Clifford. Two Jealousies. By Alan Adair. Oentleman Jim. By Mary 

Gaunt. Harrow SohooL Winchester College. Fawsley Park. Ham House. 

Westminster Abbey. Norwich. The New Trade-Union Movement; Russo- 
: Jewish Immigrant. Queen's Private Oarden at Osborne. 
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